PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 125, Number 12, December 1997, Pages 3659-3667
S 0002-9939(97)04199-3

MULTIPLE SOLUTIONS FOR A CLASS
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ABSTRACT. We show that for a class of semilinear elliptic equations there are
at least three nontrivial solutions. Existence of infinitely many solutions is
also shown when the nonlinear term is odd. In our results, the nonlinear term
can grow super-critically at infinity.

1. INTRODUCTION AND RESULTS

Let Q be a C? bounded domain in R”, n > 3. We consider the boundary value
problem for a semilinear elliptic equation:
— Au = f(z,u,A) on €
(Px) _
u=0 on 01,
where A is the standard Laplace operator, A is a parameter close to 0, the function
f(x,t, ) is Holder continuous for (z,t) € ) x R for each fixed A.
A special case of (Py) is the problem
—Au=AulT'u+G'(u)  on
(1.1y)
u=20 on 01,

where 0 < ¢ < 1, G(t) is a function on t € R. When G(t) = Z%|t|p+l, 0 <
g <1<p<(n+2)/(n—2), Ambrosetti, Brezis and Cerami showed in [2] that
there is a number A\, > 0 such that for all 0 < A < A,, (1.1), has infinitely many
solutions with negative energy. When G(t) = 1[¢|* 4 o(|s|*) near ¢t = 0 and t = oo,
2<a< %, Ambrosetti, Azorero and Peral showed in [1] that there is a A* > 0
such for all 0 < A < A*, (1.1), has at least three solutions with negative energy.
Here we note in both cases the nonlinear term G'(u) grows at most as fast as
Ju|("+2)/("=2) at infinity.

In this note, we shall generalize above results to remove the restriction that
G'(u) = O(|u|™+?/("=2)) We shall use the following assumptions.

(f1) There are constants p > 1, M > 0 and a function ¢(A\) with ¢(A\) — 0 as
A — 0 such that

If(x,t, )| <c(\)+M|t|P for 2€Q, t€R and 0<A<1.
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(f2) f(z,0,N)=0forzeQ,0<A<1.
(fs) For each fixed A,

> )y uniformly for x € Q

lim inf fat )
t—0 t
where A5 is the second eigenvalue of the Laplace operator with Dirichlet boundary
conditions.

(fa) There is a number 7 > 0 such that F(z,t,\) fo z,s,\)ds > 0 for
z€Q, —n<t<nt#0and 0 < A < 1.

(fs) For each fixed A,
f(z,t, )

t

tlimo = o0 uniformly for =€ Q.

It is well known that a solution of (Py) corresponds to a critical point of the
functional

1
= 5/Q |Vu|2d;10—/QF(gc,u,)\)dgc7 u € Hy(Q).
Our main results are

Theorem 1. Assume (f1) — (f4). Then there is a number Ag > 0 such that for
0 < A< o, (P\) has at least three solutions satisfying I(u, \) < 0.

Theorem 2. Assume (f1), (f2), (f5) and f(x,t,\) is odd about t. Then there is
a number Ng > 0 such that for 0 < X\ < Ao, (Py) has infinitely many solutions
satisfying I(u, \) < 0.

The idea of the proof is to truncate the nonlinear term f(x,u,\) by a pair of
super- and sub- solutions so that the solutions to the new equation are solutions of
(Py). Then we prove Theorems 1 and 2 for the new equation.

From the proof, it will be clear that Theorems 1 and 2 hold if the Laplace
operator in (Py) is replaced by a more general second order linear elliptic operator
in divergence form

= 9j(aij(x)du) + Zbi(z)é‘iuﬂt c@)u, c(z)>0 on Q.

i,j=1
(Then Ay in (f3) is the second eigenvalue of the elliptic operator with Dirichlet
boundary conditions.)

2. THE PROOFS

Let A1 be the first eigenvalue of the Laplace operator with Dirichlet boundary
conditions. Let ¢(x) be the positive eigenfunction of A; with max ¢(z) = 1. That
is,

(2.1) —Ad(z) =Md(x) on Q, ¢(z)=0 on OIN.

First we show that (Py) has a pair of super- sub- solutions with some special
properties.

