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INVARIANT SUBSPACES OF THE MAXIMAL DOMAIN

OF THE FOURIER TRANSFORM

GILBERT MURAZ AND PAWEL SZEPTYCKI

(Communicated by J. Marshall Ash)

Abstract. Translation invariant subspaces of the maximal domain of the
Fourier transform (the amalgam of l2 with L1) are characterised: it turns out
that in this case all measurable subsets of the dual space are sets of spectral
synthesis.

The problem of characterizing translation invariant subspaces of function spaces
on a topological group by means of the Fourier transform goes back to Wiener and
has been considered by many authors. For some information about the classical as-
pects of the subject we refer to [E] and [K]. Some results in this direction pertaining
to Lp spaces were recently obtained by A. Olevskii & al., [O].

The aim of this note is to show that the translation invariant subspaces of the
maximal domain of the Fourier transform, the amalgam space l2(L1), are of the
form predicted by Wiener’s theorem for the space L2. This brings forth yet another
aspect of the maximal domain as a natural space in which to study the Fourier
transform: the complications with sets of spectral synthesis in some spaces other
than l2(L1), L1, for example, do not seem to be present in this case.

We present the result in the case where the underlying measure space is R with
the Lebesgue measure. The argument extends with obvious modifications to Rn

and the result remains valid in the setting of locally compact abelian groups (see
[BD]). It would also be of interest to study the problem for amalgams lp(Lq) other
than l2(L1) (see the remark at the end of the paper).

We first recall some notations, definitions and known facts concerning the amal-
gam spaces which will be useful in the proof of our main result. A convenient survey
of amalgam spaces can be found in [FS].

Since we only deal with functions on R, we will systematically omit its symbol
from our notations, thus a function space L(R) will be denoted by L, the integral∫∞
−∞ will be denoted by

∫
etc.

For 1 ≤ p, q < ∞ the amalgam space lp(Lq)(R) is defined as the subspace of
Lq
loc(R) of all functions f with finite norm

[

∞∑
n=−∞

‖f‖pLq(n,n+1)]
1
p .
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There is an obvious modification of this definition if one (or both) of the param-
eters p, q is equal to ∞.

Of particular interest is the amalgam l2(L1) which is the maximal solid domain
of the Fourier transform in the sense explained in the following proposition.

We denote by F the Fourier transform given by the usual integral operator (with
the kernel 1√

2π
exp(−ixy)), by ‘ˆ’ the Fourier transform in S′ and by L0 the space

of measurable, finite a.e. scalar functions on R equipped with the (vector metric)
topology of convergence in measure on all subsets of finite measure. Recall that
a set V ⊂ L0 is solid if f ∈ V implies that [f ] := {g ∈ L0; |g| ≤ |f | a.e.} ⊂ V .
A topological vector subspace (or subgroup) of L0 is solid (or locally solid) if its
topology is given by a base of neighborhoods of the origin which are solid sets.

Proposition 1. i) l2(L1) is the maximal solid topological vector subspace of L0 to
which the (unbounded) operator F : L1 ⊂ L0 → L0 can be extended by continuity.

ii) f ∈ l2(L1) if and only if [f ]̂ ⊂ L1
loc.

Remarks. 1. For details concerning i) see [S1] and for ii) see [S2].
2. i) implies, a fact that is readily checked directly, that L1 +L2 ⊂ l2(L1). This

inclusion is proper.
3. The space L1

loc in ii) could be replaced by L0: it is implicit that L0∩S′ ⊂ L1
loc.

4. It can be shown (see e.g. [S1]) that actually l̂2(L1) ⊂ l∞(L2).
5. Similarly to l2(L1) one can introduce the amalgam space l2(M) of all (Borel)

measures µ on R such that
∑ |µ([n, n + 1))|2 < ∞, with the obvious norm. It is

still true that this is the largest solid space of measures, whose Fourier transforms

are functions and that l̂2(M) ⊂ l∞(L2).

The dual space to l2(L1) can be identified with the space l2(L∞) with the usual
pairing 〈f, g〉 =

∫
f(x)g(x)dx, f ∈ l2(L1), g ∈ l2(L∞). It is obvious that l2(L∞) ⊂

l2(L1).
It follows in particular that for f ∈ l2(L1), g ∈ l2(L∞) the convolution f ∗ g is

well defined and belongs to L∞. Also, by Remark 4, f̂ ĝ ∈ L1
loc ∩ S′. In particular,

both expressions f̂ ∗ g and
√

2πf̂ ĝ are distributions in S′. The next proposition
asserts (as one would expect) that these two distributions are equal.

Proposition 2. Let f ∈ l2(L1), g ∈ l2(L∞) and ϕ ∈ C∞0 . Then∫ ∫
ϕ̂(x− y)f(x)g(y)dxdy =

√
2π

∫
f̂(x)ĝ(x)ϕ(x)dx.

