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Abstract. Let A and B be semibounded (bounded from below) operators in
a Hilbert space H and D a dense linear manifold contained in the domains
of AB, BA, A2, and B2, and such that ABx = BAx for all x in D. It is
shown that if the restriction of (A + B)2 to D is essentially self-adjoint, then
A and B are essentially self-adjoint and Ā and B̄ commute, i.e. their spectral
projections permute.

1. Introduction

Let A and B be symmetric operators in a Hilbert space H and D a dense linear
manifold contained in the domains of AB, BA, A2, and B2, and such that ABx =
BAx for all x in D. E. Nelson [3] proved that if the restriction of A2 + B2 to
D is essentially self-adjoint, then A and B are essentially self-adjoint and Ā and
B̄ commute. For a simple proof see [5]. B. Fuglede [1] extended the result of
Nelson by showing that the condition A2 + B2 is essentially self-adjoint may be
replaced by p(A,B) is essentially self-adjoint, where p(x, y) is a polynomial with
real coefficients of degree ≤ 2 whose terms of degree 2 form a definite quadratic
form (such a polynomial is called elliptic).

Nelson also showed in [3] that the condition A2 + B2 is essentially self-adjoint
cannot be replaced by A+B is essentially self-adjoint. In fact he did show: There
exist symmetric operators A and B with common invariant domain D such that
AB = BA on D, aA+ bB is self-adjoint for all real numbers a and b, and Ā and
B̄ do not commute.

Based on another example of Nelson [4, p. 273] B. Fuglede [1] proved the fol-
lowing result: There exist symmetric operators A and B with common invariant
domain D in a separable Hilbert space such that

(1) ABϕ = BAϕ for all ϕ in D;
(2) Ā and B̄ are self-adjoint;
(3) Ā and B̄ do not permute;
(4) if p(x, y) is a real polynomial of degree ≤ 2, then p(A,B) is essentially self-

adjoint if and only if p is non-elliptic.

Thus in particular (A+B)2 is essentially self-adjoint and Ā and B̄ do not commute.
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2. Main result

Theorem. Let A and B be semibounded (bounded from below) operators in a
Hilbert space H and D a dense linear manifold contained in the domains of AB,
BA, A2, and B2, and such that ABx = ABx for all x in D. If the restriction of
(A+B)2 to D is essentially self-adjoint, then A and B are essentially self-adjoint
and Ā and B̄ commute.

Proof. We may assume without loss of generality that A ≥ I and B ≥ I. To see
this we only need to show that if S = A+B, R = A+B + cI, c ∈ R, and

∆ = S2|D the restriction of S2 to D,

∆′ = R2|D the restriction of R2 to D,

then ∆ essentially self-adjoint implies that ∆̄′ is self-adjoint.
We first show that ∆̄ self-adjoint implies that S̄ is self-adjoint and ∆̄ = S̄2.

∆ ⊂ S̄2 ⊂ S∗S̄, S̄S∗

and therefore

∆̄ ⊂ S∗S̄, S̄S∗.

Since S∗S̄, S̄S∗ and ∆̄ are self-adjoint it follows that ∆̄ = S∗S̄ = S̄S∗. Thus S̄ is
normal and symmetric and hence self-adjoint and

∆̄ = S̄2.

Next

∆′ ⊂ R2 ⊂ R̄2 = S̄2 + 2cS̄ + c2I.

If x ∈ D(R̄2) = D(S̄2) = D(∆̄), there exists a sequence xn ∈ D such that

xn → x

and

∆xn = S2xn → ∆̄x = S̄2x.

Hence

‖S(xn − xm)‖2 = (S2(xn − xm)|xn − xm) → 0 as n,m,→∞.

Thus

Sxn → S̄x

and

∆′xn = R2xn = S2xn + 2cSxn + c2xn → S̄2x+ 2cS̄x+ c2x = R̄2x.

Hence

x ∈ D(∆̄′) (and ∆̄′x = R̄2x).

Thus R̄2 ⊂ ∆̄′ and ∆̄′ = R̄2 is self-adjoint.
Let L [x, y] = (∆x|Ay) = (S2x|Ay), x, y ∈ D. L is a symmetric form since AB =

BA on D and L [x] = L [x, x] = (S2x|Ax) = (A2x|Ax) + 2(BAx|Ax) + (B2x|Ax) =
(A2x|Ax) + 2(BAx|Ax) + (ABx|Bx) ≥ ‖Ax‖2 + 2‖Ax‖2 + ‖Bx‖2 ≥ ‖Ax‖2 ≥ ‖x‖2
for x ∈ D. Thus L is a symmetric form bounded from below.
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The symmetric form L is closable: Suppose

xn →L 0;

that is,

xn → 0 and L [xn − xm] → 0, xn, xm ∈ D as n,m→∞
L [xn] = L [xn, xn − xm] + L [xn, xm].

Therefore

L [xn] ≤ L [xn]
1
2L [xn − xm]

1
2 + |L [xn, xm]|.