Lemma 1. There is a A9 > 0 such that for 0 < X\ < Xg, there are two C? functions
ut(z) and u_(x) satisfying

1) 0 < up(x) < nand —n < u_(z) < 0 on Q (where n is given in (f4));
ut(z) =0 and u_(x) =0 on 98;



SOLUTIONS FOR A CLASS OF SEMILINEAR ELLIPTIC EQUATIONS 3661

2) ag—: <0, aa"—l; > 0 on 0N, where p is the outer normal along O8);
3) —Aui(z) > Muyl|[B +c(A) + A, —Au_(z) < —M|lu_|[B, —c(A) = A on Q.

Remark 1. (f1) implies that uy(z), u_(z) are a pair of super- sub- solutions of
(Pr)-

Proof. Here we construct u(z) only. u_(x) can be constructed similarly. The
construction is the same as that given in the proof of Lemma 3.1 on page 524 in
[2]. For reader’s convenience we sketch it here.

Let e(x) satisfy —Ae(z) =1 on Q, e(z) = 0 on 9. Since p > 1 and ¢(A) — 0 as
A — 0, there is a A9 > 0 such that for 0 < A < Ag, there is a number M; = M;())
satisfying M ||e||oo <7 and

(2.2) M > M(||€||OOM1)p+C()\)+)\.
Then
(2.3) “A(Mye(@)) = My > M(||e]looMy)P + () + A

Thus we can set u4(z) = Mie(z). The property that BBL: < 0 on 99 follows
from the definition of e(z) and the Hopf boundary maximum principle (see [6]). O

We now use u4 (z) and u_(z) to truncate the nonlinear term f(x,u, ) in (Py).
Let 9 (t) be a C? cut off function satisfying: ¢(t) = 0if t < 0, ¥(t) = 1if t > 1,
0 <(t) < 1. Let §(N) be a small positive constant to be determined later. We set

@t ) = £ oo N (1 — (el

0y

s oo , 1

ho(,t,0) = £, [l Jaon A (1 — w<%’;j‘t»
(AT M- 2, + ) + 3

and

1
Mluglfo+e) + 50 i 1> [fug ]l +60V);
hy(z,t,A) i [lusfoo <t < (Jug]loo +6(N);

g+($7t7)\) =
flz,t,A) if 0<t<||ut||oo;
0 if ¢t<0.
0 it >0
flat,A) i —lu_le <t <0;

9-@ A = G ho(@t,2) i [l = 600 <1< —[luloo;
1
= M-l —c() =A< —luglloo = 6(N).

Then we have the following properties for g4 (z, ¢, A) and g_(z,t, \):
(1)  g+(z,t,)\) and g_(z,¢,A) are bounded, Holder continuous functions on
(z,t) for each fixed 0 < X\ < Ag;
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(92) g+(z,t,N) = f(z,t, ) onz € Qif 0 <t < ||ut]|oo;
(g3) g_(;v7t7)\):f(xt)\) onz € Qif —||u_|loc <t <0
(94) g4(z,t, N) < M|uyg||B +c(A)+Afort >0,z € Q;
(95) g—(z,t,A) > —M|lu_||E, —c(A\) = A for t <0, z € Q.

Indeed (g1) — (g3)
the definitions and (
have

(g6) fgg+ (z,8,\)ds >0 for all t > 0, z € Q.

(g7) fo (x,8,\)ds >0 for all t <0, z € Q.

In fact, (ge) and (97) follows from (f4). For example, for (ge), since ||[ut||co < 7,
(f4) implies that F(x, |[us||ec, A) > ¢1 > 0 on x € Q for some constant ¢;. Then
we can choose a small 6(A\) > 0 such that for ||Juy||eo <t < ||ut|]oc + 6(N),

t [t [oo t
/ g+($,8,)\)d8 :/ g+($,8,)\)d8+/ g+(x757)‘)d8
0 0 I

Ut |l oo

ollow directly from the definitions. (g4) and (gs) follow from
f1). We also claim that if we choose 6(\) small enough, we

t
= Pl ) [ gl s 2 e = SO | + 3) 4 3) >0
Il

u+Hoo
where we have used (g2) and (g4). For the remaining case of ¢, it is easy to see (gg).
Now we define f*(x,t,\) = g4 (x,t,\) + g—(z,t,\) and consider the boundary
value problem:

(PX)

—Au = f*(z,u,\) on
u=20 on 0N.

