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GALOIS REPRESENTATIONS AND HECKE OPERATORS

ASSOCIATED WITH THE MOD p COHOMOLOGY

OF GL(1,Z) AND GL(2,Z)

AVNER ASH

(Communicated by William W. Adams)

Abstract. We prove that any Hecke eigenclass in the mod p cohomology of
a congruence subgroup of GL(1,Z) or GL(2,Z) has attached to it a mod p
Galois representation such that the characteristic polynomial of a Frobenius
element at a prime l equals the Hecke polynomial at l.

0. Introduction

The aim of this paper is to prove a conjecture about Galois representations
attached to cohomology of a congruence subgroup Γ of GL(n,Z) when n = 1 or
2. This conjecture was first stated in [A] as “conjecture B” , although there n was
taken to be at least 2.

In brief, the conjecture states that to any Hecke eigenclass in the mod p coho-
mology of Γ there is attached a mod p representation of the absolute Galois group
GQ of Q such that for almost all primes l, the Hecke polynomial at l equals the
characteristic polynomial of a Frobenius element at l. The exact conjecture is given
below. It should be thought of as giving mod p nonabelian reciprocity laws.

In a number of lectures I have given on this material, I have asserted that the
conjecture “obviously” holds when n = 1 or 2 and there have always been questions
from the audience as to why. Hence this note. The answer in short: “because of
some simple reductions (section 1), plus class field theory for Q when n = 1 (section
2), and Eichler-Shimura theory when n = 2 (section 3). ”

Thus even when n = 1 the statement of the conjecture has nontrivial content,
although the arithmetic groups in question have only 1 or 2 elements. When n = 2
the proof involves lifting the cohomology to characteristic 0. This could create
complications when Γ has torsion, but these are avoided by the lemmas in section
1.

To state the conjecture and establish the notation that will be used throughout
this note, let p be a prime number and F a field of characteristic p. Let n and N be
positive integers, and Q(N) the ring of rational numbers with denominators prime
to N .
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Recall that a Hecke pair (Γ, S) consists of a congruence subgroup Γ of GL(n,Z)
and a subsemigroup S of GL(n,Q) that contains Γ . Then to say (Γ, S) is a congru-
ence Hecke pair of level N means that Γ contains the principal congruence subgroup
Γ(N) of SL(n,Z) of level N and S contains SN (N). Here SR(N) denotes the semi-
group of integral matrices with positive determinant prime to R and congruent to
diag(1, 1, . . . , 1, ∗) modulo N . We also require that S be contained in GL(n,Q(N)).

An admissible FS-module M is a right FS-module, finite dimensional over F, on
which the elements of S with positive determinant act via their reductions mod N .
For generalities about Hecke algebras and their action on cohomology see [Sh], [AS]
and [A].

If D(l, k) denotes the diagonal matrix diag(1, . . . , 1, l, . . . , l) (with k l’s and n−k
1’s), let T (l, k) be the Hecke operator corresponding to the double coset ΓD(l, k)Γ.
Given a Hecke eigenelement in cohomology, we will let a(l, k) denote its eigenvalue
under T (l, k).

Conjecture. Let (Γ, S) be a congruence Hecke pair of level N . Let M be an
admissible FS-module. Suppose β ∈ H∗(Γ,M) is an eigenclass for the action of the
Hecke algebra H(pN) (which is a subalgebra of H(Γ, S)) with eigenvalues a(l, k) ∈
F.

Then there exists a continuous semisimple representation ρ : GQ → GL(n,F)
unramified outside pN such that

n∑
k=0

(−1)klk(k−1)/2a(l, k)Xk = det(I − ρ(Frobl)
−1X)

for all l not dividing pN .

For commentary and basic results on the conjecture see [A] and [A1]. For a
converse conjecture when n = 2 we have Serre’s conjecture [Se]. See [AMc] for
some numerical evidence when n = 3, and [AMa] for some results when n = a
multiple of p− 1.

1. Logical reductions

With notation as in the conjecture, it follows from Theorem 3.1 of [A] that
it suffices to consider the case where Γ equals Γ(N) and S is the corresponding
semigroup SN (N).

Let ε denote a character from (Z/N)× to F×. Let F(ε) denote the one-dimen-
sional admissible module on which SN (N) acts via determinant mod N composed
with ε. Then again by Theorem 3.1 of [A] we can further assume that M = F(ε).

(1.1) Lemma. For a fixed integer j, the conjecture holds for Hj(Γ(N),F(ε)) if
and only if it also holds for Hj(Γ(N),F).

Proof. Identify ε with the character of GQ corresponding to it by class field theory.
As far as Γ(N) is concerned, F(ε) and F are the same trivial module. So the only
effect of twisting by ε is to multiply the Hecke eigenvalue a(l, k) by ε(lk). This can
be mirrored on the Galois side by tensoring ρ with ε.

