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A NON-PSEUDOCOMPACT PRODUCT

OF COUNTABLY COMPACT SPACES VIA SEQ

W. F. LINDGREN AND A. A. SZYMANSKI

(Communicated by Franklin D. Tall)

Abstract. We show that under Martin’s axiom there are 22ω spaces which
are countably compact extremally disconnected homogeneous such that the
product of any two them is not pseudocompact. The spaces are modeled on
the space Seq(ξ).

Since the discovery in 1981 by Frolik-Comfort that regular (i.e., T1 and regular)
homogeneous extremally disconnected spaces cannot exist among compact spaces,
there has been some effort to relax the compactness property. W.Comfort and
J.van Mill [CM] showed in 1987 that regular extremally disconnected homogeneous
spaces can exist among countably compact spaces. Their method for constructing
such a space was as follows: start with an arbitrary regular homogeneous extremally
disconnected space, take its Čech-Stone compactification and, within it, take orbit
of a point of the original space. What you get is what you want provided that
the original space has a point accessible by a discrete countable subset. There are
not many available regular homogeneous extremally disconnected spaces satisfying
the accessibility condition. Basically, all known examples have been instances of
one such space, Seq(ξ), where ξ is a free ultrafilter on ω. Therefore any attempt
of constructing a regular homogeneous extremally disconnected countably compact
space had to appeal ultimately to the space Seq(ξ). Besides Comfort and van
Mill’s original example, there was one by A.Kato from 1992 [Ka].

The lack of a variety of examples of regular homogeneous extremally discon-
nected countably compact spaces is not accidental. We prove that among (locally)
separable such spaces the only ones possible are those modeled on the space Seq(ξ).
More precisely, we show that any regular extremally disconnected countably com-
pact separable homogeneous space contains a dense subspace homeomorphic to a
Seq(ξ)-like space (cf. Theorem 1). We also show that, under Martin’s axiom,
there exist two regular spaces which are extremally disconnected countably com-
pact separable homogeneous and such that their product is not pseudocompact.
This provides an answer to one of Comfort-van Mill’s questions [CM, Question
5.2].
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I. The space Seq(ξ) and its modifications

Let Seq denote the set of all finite sequences of natural numbers, ω, including the
empty sequence ∅. If ξ is an ultrafilter on ω, then Seq(ξ) denotes the topological
space with the underlying set Seq and topology defined as follows:

U is open provided that for every s ∈ U, {n ∈ ω : s_n ∈ U} ∈ ξ.
Here s_n denotes the concatenation of the sequence s and the sequence {n}.

More generally, if s and t are two finite sequences, then s_t denotes the concatena-
tion of the sequences s and t; i.e., the sequence s followed by the sequence t. It is
known that the space Seq(ξ) is regular, homogeneous and extremally disconnected
(cf. [DGS] and [Ka]).

To facilitate our discussion we distinguish two special subspaces of the space
Seq(ξ). For each natural number n, Ln denotes the set of all sequences of length
exactly n and Tn the set of all sequences of length at most n. Treated as subspaces
of Seq(ξ), Tn is closed and nowhere dense, and Ln is relatively discrete and dense
in Tn. If t ∈Seq(ξ), then C(t) = {s ∈Seq(ξ): t ⊆ s} - the cone above t.

A topological space X = (Seq,τ) is said to be Seq(ξ)-like space if X has the
following properties:

(i) X is regular and extremally disconnected;
(ii) if U is in τ , then for every s ∈ U, {n ∈ ω : s_n ∈ U} ∈ ξ;
(iii) for each t ∈Seq, C(t) is a closed-open subset of X .
One can easily see that any topology on the set Seq that makes it a Seq(ξ)-like

space is a coarsening of the topology of the space Seq(ξ). The Seq(ξ)-like spaces
are also related to Sω-spaces of Comfort and Garcia-Ferreira (cf. [CG]).

Lemma 1. Let X = (Seq,τ) be a Seq(ξ)-like space. Then X is homeomorphic to
the space Seq(ξ) if and only if every nowhere dense subspace of the space X has an
isolated point, i.e., it is scattered.

Proof. Suppose E is a nowhere dense subset of Seq(ξ). We will show that the set
of isolated points of the closure of E is dense in the closure of E.