From (g1) — (g7), we have the following properties:

(f¥) f*(z,t,)) is bounded for each fixed 0 < A < A;

(f5) u4(x) is a super solution, u_(z) is a sub-solution of (P5);

(f3) fH(z,t,N) = f(x t,A) for . € Q, —|Ju—]|oo <t <|Jtut||oo, and 0 < X < Ag;
(f) F*(z,t,\) = fo (z,8,A\) >0forallz € Q, t € R, 0< )< \p;

(f¥) If f(x,t,\) is odd in ¢, we can choose uy(z) = —u_(z). Thus f*(x,t,\) is

also odd in t.
The next lemma shows the reason that we introduce the problem (P5). That is,
we only need to prove Theorems 1 and 2 for (Py) instead of (Py).
Lemma 2. Every C? solution u(x) of (Py) is a solution of (Py).

Proof. Let u(z) be a solution of (P5). Then on Q1 = { z | u(z) > uq(x) }, from
(g4) and the definition of u4, on Ql, we have

—Au = [z, u,A) = g4 (z,u(x), \) < Ml[uy[lf +c(A) + A < —Auy(z).
Thus —A(u — ug)(z) < 0 on 7 and u(x) — uy(x) cannot achieve a maximum
inside 1. But u(z) = ui(z) on 02 and 9Q;. Thus 7 must be empty. That is

u(z) < uy(z) on Q. Similarly we can prove that u_(z) < u(x) on Q. Now (g2) and
(g3) imply f*(z,u(x),\) = f(z,u(x),A) for z € Q and u(z) solves (Py). O

In the rest of the paper, we shall prove Theorems 1 and 2 for the problem (P5).
We consider the functional

I*(u, \) /|Vu| dx—/ *(z,u, \dz, u€ Hy(Q),
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where F*(z,t, \) fo (z,s,A). We first follow the idea used in the Lemma 4.1 on
page 533 in [2] to show that I *(u A) has two local minimums with negative energy
on H} ().
Lemma 3. 1) There is a positive function vy(x) which is a local minimum of
I*(u, \) in H () and I*(v4, \) < 0.

2) There is a negative function v_(x) which is a local minimum of I*(u, \) in
H(Q) and I*(v_,\) < 0.

Proof. 1): We consider the functional
1
=5 /Q |Vu|?dx — /§1F+(;v,u,)\)d$, u € Hy (),

where Fy (x,t,\) = fot g+(z,8, ). Tt is easy to see that I*(u, \) = I (u, ) for all
u € HE(Q) with u(z) >0 on Q.
Since g4 (z,t,\) is bounded, I (u, ) has a global minimum v (z) on Hg ().
Then
—Avy = g4 (z,v4,A) on Q, vy =0 on IN.
As we did in the proof of Lemma 2, we have
(2.4) vy(x) <uq(x) on Q.

Furthermore (g2), (g4) and the Hopf’s boundary maximum principle imply that for

the outer normal p along 012,

vy —uy)
o

On the other hand, the definition of g (z, ¢, A) and maximum principle imply that

ve(x) > 0 on Q. If vy # 0 (which follows from I(v4, ) < 0), then (g2), (f3) and

the Hopf’s boundary maximum principle imply that v4 > 0 and

(2.5) >0 on 0.

vy
o
Therefore (2.4), (2.5) and (2.6) imply that v, is a local minimum of I, (u, \) in C*
topology. Since vy > 0 on Q, (2.6) and the definition of Iy (u, A) imply that vy is
also a local minimum of I*(u,\) in C* topology. Then v, (x) is a local minimum
of I*(u,A\) in Hi(Q) by [4]. Now it still remains to show that I*(vy,A) < 0. We
only need to show I (v4, )\) < 0. Indeed (g2) and (f3) imply that for ¢ > 0 small,
gr(z,t,A) = flz, t,A) > F(M —|— )\g)t for x € Q. Then for s small and the first
eigenfunction ¢(z) doﬁncd in (

(2.7) (56, )) / Volde — | Fileso(w). Ao

S/\1/¢2 /\1—|—)\2 /(25261 <0

(2.6) <0 on Q.

