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A GENERALIZATION OF THE DE BRANGES THEOREM

XIE MING-QIN

(Communicated by Theodore W. Gamelin)

ABSTRACT. In this paper a generalization of de Branges’ proof of the Bieber-
bach conjecture is given. The argument does not make use of the Askey-Gasper
theorem.

1. INTRODUCTION

It is well known that in 1984 the American mathematician de Branges [1], [2]
proved the famous Bieberbach conjecture, thus, solving completely a problem that
had challenged many mathematicians over a period of seventy years.

In this paper, the author gives a generalization of de Branges’ proof. The new
methods used are quite elementary and yield de Branges’ result without using the
Askey-Gasper theorem [3].

2. RESULT
In this section we shall give the main theorem and its proof.

Theorem. Let

(1) f(z):erZanz"ES
n=2
and
(2) 1og@ = Z Cr 2, |z| < 1.
k=1

If for any real number set {Ax}7_;, \e >0 (k=1,2,...,n), the condition

Me+2 D> (1P FA >0
p=k+1
is satisfied, then

n n )\
(3) Zk)\k|0k|2§4z?k, n=12,....
k=1 k=1
Equality holds if and only if f(z) is a rotation of the Koebe function.
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Corollary. In the theorem, set \y =n—k+1 (k=1,2,...,n), then it becomes de
Branges theorem.

Instead of the de Branges special function system, we consider the function sys-
tem Si(t) (k=1,2,...,n) defined by the following system of differential equations:

Sepa(®) | Si(t)

r 1 t— Sk+1(t) — Sk(t),
(4) Snt1(t) =0,
(5) Sk(O) =X, Ap >0
(k=1,2,...,n).
For a given set A\, (k=1,2,...,n), (4) and (5) define a unique system of functions

{Sk(t)}7_,. Now we find expressions for the S(t).
First, we can obtain from (4)

S (t -
(6) kk( )y S (0TS = Sk(t) (k=1,2,...,n).
m=k+1
The characteristic equation of this system of differential equations is
I+A —-2-1 2-1 (-1)""12.1
0 24+ —2-2 (—1)"=22.2
(7) AN =] 0 0 3+X (—=1)"32.3 =0.
0 0 0 n—+ A

So its characteristic roots are

(8) )\12—1,)\2:—2,...,)\n=—n.

Hence we can suppose

(9) Sk(t) :ZOk,le_lt (k: 1,2,,71),
1=k

where Cy; (I =k,k+1,...,n) are constants.

Lemma 1. The functions S(t) (k =1,2,...,n) in (9) have forms

(10) Sk(t) = Ck,ke_kt + Z ak,pCp,pe_pt,
p=k+1
where o p, Cpp (p =k, k+1,...,n) are constants and
“k

Qhp = (=D” Qk(2p?;z(§)p!—2) (p+k+1)
(11) (p=Fkk+1,k+2,...,n),

agk =1,

P —k

- “DPR2p—1)2p—2)---(p+ k)
12 )"y, , = ( :
( ) Tnzz:k( ) P (p _ k)'
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Proof. Substituting (9) in (6), we have

S (t) + kSk(t) = 2k Zn: (—1)m—F-1 (Zn: Cm,le—”> :
l=m

m=k+1

The solution of this differential equation is

n p
C,
_ —kt -k Yap —pt
Se(t) = Crre ™™ +2k Y | Y (=1) e Pt
p=k+1 | qg=k+1
Therefore,
(13)
2%k & ,
Crp=— (=1)77"Cyp k=1,2,....n—1; p=k+1,k+2,...,n).
p—k ’
q=k+1
From (13) it may be obtained that
Crp = W pCpps Crt1,p = Wt 1,pCpps - - Cp1,p = 0p—1,,Cpp

k=12,....n—1; p=k+1,k+2,...,n).
When k=p—1, (13) is
Cp—1,p = =2(p — 1)Cp,p,

and Cp_1,p—Cpp = —(2p—1)Cp . Namely (11) and (12) are valid when k =p—1.
Now suppose (11) and (12) are valid if k = m+1,m+2,...,p—1. Then by (13)

2m

Crmp = _m(cmﬂ,p —Cmy2p+---+ (_1)p_m_1cp,p)
_2m (=P t2p—-1)(2p—2)---(p+m+ 1)0
- op-m (p—m—1)! nr
(=DP™2m(2p-1)2p—2)---(p+m+1)
= Cp.p-
(p—m)! ’
Hence (11) is true. Also,
Cmp—=Cmyrp+ -+ (—1)p_mcp,p
(=DPm2m(2p—1)2p—2)---(p+m+1)
(p—m)!
(=P (2p-1)(2p—2)---(p+m+1)
- SEEEY] Cpm
(p—m—1)!
_ =D ep-1)@p=2)---(p+m)
= Cp.p»
(p—m)!
and (12) is true as well. This completes the proof of Lemma 1. |
Lemma 2. For any positive integer n = 1,2, ..., the identity
n K
m

14 1) —x==0
(14) Z:( ) m!(n —m)!

m=0

holds, where k =0,1,2,...,n— 1.
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Proof. By the binomial theorem

m

0 : !