Let U be a clopen subset of Seq(ξ) intersecting clE. Then U ∩ clE is not open
and so there exists s ∈ U ∩ clE such that {n : s_n ∈ U ∩ clE} /∈ ξ. Set A = {n :
s_n /∈ U∩clE}. Then A ∈ ξ. For every n ∈ A, let Vn be an open set containing s_n
and disjoint from U ∩ clE. Then V = {s} ∪ {Vn : n ∈ A} is an open neighborhood
of s and V ∩U ∩clE = {s}. This shows that s is an isolated point of the set U ∩clE,
thus s is an isolated point of clE.

If every nowhere dense subset of the space X is scattered, then the identity
function i on Seq is an irreducible function from the space Seq(ξ) onto X. Since
X is extremally disconnected, i is a homeomorphism.

Theorem 1. Let X be a regular separable extremally disconnected homogeneous
space containing a non-closed countable discrete subset. Then the space X contains
a dense subspace which is homeomorphic to a Seq(ξ)-like space.

Proof. Take any countable discrete subset K = {kn : n ∈ ω} of X with p being
its accumulation point. For the sake of some notational clarity, let us identify K
with the set {s : s ∈ 1ω} where p is identified with ∅. Let ξ be the filter on ω
such that for each open subset U of X containing ∅, {n ∈ ω : kn ∈ U} ∈ ξ (i.e.,
∅ = ξ − limK). Since X is regular and extremally disconnected, ξ is actually an
ultrafilter on ω. Let D = {dn : n ∈ ω} be a dense subset of X with d0 = ∅. There
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exists a family {Us : s ∈ 1ω} of pairwise disjoint closed-open subsets of X such that
s ∈ Us for each s ∈ 1ω and

⋃{Us : s ∈ 1ω} ⊇ D − clK. Since X is homogeneous,
for each s ∈ 1ω there exists a homeomorphism hs of X onto X such that hs(∅) = s.
Without loss of generality, we may assume that hs(K) ⊆ Us and that hs(k0) is the
element of Us ∩D with the least index. We denote hs(kn) by s_n for each n ∈ ω
and s ∈ 1ω.

Suppose n ∈ ω, n ≥ 1, and for each m ≤ n and s ∈ mω we have defined a
closed-open subset Us of X and a point of Us, denoted by s, such that the following
conditions hold:

(a) if m + 1 ≤ n and s ∈ mω, then the family {Us_k : k ∈ ω} is a pair-
wise disjoint family of closed-open subsets of Us such that

⋃{Us_k : k ∈ ω} ⊇
(D − cl{s_k : k ∈ ω})∩ Us;

(b) s_0 is the element of Us ∩D with the least index;
(c) s = ξ − lim{ s_k : k ∈ ω}.
Now fix s ∈ nω. There exists a homeomorphism hs of X onto X such that

hs(p) = s. Without loss of generality, we may assume that hs(K) ⊆ Us and that
hs(k0) is the element of Us ∩ D with the least index. We denote hs(km) by s_m
for each m ∈ ω. There exists a family {Us_m : m ∈ ω} of closed-open subsets of
Us such that

⋃{Us_m : m ∈ ω} ⊇ (D − cl{ s_m : m ∈ ω})∩ Us. Thus for each
m ≤ n+ 1 and s ∈ mω we have defined a closed-open subset Us of X and a point
of Us, denoted by s, such that the conditions (a), (b) and (c) are satisfied. The
induction is finished.

Now we shall show that the set Seq considered as a subset of the space X with
the subspace topology τ is a dense Seq(ξ)-like space.

To this end, it follows from (a) and (b) that the closure of Seq contains D
and thus (Seq,τ) is dense in X and extremally disconnected. It follows from the
construction that C(t) = Ut∩ Seq for each t ∈Seq. Hence C(t) is closed-open for
each t ∈Seq. Taking into consideration (c), (Seq,τ) satisfies all conditions (i)-(iii)
to be a Seq(ξ)-like space.

II. The space H(ξ)

If X is a completely regular space, then X∗ denotes the remainder of the Čech-
Stone compactification, βX, of the space X . In particular, Seq*(ξ) = βSeq(ξ)−
Seq(ξ).