In other words f̂ ∗ g =
√

2πf̂ ĝ.

Proof. The identity is true if f and g have compact supports. The general case is
obtained by approximation; the passage to the limit can be justified as follows.

If fn → f in l2(L1) or in l2(L∞) then, by Remark 4 following Proposition 1,

f̂n → f̂ in l∞(L2), in particular in L2
loc. This justifies passage to the limit in the

right-hand side of the identity in question.
Concerning the left-hand side, we have the following inequality:

|
∫ ∫

ϕ̂(x − y)f(x)g(y)dxdy| ≤
∞∑

n=−∞

∞∑
m=−∞

|
∫ n+1

n

∫ m+1

m

ϕ̂(x − y)f(x)g(y)dxdy|

≤
∞∑

n=−∞

∞∑
m=−∞

ϕnm‖f‖L1(n,n+1)‖g‖L∞(m,m+1) ≤ ‖Φ‖‖f‖l2(L1)‖g‖l2(L∞),
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where ϕnm = max{|ϕ̂(x − y)|;x ∈ [n, n + 1], y ∈ [m,m + 1]} and ‖Φ‖ is the norm
of the operator Φ defined in l2(Z) by the matrix (ϕnm). Since ϕ̂ is a function of
rapid decrease it is easily checked that

∑∞
m=−∞ ϕnm ≤ C and

∑∞
n=−∞ ϕnm ≤ C,

where C is a constant depending only on ϕ. It follows then from Schur’s lemma for
integral operators (in the present case on a purely atomic measure space; see e.g.
[G] for a general statement) that ‖Φ‖ < ∞ and that the bilinear form appearing
on the left-hand side of the identity to be proved is a continuous function of the
variables f, g.

This completes the proof of the proposition.

We will also need the following result from [AS] (Prop. 2.4):

Proposition 3. Let L be a vector subspace of L0. Then there exists a maximal
and unique, up to sets of measure 0, measurable set E ⊂ R such that all functions
in L vanish on E. If L is a complete metric space continuously included in L0,
then there is a function u ∈ L such that u(x) 6= 0 for a.e. x ∈ R\E.

We recall that a subspace V of L0 is translation invariant if for every real τ and
every f ∈ V we have fτ ∈ V , where fτ (x) = f(x+ τ).

For a measurable E ⊂ R we denote IE = {f ∈ l2(L1); f̂ = 0 a.e. in E}.
Theorem. i) For every measurable E ⊂ R IE is a closed translation invariant
subspace of l2(L1). ii) If E = ∅, then IE = l2(L1). iii) If V is a closed translation
invariant subspace of l2(L1), then there exists a measurable set E ⊂ R such that
V = IE .

Remark. The theorem could be restated by saying that every measurable set in R
is a set of spectral synthesis for l2(L1). Note however that l2(L1) is not an algebra
under convolution (this is an easy consequence of Remark 4 following Proposition
1).

Proof. i) It is clear that IE is translation invariant. IE is closed because of the basic
property of l2(L1) ( Proposition 1, i)): the mappingˆ: l2(L1) → L0 is continuous.

We next prove ii). We consider the image V̂ with the norm induced from l2(L1).
This is a Banach subspace of L0 and by Proposition 3 there is a maximal measurable

set E ⊂ R such that f̂(x) = 0 a.e. on E for all f ∈ V . Also there is a function

f0 ∈ V such that f̂0(x) 6= 0 for a.e. x ∈ R\E. Suppose now that f1 ∈ l2(L1)
is in IE ; we want to show that f1 ∈ V . We use the Hahn-Banach theorem: let
λ ∈ l2(L1)∗—the dual of l2(L1)—be such that λ(V ) = {0}. Then, as remarked
above, λ(f) =

∫
fg for some g ∈ l2(L∞) and for all f ∈ l2(L1). Since V is

translation invariant, g ∗ f = 0 for all f ∈ V , in particular for f = f0. It follows

then from Proposition 2 that
∫
f̂0(x)ĝ(x)ϕ(x)dx = 0 for all ϕ ∈ C∞0 and therefore

f̂0ĝ = 0. Hence ĝ = 0 a.e. outside of E and using again Proposition 2 we conclude
that f1 ∗ g = 0. The Hahn-Banach theorem implies that f1 ∈ V . This proves ii).

If E = ∅ then with the notation as above we have f̂0 6= 0 a.e. and it follows that
g = 0 a.e. This shows that V = l2(L1) and proves ii).

Remark. The inclusion l2(Lp) ⊂ l2(Lq) for∞ ≥ p > q ≥ 1 implies that ˆ : l2(Lp) →
l∞(L2) is continuous and the statement of the theorem remains valid, with the same
proof, with l2(L1) replaced by l2(Lp), 1 < p ≤ ∞.
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