Thus I (v, A) < 0 since vy is a global minimum.
2): The argument here is similar to that in 1). Now we consider the functional

/|Vu| d:z:—/ (a,u, Nz, u e H(Q),
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where F_(x,t, \) fo (x,8,M). Tt is easy to see that I*(u,\) = I_(u,\) for all
u € Hy(Q) with u(z) < 0 on Q. Then we can show that I_(u,)) has a global
minimum v_(z) < 0 which is what we want. We leave the detail to the reader. O

Now I*(u, A) has two nontrivial critical points v4 and v_. Thus (P5) and (Py)
has two solutions vy and v_. The third critical point will be constructed by the
Mountain-Pass critical level of I*(u, \) with base points v4 and v_. Before we get
into the construction of the third critical point, we state some properties for the
functionals I (u, A) and I_(u, A) defined in the proof of Lemma 3. First from the
definitions and maximum principles, we have

Lemma 4. Each critical point of I (u, \) or I_(u, ) is a solution of (P5).

Since f*(x,u,A), g+(x,u,\) and g_(x,u,\) are all bounded on Q x R for each
A, we have

Lemma 5. I*(u,\), I+(u,\) and I_(u,\) are bounded from below and satisfy
Palais-Smale condition on HE ().

Now we are ready to prove Theorem 1.
Proof of Theorem 1. We shall use the same notations as those in Lemmas 1-5.
Step 1. There is a t4(A) > 0, such that for 0 < s < t4(A),
(2.8) I (sp(x),A\) <0

where ¢(z) is defined in (2.1).
This is exactly what we computed in (2.7).

Step 2. Similar to Step 1, there is a ¢_(A\) < 0, such that for t_(\) < s <0,
(2.9) I (sp(x), M) <O.

Step 3. Let W4 (u) be the pseudo-gradient vector field of I (u, \). We consider the
pseudo-gradient flow
du
dt
where 0 < s < t4()) is defined in Step 1. From the properties of pseudo-gradient
vector field, we know that u(¢) exists for all ¢ > 0. We claim that there is a sequence
of t, — oo, such that u(ty) — wy in Hi (Q) and w, is a critical point of I (u, \)
with I+(’LU+,)\) <0.
The claim will follow from the fact that ||, (u(t), A)|| is not bounded away from
zero as t — oo. Indeed if ||I’ (u(t), A)|| > ¢ > 0 for ¢ large, we have that for ¢ large

Ay (T (ut), N), — W (u(8)) < —e2 < 0.

d
ST ((0),3) = (L (u(0), %), 5
Thus I (u(t),A\) — —oo as t — oo. This contradicts to the fact that I (u, A) is
bounded from below on H}(2). Thus there is a sequence of t, — oo, such that
I’ (u(ty), A) approaches to zero. But it is also clear that I (u, \) — oo as [|u|| —
oo (since gy(x,u,A) is bounded). Thus wu(tx) is bounded since Iy (u(tg),\) <
I (u(0),\) = I+ (s¢p(x), A) < 0. Then the Palais-Smale condition and Lemma 5 im-
ply that u(tx) has a convergence subsequence. We still denote the subsequence by
u(ty). Then u(ty) — w4 in HJ(Q) for some w, I (wy, A) = Um I’ (u(ty),\) =0
and I (wy, A) = lm I4 (u(ty), A) < It (u(0),\) = Iy (sé(x), A) < 0.

=—Wi(u) for ¢t>0; u(0)=se¢(z),
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Step 4. Let W_(u) be the pseudo-gradient vector field of I_ (u, ). We consider the

pseudo-gradient flow
du
dt

where t_(\) < s < 01is defined in Step 2. Then there is a sequence of t; — o0, such
that u(t;) — w_ in H}() and w_ is a critical point of I_(u, \) with I_(w_, )
< 0. The argument here is similar to that in Step 3.