For a free ultrafilter ξ on ω we set: H(ξ) = {h(∅) : h ∈ Aut(βSeq(ξ))}, where
Aut(βSeq(ξ)) denotes the group of autohomeomorphisms of the space βSeq(ξ).
In other words, the space H(ξ) is the orbit of the point ∅ in the space βSeq(ξ).
This space has been distinguished by Comfort and van Mill, [CM], in connection
with their work on the existence of homogeneous extremally disconnected spaces.
It is known that every space H(ξ) is extremally disconnected countably compact
separable and homogeneous (cf. [Ka] and [LS]). By specifying ultrafilters ξ, one
can get more properties of the spaces H(ξ). In particular, A.Kato [Ka] showed that
if ξ1 and ξ2 are weak P-points of different type, then the product H(ξ1)× H(ξ2)
is not countably compact. It turns out it can be even made non-pseudocompact
provided the ultrafilters are selective (see Theorem 2, below). This constitutes an
answer to a question of Comfort and van Mill.

Let us recall some definitions pertaining to ultrafilters on ω. We say that ul-
trafilters ξ1 and ξ2 are of the same type if there exists a permutation f of ω such
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that βf( ξ1) = ξ2. The Rudin-Frolik order @ on ω∗ is defined in the following way:
for ξ, ζ ∈ ω∗, ξ @ ζ provided that there is an embedding h : βω → ω∗ such that
h(ξ) = ζ. We say that ξ is a weak P-point of βω if ξ ∈ ω∗ and ξ /∈ clD for any
countable subset of ω∗ not containing ξ. We say that an ultrafilter ξ on ω is selective
if for every function f ∈ ωω there is A ∈ ξ such that either f is one-to-one on A
or f is constant on A. Any selective ultrafilter is a weak P-point and it is known
selective ultrafilters exist in the number 22ωassuming Martin’s axiom (cf. [Ku]).

For any s ∈ Seq, let the set {s_n : n ∈ ω} be identified with ω via the map
f(s_n) = n. Then the closure of {s_n : n ∈ ω} in βSeq(ξ) can be identified with
βω and the point s with the ultrafilter ξ. We are going to exploit this identification
in the sequel, usually without explicit mention.

The lemma below is known; it follows from a result by M.E.Rudin [R] (cf. also
[CN, Theorem 16.16]).

Lemma 2. Let ξ and ζ be weak P-points of ω∗ such that ξ @ p and ζ @ p for some
p ∈ ω∗. Then ξ and ζ are of the same type.

Lemma 3. Let X and Y be completely regular spaces without isolated points. Sup-
pose that there exist families {Un : n ∈ ω} and {Vn : n ∈ ω} of non-empty open
subsets of X and Y , respectively, such that:

(i) clUn ∩ clUm = ∅ = clVn ∩ clVm for each n,m ∈ ω, n 6= m,
(ii) if p ∈ cl

⋃{Un : n ∈ ω} − ⋃{Un : n ∈ ω} and q ∈ cl
⋃{Vn : n ∈ ω} −⋃{Vn : n ∈ ω}, then there are open neighborhoods U of p and V of q such that

{n : U ∩ Un 6= ∅} ∩ {n : V ∩ Vn 6= ∅} = ∅.
Then the product X × Y is a non-pseudocompact space.

Proof. It can be easily shown that if {Un : n ∈ ω} and {Vn : n ∈ ω} are families
satisfying (i) and (ii), then the family {Un × Vn : n ∈ ω} is locally finite in the
space X × Y. Thus the space X × Y is not pseudocompact.

Theorem 2. If ξ1 and ξ2 are selective ultrafilters of different type, then the product
H(ξ1)× H(ξ2) is not pseudocompact.

Proof. Let Ci(s) denote the closure of the cone C(s) in the space H(ξi) for i = 1, 2.
Clearly, Ci(s) is a closed-open subset of the space H(ξi) for each i ∈ {1, 2} and
s ∈ Seq. We shall show that the family {C1(s) ×C2(s) : s ∈ L1} is a locally
finite family in H(ξ1)× H(ξ2) by showing that the families {C1(s) : s ∈ L1} and
{C2(s) : s ∈ L1} satisfy the conditions (i) and (ii) of Lemma 3.