Apply the operator w% to the (1 —x)™ k times, then let = 1. This gives (14).

Lemma 3. In (10) the coefficients Cy . have the forms

n

(15) Crk =D (“1PFoiphy  (k=1,2,....n),
p=k
where
Ak k+1  OQkk+2 -  Ogp-1 Qk.p
P 1 Qpt1,k4+2 -+ Okplp—1 Ohtlp
k7p - ..
(16) 0 0 NN 1 Qp—1,p
1P Rk +1)(2k+2)---(p+k—1
_ (PR (2K D) ) en,
(p—k)!
6k,k =1.

Proof. Tt follows by (5) and (10) that

Cii+aipCrot+ar3Cs3+ - +arn Chpn=A,

(17) Coo+ a3 C33+ -+ azy Cppn = A,
Chnn = An.
We then obtain from (17)
A Okl ---  Qkp—1 Ok
Ak+1 1 coo Qkgin—1 Oktin
Ok,k =1 ..
)\n_l O e 1 an—l)n
An 0 0 1
= Z(_l)p_k(sk,p)‘p (k=1,2, ;n)
p=k
Calculating gives
2p — 2
617—1 P T
_ 2p—4 _(2p—4)(2p-3)
617—2710—1 - _T76P—27:D - #

Suppose

(—1)P=™2m(2m + 1)(2m+2) - - (p+m — 1)

(p —m)!
m=k+1,k+2,....p—1;m<p<n).

|
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Then by (16)

Ok,p = i (=)™ g m b p
m=k+1
g o1 2k(2m—1)2m —2)- - (m+ k+ 1)
= (=P
(18) mzzk—i-l (m —k)!
(p—m)!
v pem12kpEm—Dp+m =2 (m+k+1)
_mgl( Y (m —&)l(p— m)! :
Let m — k = p; then (18) becomes
p—k
N gkt 2kt k- Dp+ k4t p—2)-- 2k +p+ 1)
6k’p_;( Y p(p —k — p)!
_ (_1)p_k2k(2k+ D2k+2)--(p+k—1)
- (p—h)!
p—k
k-1 2Kk A p+ DRk +p+2) - (prktp—1)
*2 Y pw(p —k — p)!

For fixed p and k, the numerator of second term in the last formula is a (p—k—1)th
degree polynomial of p. It must be equal to zero by Lemma 2. Hence

pk2K2h+ D2k +2) - (p+k—1)

b -

bk,p = (=1)

Lemma 4. Let the functions Sk(t) (k = 1,2,...,n) be defined by the system of
differential equations (4), (5). Then

k
(19) _Esk =\ +2 Z PR,
p=k+1

Proof. Tt follows by the definition of Si(¢) and (5) that

1

1
—=57(0) =\, — S/ 0) = A1 — 2.
n n( ) ) n—1 n—l( ) 1
Now suppose
20 ——S' = A + 2 PN,
(20) —~ 2 Y (-

p=m+1
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when m =k + 1,k +2,...,n. However, by (10)
1

_msl/c-l—l( ) Ck-‘rl k+1 + Z k+1ak+1;PCP>P
p=k+2
k-1
= Cit1,k+1 + Z Wt1,pCp,p + Z o k1
p=k+2 p=k+2
p—
= A1+ Z k+ 1 ak+1,pcp,p-
p=k+2
Therefore
p—k-1 - —k—
o > L =2 3 1,
p=k+2 p=k+2
On the other hand, by (10)
——Sk =Crr+ Z —a pC,
p= k+l
= Ck kT Z Olk,pCp,p + Z p 041@7;0 D,p
(22) p=k+1 p=k+1
=X+ Z akm PP
p=k+1
=M — 2Ck41 k41 + Z Takmcpm'
p=k+2
But we have
p—ka (—1)P=*2(2p — 1)! __p—l—k—i—la
EOP T o=k —1)(p+ k)! e
So from (21) and (22)
1 "\ pt+k+1
—ES,;(O) =X — 2Ck41, 041 — Z ﬁak—kl,pcp,p
p=k+2
k—1
=X =2 [ Cpgrpt1 + Z k+1,pCp.p Z pk+1
p=k+2 p=k+2
—Ak—mﬂ—zz 1)PEt,
p=k+2
=A+2 ) (-1)PR,
p=k+1
Thus (19) is valid.

W+1,pCp,p

ap+1,pCp,p
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Proof of the Theorem. We replace de Branges special system of functions by the
special system of functions {Sk(¢)}7_; and use his method to complete the proof.
|
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