=-W_(u) for t>0; u(0)=sd(x),

Step 5. Let ¢o(x) be an eigenfunction corresponding to the second eigenvalue Ay
of the Laplace operator with Dirichlet boundary conditions. Let V be the two
dimensional subspace of Hg () spanned by ¢(z) and ¢2(z). Then we claim that
for each fixed A, there is a 6 > 0 such that if 0 < e < é, u € V and |[u]| = ¢, we
have

(2.10) I*(u,\) <0

First it is easy to see that for u € V,

(2.11) /|Vu|2d:1c§)\2/ u?dz.
Q Q

From (f3), there are t3 > 0 ( t3 < min{||v4||oo,||t—||cc} ) and 81 > 0 such that

F(xz,t,\) fo z,5,A\)ds > (Ao + 61)t? for |t| < t3. Now we take a § > 0, such
that1f0<e<6 uEV ||u||—e we have |u(z)| < t3 for z € Q, u_(z )<u( ) <
uT(z); then from (g2), (g3) we have

/|Vu|dx—/F*3:u/\

1 1
z—/ |Vu|2dx—/F(x,u,/\)dx§ —62——()\2—|—61)/u2da:
2 Ja Q 2 2 Q

<le2 - 7)\2 +h €?
-2 2o
Here we have used (2.11).

< 0.

Step 6. For vy, v_ defined in Lemma 3, w4, w_ defined in Steps 3 and 4, if
vy # w4 or v— # w_, the conclusion of Theorem 1 follows immediately. Thus we
may assume vy = wy and v_ = w_.

Let us define b(\), the Mountain-Pass critical level of I*(u, A) with base points
vy and v_:

b(\) = grelgmax{ I*(h(t),\) |t €[0,1] }

where A = {h € C°([0,1], H}(Q)) | h(0) = vy, h(1) = v_ }.

Since I*(u, \) satisfies the Palais-Smale condition and vy and v_ are local min-
ima of I*(u,\) in H}(Q), b()\) is a critical value of I*(u,\) (see [3] and [5]). To
finish the proof we only need to demonstrate that there is a path h(t) € A, such
that

(2.12) max{ I*(h(t),\) |t € [0,1] } <O.
Since I*(v4, A) < 0, there is a neighborhood D of vy such that I*(u, \) < ¢5 <0

for u € Di. vy = wy and u(ty) — wy as k — oo (u(t) is the pseudo-gradient
flow defined in Step 3) imply that u(tx) € D4 for some u(ty). We also know that
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I (u(t),\) < It (u(0),A) = Ii(sé(x),A) < 0 for 0 < ¢t < tg. Then from (f}) we
have (here u™ (¢)(z) = max{u(t)(z),0}, v~ (¢)(xz) = min{u(t)(z),0})

(x,u T = *(z,ut T (x,u~ o
/QF(,(t),A)d /QF(, (), \d +/F(, (1), \)d

Q

2/QF*(x,u"’(t)J\)d;v:/QFJF(x,u(t),)\)dx.

Then for 0 < t < tg,

I*(ult), ) = % /Q Vu(t)2dz — /Q F* (2, u(t), \da

<3 /Q [Vu(t)|*dz — /Q i (2, u(t), dz = Ly (u(t), A) < Ly (s9,4) <0.

Hence we can connect v4 to s¢ by a path hj(t) which is from vy to u(ty) € D+
(any continuous curve) and from u(ty) to s¢ (by the pseudo-gradient flow u(t)). It
is clear that maxI(hy(t)) < 0. Similarly we can connect v_ to —s¢ by a path hg
such that maxI(hs) < 0. Now when s is small, a path hg is provided by Step 5
such that maxI(hs) < 0. Finally the path h(t) in (2.12) can be obtained by the
connecting paths hi, hg and hs. (|

Remark 2. Tt is clear from the proof of Lemma 2 that for all critical points v of
I*(u, \), we have I* (v, \) = I(v, \).

Proof of Theorem 2. As we remarked before, when f(z,t,A) is odd in ¢, we can
choose f*(x,t, \) so that f*(x,t,\) is also odd. And from Lemma 2 we only need
to prove Theorem 2 for the functional I*(u, A). The proof goes exactly like that of
Theorem 2.5 in [2] since all of the following ingredients are in place:

1) there is a > 0 such that I*(u, A) > 0 for all ||u|| > r.

2) I*(u,\) is bounded from below on H}(2).

3) I*(u, \) satisfies the Palais-Smale condition.

4) Let Hy be the linear subspace of H}(2) spanned by the first k eigenfunctions
of the Laplace operator with Dirichlet boundary conditions, then for each A, when
€ is small

I"(u,A\) <0 for wé€ Hy, ||ul]=c¢

5) I*(u, \) is even.
The properties 1)-3) follows from (f;). The property 4) follows from (f5) and
(f5). 5) follows from the fact that now f*(z,¢, A) is odd. O
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