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ABSTRACT. We consider the polynomials {L,’,’Z’M(x,l)} orthogonal with
n=0

respect to the Sobolev type inner product

1 OO
T T(a+1) /0
where o > —1, M > 0 and [ is a nonnegative integer. It is the purpose of this
paper to show that these polynomials are eigenfunctions of a class of linear

differential operators containing one that is of finite order 2ac + 4l 4+ 4 if o is a
nonnegative integer and M > 0.

(p,q) p(z)q(z)a® e dz + Mp® (0)q (0),

1. INTRODUCTION

oo

We study linear differential operators for which the polynomials { L& (z,1)}
orthogonal with respect to the Sobolev type inner product

W 0=y Pt 0 01 0)

n=0

where p and g are polynomials, « > —1, M > 0 and [ is a nonnegative integer, are
eigenfunctions. This inner product is a special case of the general inner product
considered by R. Koekoek in his thesis [12] (see also [11]),

!
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2 e — e Mp® (0)g™® (0
Y e G LG e 32 20 0)g™ 0
a>—1,My >0 for k=0,1,-- -] and [ is a nonnegative integer. For the inner

product (1) in the case [ = 0 the orthogonal polynomials L&M (x) = LM (x,0) have
been introduced by Koornwinder [13] (for o € {0,1,2} they had been introduced
earlier, see [7], [5], [8], [6]) and for these polynomials J. and R. Koekoek [9] (see
also [1]) showed that they are eigenfunctions of a differential operator, linear in M,
which in the case M > 0 is of finite order 2.+ 4 if « is a nonnegative integer and is
of infinite order for other values of «. A first generalization of this important result
is found in [10], where the polynomials { L%V (x)}ZO:O orthogonal with respect
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to the Sobolev type inner product

(p,q) = /OOO p(x)q(x)z®e™"dz + Mp(0)q(0) + Np'(0)q'(0)

1
INa+1)
were considered. After laborious calculations the authors succeeded in proving that
these polynomials are eigenfunctions of a class of differential operators containing
one which in the case that « is a nonnegative integer is of finite order. This order
is2a+4if M >0,N=0,is 2aa+8if M = 0,N > 0 and finally is 4a + 10 if
M >0,N > 0.

In this paper we find another generalization of the main result of [9] by showing
that the polynomials {Lo‘ Mg l)} o» orthogonal with respect to (1), are eigen-
functions of a class of differential opcrators linear in M containing one which in the
case that a is a nonnegative integer is of finite order 2 + 4 + 41, if M > 0. The
cases | =0 and | = 1 were already known from the preceding results.

The most remarkable thing in this paper is perhaps not the result itself, which
could be predicted, but the relatively easy way it is obtained, compared to the
foregoing papers. This is due to two facts:

a) By the results obtained in [4] and [2] the existence of differential operators
linear in M, possibly of infinite order, having the polynomials { L% (z, l)} _o S
eigenfunctions is assured and a formula for the eigenvalues is known.

b) In [3] the formula

(3) Z]SL( o = x)Lng;k) (:E) = 6i,25+k(_$)sa ia ka ERS {07 13 27 ce }

for all z,« € C provided that ¢ > 2s + k has been deduced which appears to be a
powerful tool for showing that the differential operator is of finite order if « is a
nonnegative integer.

2. REPRESENTATION OF THE POLYNOMIALS

In [12],[11] it was shown that the polynomials { LgMo-M1M (x)}iozo, orthog-
onal with respect to the inner product (2), can be put in the form

I+1
LMo M M) = 5™ A, DML (a)
k=0

(D= %) and the coefficients {Ank}i:;lo satisfy the equations

(G SR (i I

k=m-+1

n—m-—=k

. +1 i nta
_1) mZ(_l) An,k 207 m:0’1,27,,.,l'
=0

In our special case these equations become

I+1
—m—1
(4) Z (_1)k(n " )An,kzoa m:051727"'7l_17

k—m-—1
k=m+1
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I+1
[+« n+ao
(5) ( I ) n,l+1 = MZ (n - ]€> An7k~

Lemma 2.1. For all real n and all m,l € {0,1,---} with m <1
141
-—m-1 n—k
)ik (PR = S
(6) 2. (1) (k—m—l - k1) =0
k=m+1
Proof. If we write s=k—m —1,t=1—m and N =n — 1 — 1 then (6) reads
t
_sf(N+t\(N+t—s
S ()01 o
= s t—s

If we note that (N"H ) = (-1t (_ﬁgl), this follows by comparing the coefficient
of 2t at both sides of the identity

A+2) =0 4+2)V 1+ )"V
From the lemma and (4) it follows that

n—=k
Amk— <l—l€+1)An’l+l fork=1,2,---,1+1

and (5) yields

+1
I+« _ n+a v Nt n—k
( l )A"’l“_M(n—z)A"’O“LMA"’l“Z(_U (n—l—k><l—k+1)'

k=1
If the normalization of the orthogonal polynomials LY (z,1) is chosen such that
LM (2,1) = L () + MQy (@),

then we obtain

(R VG oo
n,k 1— k+1 (l-l—a) 3 4y ’ )

and

Hence

(l * Q)Q“ H(z) = li(—l)k_l (nn_j;f/J (1 féf 1)L£La)($)

n+ o A n—=k )
_ _1\k—1 - a+k
(n—l>;( b <l—k+1>Ln—k (z).