(1.2) Lemma. Let i be a fixed integer. If the conjecture holds for Hj(Γ(N1),F)
and Hj(Γ(N2),F) for all j ≤ i, then it also holds for Hi(Γ(N),F), where N is the
greatest common divisor of N1 and N2.
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Proof. Since N is a divisor of N1, we can consider the Hecke pair (Γ(N), SN1(N))
as a congruence Hecke pair of level N1. By Theorem 3.1 of [A] we see that any
system of Hecke eigenvalues (as long as we ignore eigenvalues at primes l that divide
N1) that occurs in Hi(Γ(N),F) also occurs in Hj(Γ(N1),F(ε)) for some ε and some
j ≤ i. By the hypothesis and Lemma 1.1, we conclude the existence of a Galois
representation ρ1 unramified outside pN1 and whose characteristic polynomial at l
equals the Hecke polynomial for β at l for all primes l not dividing pN1.

Repeating this argument for N2, we get a representation ρ2 unramified outside
pN2 with the same property for all l not dividing pN2. By the Tchebotarev density
theorem, ρ1 and ρ2 must have the same fixed field and be isomorphic representa-
tions. Therefore they are unramified outside pN and have the same characteristic
polynomials. Hence either of them has the desired property for all primes l not
dividing pN .

(1.3) Lemma. Let i be a fixed integer. If the conjecture holds for Hj(Γ(N),F) for
all N greater than 2, and for all j ≤ i, then it also holds for Hi(Γ(N),F), where N
equals 1 or 2.

Proof. Apply the previous lemma.

2. The case n = 1

By Lemma 1.3, we may assume that N ≥ 3 so that Γ is the trivial group. If
we denote the degree of the cohomology class β by ∗, then the only nontrivial
case is when ∗ = 0. We may also assume that M is the trivial module F. So the
cohomology is just F on which the Hecke algebra acts trivially. That is, for each
prime l not dividing pN the eigenvalue a(l, 1) = 1 . Thus the Hecke polynomial at
l is 1−X . The corresponding ρ is just the trivial Galois representation.

Note that the class field theory for Q came into the proof of Lemma 1.1.

3. The case n = 2

Again we may assume that N ≥ 3 and that Γ = Γ(N). In particular Γ is torsion
free, in fact a free group, so that we need only look at ∗ ≤ 1. We may also assume
that M is the trivial module F.

First note that if ∗ = 0, the conjecture follows from Lemma 4.1.2 and Theorem
4.1.4 of [A], which handle the case ∗ = 0 for all n. In fact we could have appealed
directly to these results in section 2.

Now let ∗ = 1. Let A denote the ring of integers in a finite Galois extension of
Q such that A has F as a quotient. Let P be a prime ideal in A over p and identify
A/P with F. Let π be a uniformizer in the local ring AP of A localized at P .

From the short exact sequence of multiplication by π, namely 0 → AP → AP →
F → 0, we get the long exact sequence of cohomology groups:

0 → H1(Γ, AP ) → H1(Γ, AP ) → H1(Γ,F) → 0.

(We use the injectivity of multiplication by π on H0(Γ, AP ) and the fact that Γ
has cohomological dimension 1.)

It follows from [AS] that the given system of Hecke eigenvalues on β ∈ H1(Γ,F)
can be lifted to H1(Γ, AP ). That is, there exists a Hecke eigenclass ∆ ∈ H1(Γ, AP )
with Hecke eigenvalues A(l, k) in AP such that a(l, k) = A(l, k) mod π.

We now choose an embedding of AP into C and view ∆ as a class in H1(Γ,C).
After conjugating the pair (Γ, S) by an appropriate matrix in GL(2,Q), we may
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move ∆ to be a Hecke eigenclass in H1(Γ1(N
2),C). Replacing the level N2 by

a divisor m if necessary we may assume that ∆ ∈ H1(Γ1(m),C) corresponds to a
newform of weight 2 under the Eichler-Shimura map (chap. 8 in [Sh]). In particular,
there is attached to this newform a Dirichlet character of level m, its “nebentype”.
Without loss of generality, we can enlarge A so that it contains the values of this
nebentype character. Let Aπ denote the completion of AP .

It now follows that there exists a continuous semisimple representation Φ : GQ →
GL(n,Aπ) unramified outside pN such that

n∑
k=0

(−1)klk(k−1)/2A(l, k)Xk = det(I − Φ(Frobl)
−1X)

for all l not dividing pN . This is essentially due to Eichler and Shimura. For the
statement for any positive integral weight see for example section 6 of [DS].

We can now take ρ to be Φ mod π.
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