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A REMARK ON THE LIFTABLE DERIVATION

OF MODULI ALGEBRAS

OF ISOLATED HYPERSURFACE SINGULARITIES

HAO CHEN

(Communicated by Eric M. Friedlander)

Abstract. An example is given to show that not every derivation in the
nilradical of the Lie algebra of derivations of moduli algebras can be liftable
and the dimension of the nilradical of the Lie algebra of derivations of moduli
algebras is not a topological invariant for an isolated hypersurface singularity.

Let (V, 0) = {(z0, z1, . . . , zn) ∈ Cn+1, f(z0, z1, . . . , zn) = 0} be an isolated hyper-
surface singularity at the origin defined by a polynomial f(z0, z1, . . . , zn), and let
A(V ) = C{z0, z1, . . . , zn}/(f, ∂f/∂z0, ∂f/∂z1, . . . , ∂f/∂zn) be its moduli algebra.
It is proved in [1] by J. Mather and Stephen Yau that the moduli algebras can be
used to classify the analytic structures of singularities. In [4] finite dimensional Lie
algebras L(V ) of derivations on moduli algebras were introduced and these Lie al-
gebras L(V ) were proved to be solvable in a series of later work of Stephen Yau ([5]
and [6]). This first established the link between the theory of isolated hypersurface
singularities and the theory of solvable Lie algebras; in particular, one can expect
to construct invariants of isolated hypersurface singularities via those solvable Lie

algebras L(V ). In [2] continuous analytic invariants for Ẽ7 and Ẽ8 singularities
have been constructed from the Lie algebras L(V ) of derivations on moduli alge-

bras and some Torelli type theorems have been proved. The advantage in the Ẽ7

and Ẽ8 cases is that the nilradicals of L(V ) are in the L̃(V ) (for definition, see
[2]), that is, every derivation in the nilradical of those L(V ) can be lifted. Actually
the construction in [2] depends on the bracket operations in the nilradical of those
L(V ). In this note we give an example in which case not every derivation in the
nilradical of L(V ) is liftable. In [3] the generalized Cartan matrices, the stable

derivation algebras and the nilradicals of L(V ) for simple elliptic singularities Ẽ6,

Ẽ7 and Ẽ8 were computed. It is shown that the generalized Cartan matrices and
the stable derivation algebras are not topological invariants, but the dimensions of
nilradicals for those three class singularities are topological invariants. However in
our example here it is also indicated that the dimension of the nilradical of L(V )
is not the topological invariant.

Notation (as in [2]):
(V, 0): an isolated hypersurface singularity at the origin;
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A(V ): the moduli algebra of (V, 0);
L(V ): Lie algebras of derivations on A(V );
(Vt, 0): a family of isolated hypersurface singularities;

L̃(Vt0): Lie subalgebra of L(Vt0) of liftable derivations; a derivation Dt0 is liftable
means that it is the special value at t0 of a family of derivations Dt in L(Vt) (see
[2]).

Let (Vt, 0) = {(x, y, z) ∈ C3, ft(x, y, z) = x4 + y4 + z4 + tx2y2} be a family
of isolated hypersurface singularities of dimension 2, and let t ∈ C − {±2} be the
parameters. The family is topologically constant. It is easy to check that the
following monomials are the C-linear base for the moduli algebras A(Vt):

1

x, y, z

x2, y2, z2, xy, yz, zx

x2y, x2z, y2x, y2z, z2x, z2y, xyz

x2y2, x2z2, y2z2, x2yz, y2xz, z2xy

x2y2z, x2z2y, y2z2x

x2y2z2

(1)

The moduli algebra A(Vt) has the above C-linear base with the following multipli-
cation table:

x3 = (−1/2)txy2, y3 = (−1/2)tx2y, z3 = 0,

x4 = (−1/2)tx2y2, y4 = (−1/2)tx2y2, z4 = 0,

z3y = z3x = x3y = y3x = 0,

x3z = (−1/2)ty2xz, y3z = (−1/2)tx2yz.

(2)

Let

Dt =

 ∑
i+j+k=2

aijk(t)x
iyjzk

 ∂/∂x+

 ∑
i+j+k=2

bijk(t)x
iyjzk

 ∂/∂y

+

 ∑
i+j+k=2

cijk(t)x
iyjzk

 ∂/∂z

(3)

be a derivation in L(Vt) where aijk(t), bijk(t) and cijk(t) are analytic functions of the
parameter t. The necessary and sufficient condition for Dt in L(Vt) is that Dt keeps
the Jacobian ideal Jt = (∂ft/∂x, ∂ft/∂y, ∂ft/∂z) invariant. The direct computation
with the help of the multiplication table (2) indicates that the condition Dt(Jt) ⊂ Jt
is equivalent to the following conditions about aijk(t), bijk(t), cijk(t):

a002(t) = b002(t) = c002(t) = c020(t) = c200(t) = 0,(4)

4ta101(t)− 4tb011(t) = 0,(5)

(12− t2)a011(t) + 4tb101(t) = 0,

4ta011(t) + (12− t2)b101(t) = 0,
(6)
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(12− t2)a020(t) + 4tb110(t)− 4ta200(t) = 0,(7)

(12− t2)b200(t) + 4ta110(t)− 4tb020(t) = 0.(8)

Note that in equation (6), the conditions on a011(t) and b101(t) are not invariant
when the parameter t changes. For any parameter t ∈ C − {±2, 6} equation (6)
implies a011(t) = b101(t) = 0, and for t = 6 equation (6) implies a011(6) = b101(6).
This means D6 = yz∂/∂x+ xz∂/∂y is in L(V6) but not liftable. Actually if D6 is
liftable it would have to be the special value at 6 of a family of derivations Dt in
L(Vt). By the analyticity of coefficients we have that the a011(6) and b101(6) of this
D6 have to be zero. This is a contradiction. Thus this D6 = yz∂/∂x+ xz∂/∂y is
not liftable.

On the other hand the above D6 is of pure degree 1. Thus it is in the nilradical
of L(V ) and we give an example which shows that the derivation in the nilradical
may not be liftable.

A similar computation for the degree 0 derivations shows that L(Vt)0 is spanned
by the Euler operator E = x∂/∂x + y∂/∂y + z∂/∂z except when t = 0. Hence
the nilradicals of L(Vt) are just those derivations of degree ≥ 1. Our example also
indicates that the dimension of the nilradical of L(V6) is strictly greater than the
dimensions of nilradicals of those L(Vt) for t in a sufficiently small neighborhood
of 6 when t = 6 is deleted. This gives the example in which the dimension of the
nilradical of L(Vt) is not topologically invariant.
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