Since L [xn − xm] → 0 there exists for a given ε > 0 an integer N such that

L [xn − xm] ≤ ε2 if n,m ≥ N.

Hence

L [xn] ≤ L [xn]
1
2 ε+ |L [xn, xm]| for n,m ≥ N.(1)

Now |L [xn, xm]| = |(S2xn|Axm)| → 0 as m → ∞ since Axm → 0 as m → ∞
because

L [xn − xm] = (S2(xn − xm)|A(xn − xm)) ≥ ‖A(xn − xm)‖2 → 0 as n,m→∞.

Thus Axn → y as → ∞. Therefore Ā0 = y and y = 0. Letting m → ∞ in (1) it
follows that

L [xn] ≤ L [xn]
1
2 ε for n ≥ N,

L [xn] ≤ ε2 for n ≥ N.

Thus

L [xn] → 0 as n→∞.

Let L̃ be the closure of the symmetric form L and T the self-adjoint operator
associated with L̃ (cf. [2, p. 322]); then by the ‘Second representation theorem’
(cf. loc.cit. p. 331)

D(T
1
2 ) = D(L̃) and L̃[x, y] = (T

1
2x|T 1

2 y), x, y ∈ D(L̃).

Furthermore, D is a core of T
1
2 since it is a core of L̃.

Now, if x ∈ D, then

L̃[x] = (∆x|Ax) = ‖T 1
2x‖2 ≥ ‖Ax‖2,

and therefore

‖∆x‖ ‖Ax‖ ≥ ‖T 1
2x‖2 ≥ ‖Ax‖2;

hence

‖∆x‖ ≥ ‖T 1
2 x‖ ≥ ‖Ax‖ for all x ∈ D.

It follows that

D(S̄2) = D(∆̄) ⊂ D(T
1
2 ) ⊂ D(Ā)

and

‖S̄2x‖ ≥ ‖T 1
2 x‖ for all x ∈ D(S̄2),

‖T 1
2x‖ ≥ ‖Āx‖ for all x ∈ D(T

1
2 ).
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From

L [x, y] = (S2x|Ay), x, y ∈ D,

it now follows that

(S̄2x|Āy) = (T
1
2 x|T 1

2 y) for x ∈ D(S̄2) and y ∈ D(T
1
2 ).

Let y ∈ D(T ); then

(S̄2x|Āy) = (x|Ty) for all x ∈ D(S̄2).

Therefore, since S̄2 is self-adjoint, Āy ∈ D(S̄2) and

S̄2Āy = Ty.

Thus

T ⊂ S̄2Ā,

whence

S̄−2T ⊂ Ā.

Since S̄−2 is a bounded everywhere defined operator in H,

(S̄−2T )∗ = T S̄−2 ⊃ A∗ ⊃ Ā ⊃ S̄−2T.

Thus

S̄−2T ⊂ T S̄−2,

i.e. S̄−2 permutes with T . Hence

S̄−2T = T S̄−2 = T S̄−2

and Ā = T S̄−2.
Thus Ā is self-adjoint and S̄−2 permutes with Ā. Similarly B̄ is self-adjoint and

S̄−2 permutes with B̄. ĀS̄−2 and B̄S̄−2 are everywhere defined since D(S̄2) ⊂
D(Ā),D(B̄). It remains to show that Ā and B̄ permute. Let (AB)0 be the restric-
tion of AB to D; then (AB)0 ⊂ AB and therefore (AB)∗0 ⊃ (AB)∗ ⊃ B∗A∗ = B̄Ā
and

[S̄−4(AB)0]
∗ = (AB)∗0S̄

−4 ⊃ B̄ĀS̄−4 ⊃ B̄S̄−2ĀS̄−2.

It follows, since the domain of (B̄S̄−2)(ĀS̄−2) is H, that [S̄−4(AB)0]
∗ = B̄ĀS̄−4

and therefore

B̄ĀS̄−4 = ĀB̄S̄−4,

whence

S̄4Ā−1B̄−1 = S̄4B̄−1Ā−1.

Therefore, since Ā−1 and B̄−1 permute with S̄2,

Ā−1B̄−1S̄4 ⊂ S̄4Ā−1B̄−1 = S̄4B̄−1Ā−1,

and hence

Ā−1B̄−1 ⊂ S̄4B̄−1Ā−1S̄−4.

Therefore

Ā−1B̄−1 = S̄4B̄−1Ā−1S̄−4 ⊃ B̄−1S̄4Ā−1S̄−4 ⊃ B̄−1Ā−1,
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and hence

Ā−1B̄−1 = B̄−1Ā−1,

which implies that Ā and B̄ permute.

Remark. A+B = Ā+ B̄ for S = A+B ⊂ Ā+ B̄ and Ā+ B̄ is self-adjoint because
Ā and B̄ are permuting self-adjoint operators which are bounded from below. It
follows that S̄ ⊂ Ā+ B̄ and, since S̄ is self-adjoint, S̄ = Ā+ B̄.
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