To facilitate our further discussion we introduce a function π : Seq → L1 given
by the rule π(t) = td1. We set πi : βSeq(ξi) → βL1, i ∈ {1, 2}, to be the continuous
extension of the function π.

Let (p, q) ∈ H(ξ1)× H(ξ2) and assume that p /∈ ⋃{C1(s) : s ∈ L1} = C1 and
that q /∈ ⋃{C2(s) : s ∈ L1} = C2. Thus π1(p) ∈ L∗1 and π2(q) ∈ L∗1

Claim 1. The ultrafilters π1(p) and ξ1 are of the same type or ξ1 @ π1(p).

Proof of the Claim. There exists an h ∈ Aut( βSeq(ξ1)) such that h(∅) = p. We
must consider three cases:

(a) There exists a subset A of L1 such that A ∈ ξ1 and h(A) ⊆ C1. Since ξ1 is
selective, the function π1 ◦ h must be one-to-one on some B ∈ ξ1 which is a subset
of A. Hence π1 ◦ hdB witnesses that π1(p) and ξ1 are of the same type.

(b) There exists a subset A of L1 such that A ∈ ξ1, h(A) ⊆ (C1)∗ and the
function π1 ◦ h is not constant on any B ∈ ξ1. Since ξ1 is selective, the function
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π1 ◦ h must be one-to-one on some B ∈ ξ1 which is a subset of A. Hence π1 ◦ hdB
witnesses that ξ1 @ π1(p).

(c) There exists a subset A of L1 such that A ∈ ξ1, h(A) ⊆ (C1)∗ and the
function π1 ◦ h is constant on A. Since p ∈ clh(A), π1(p) = π1(h(a)) for all a ∈ A.
Since the set N = {x ∈ H(ξ1) : π1(x) = π1(p)} is nowhere dense, there exists
s ∈ Seq such that π1(h(s)) = π1(p) and {n ∈ ω : h (s_n) /∈ N} ∈ ξ. Therefore
either (a) or (b) applies to s. Hence either π1(h(s)) and ξ1 are of the same type
or ξ1 @ π1(h(s)). Since π1(h(s)) = π1(p), π1(p) and ξ1 are of the same type or
ξ1 @ π1(p).

A similar argument establishes the following claim.

Claim 2. The ultrafilters π2(q) and ξ2 are of the same type or ξ2 @ π2(q).

It follows that the ultrafilters π1(p) and π2(q) are different. Indeed, if they were
not, then one of the following would hold:

(i) The ultrafilters π1(p) and ξ1 are of the same type and the ultrafilters π2(q)
and ξ2 are of the same type; hence the ultrafilters ξ1 and ξ2 would be of the same
type.

(ii) The ultrafilters π1(p) and ξ1 are of the same type and ξ2 @ π2(q); hence
there would be ξ1 A ξ2.

(iii) The ultrafilters π2(q) and ξ2 are of the same type and ξ1 @ π1(p); hence
there would be ξ1 @ ξ2.

(iv) ξ1 @ π1(p) and ξ2 @ π2(q); hence the ultrafilters ξ1 and ξ2 would be of the
same type because of Lemma 2.

There exist disjoint subsets A and B of L1 such that A ∈ π1(p) and B ∈ π2(q).
Hence U = (π1)−1(clA) and V = (π2)−1(clB) are closed-open sets containing p
and q, respectively. Clearly, U × V is disjoint from

⋃{C1(s) ×C2(s) : s ∈ L1}.
Theorem 3. Assuming Martin’s axiom, there exists a family of 22ωmany regular
extremally disconnected separable countably compact homogeneous spaces of cardi-
nality continuum such that the product of any two of them is not pseudocompact.

Remark 1. The spaces H(ξ) constructed by means of weak, and hence selective,
ultrafilters are of cardinality continuum. If one wants to produce examples of
higher cardinalities that yield non-pseudocompact product, it is enough to apply
Kato’s trick [Ka].

Remark 2. The existence of (even two) spaces as in Theorem 3, separable or not,
remains open in ZFC.
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