Another representation of the polynomials Q%!(x) is (see [14], specified here for
the case of Laguerre polynomials)

Qal anlL(Ol) 7n€{l_~_1’l+2,}’
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where

et (7 @tD )2 -
qal_i(Lk—er (0)> T(a+1) irk+a+1 )k!

k=l (k-};a) ( (Z+O‘+1 2 k=l )
and forn > k >1

. () (l}it?) __(nta I'(a+ 1)E!
.k (5 n—1 )Tl tat )&
We take Q%!(z) =0if n < 1.

3. DIFFERENTIAL OPERATORS

We study differential operators of the form L+ M A (@) having the polynomials

LM (z,1) as eigenfunctions with eigenvalues A, + M aleh (see [2]), where here
An =mn and ag = ozéo“l) =0,
L* = —2D? — (a+1—x)D
and the operator A(®! is of the form
Alh) = Z a;i(x; a,1)D".
i=1
If 1 > 1 the eigenvalues o™, a{™" .., ozl(a’ ) can be chosen arbitrarily. Let a(a D
ap for k=1,2,---,1. Then for n > (see [2})
n—1 m
(a,l) - a,l OZ+1 F(k+0€+1)]€'
oy = oyt Ut1m+1 = 1+
,,; Hhme Z I(l+a+1))> % Z (k= 1))°
1) Tk Dkl(n —k
P I(a+ Z +a+1) (n ).
Tl+a+1)) — N3

The operator A(®! can be obtained by [2], formula ( ),
(L —nD)Q%! (z) + (A@D — oD LN (2) =0, n=0,1,-- -,
where I is the identity operator. Now
(L =m0 @) = (n = HLE0 (@) = KLY (@) = 50 (@)
=~k (L0 @) + L @)
Thus for n =0,1, - - -
(A€D — al DD () =

() & n—k k k1
S0t (R 0+ )
k=1

Note that for n <[ the right side vanishes. If in the case that [ > 1 we put
-1
A(a7l) — B(a,l) + Z akJ(a,k) + OélK(a7l)
k=1
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such that

B = Z bi(z;a,1)D
i=1

the operators J(®*) of the form

J(ak) = Z vi(w; o, k) D
i=1

are defined by
JER L) gy =6, L\ (x), n=0,1,- -,

and the operator K of the form
K(®h = Z ki(x; o, 1)D
i=1
is defined by

K@D L@ (z) =0, n <1,

K(a,l)lea)(x) — Lgla)(J?), n> l7
then forn=1+1,1+2,---

(B — () — apt) L) =

n+ay I+1
(<7+15>) S0t ) (@ L ).
l k=1

This last result is also valid for I = 0 if in this case we take A(®) =
[10], Lemma 5, we obtain

(—1)iyi (2 e, k) = L7077 (<) LI (a),

3

(—1) k(w5 a, 1) ZL( a=i=1) )L;a)(x),

bi(z;a,l) =0 for i <[ and for i > [+ 1 we have

(=1)'bs (25 0, 1) =

3565

B, Using

S LT () L @)

Tl +a+1)" 3 l))

1
Dla+1) & l“k—i—a—l—lk'(j—k)
72

i Jtay 1+1 .
+ L(“?‘—i‘”(—x)(j‘l) i(—l)k(l j=Fk )k(Lg‘i;’“)( )+L§a:’ﬁ”(x)).

—k+1
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4. CONCLUSIONS
1. We note that for a a nonnegative integer
ji T(k+ a+ 1D)kI(j — k)
e (CED IR
is a polynomial in j of degree a + 21 + 2, divisible by j(j —1)---(j — ), and
GE6t)
j=l)\Il—-k+1

is a polynomial in j of degree < a + 2l + 1 — k, divisible by j(j — 1)---(j = 1) if
j < 1. We have for nonnegative integer values of «

T(a+1) Ji k—l—a—i—lk'(y—k)
Tl +a+1))7° —0?
I‘(a—i—l) s 2042

= + lower powers of j.
T +a+1)* (@+20+1)(a+20+2)

We now use formula (3) to see that for @ a nonnegative integer the coefficients
bi(z; o, 1) vanish for i > 2a + 41 + 4, which was already known in the cases | = 0
(see [9]) and I =1 (see [10]). Further

(a4 1)(—z)ot2i+2
(Cl+a+1)) (a+ 20+ 1)(a+20+2)
2. By (3) in the case s = 0 and k = 0 it follows that

baatarra(z; o, l) =

ki(z;0nl) )i~ 1ZL —oT ()L ().

If they occur the operators J(®*) and K(®! are of infinite order. In the case

that the eigenvalues aga’l),aéa’l),- . -,al(a’l)are all equal to zero, we have for a a

nonnegative integer a differential operator of finite order 2« + 41 + 4 (if M > 0)
having the polynomials L% (1) as eigenfunctions.
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