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GORAZD LEŠNJAK AND PETER ŠEMRL
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Abstract. Let X and Y be compact Hausdorff topological spaces, and let
C(X) and C(Y ) be real Banach algebras of all real-valued continuous func-
tions on X and Y , respectively. The general form of continuous multiplicative
mappings Φ: C(X)→ C(Y ) is given.

Let X and Y be compact Hausdorff topological spaces, and let C(X) and C(Y )
be real Banach algebras of all real-valued continuous functions on X and Y , re-
spectively. We denote by 1X ,0X ∈ C(X) the functions defined by 1X(x) = 1 and
0X(x) = 0 for all x ∈ X . It is well known that every unital ring homomorphism
(additive and multiplicative mapping sending 1X into 1Y ) Φ: C(X) → C(Y ) is
a composition operator, that is, there exists a continuous mapping ϕ : Y → X
such that Φ(f) = f ◦ ϕ for every f ∈ C(X). The mapping Φ is a ring isomor-
phism if and only if ϕ is a homeomorphism. This means in particular, that the
ring C(X) determines the space X up to a homeomorphism. Even more is true,
namely, the algebra C(X) is completely determined by its multiplicative structure.
More precisely, C(X) and C(Y ) are isomorphic as multiplicative semigroups if and
only if the underlying spaces X and Y are homeomorphic. This follows from Mil-
gram’s representation of the general bijective multiplicative mappings from C(X)
onto C(Y ) [3]. An interested reader can find some related results on multiplicative
isomorphisms and multiplicative derivations in [2], [4], [5].

In this note we will study multiplicative mappings from C(X) into C(Y ) that are
not bijective. It seems hopeless to find a general representation theorem for such
mappings without imposing any additional assumptions. We believe that besides
the bijectivity the continuity assumption is the most natural one. The special case
Φ: C(X) → R (this means that Y consists of one point only) has been indepen-
dently treated by Turowicz [6] and Bourgin [1]. If Φ: C(X) → R is a continuous
multiplicative functional, then the same holds true for the mapping |Φ|. So, in order
to solve the problem of determining the general form of continuous multiplicative
functionals on C(X) one has to consider first the general form of positive nontrivial
continuous multiplicative functionals. Here, the positivity is defined as Φ(f) ≥ 0
for all f ∈ C(X) and the nontriviality means that Φ is neither identically zero nor
identically one. Bourgin [1] and Turowicz [6] proved the following result.

Theorem 1. Let Φ: C(X) → R be a positive nontrivial continuous multiplicative
functional. Then there exists a positive regular Borel measure µ on X with at most
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countable support S = {s1, s2, s3, . . . } satisfying µ({si}) > 0, i = 1, 2, 3, . . . , such
that

Φ(f) =

{
0 if f(si) = 0 for some positive integer i,

e
∫

log |f | dµ otherwise.
(1)

Now, if Φ: C(X) → R is an arbitrary continuous multiplicative functional, then
we can write Φ as Φ(f) = |Φ|(f)σ(f) where σ maps C(X) into {−1, 0, 1}. Of
course, one can define the values of σ at functions f satisfying Φ(f) = 0 arbitrarily,
but throughout this note we will always assume that σ(f) = 0 for such functions.
Bourgin [1] observed that the value of σ(f) is completely determined by the values
of function f on S. Turowicz [6] gave an explicit expression of σ(f) depending on
values sign(f) on S and two countable families of parameters αi, βi, i = 1, 2, 3, . . . .
In his formula the α’s are uniquely determined by the functional Φ while the values
of parameters β1, β2, β3, . . . depend not only on Φ but also on the ordering of the
countable set S.

It seems that the most natural approach when studying continuous multiplicative
mappings Φ: C(X) → C(Y ) is to compose Φ with δy, y ∈ Y , and then to apply
the results on multiplicative functionals. Here, δy : C(Y ) → R is the evaluation at
the point y ∈ Y . It turns out that Turowicz’s description of the mapping σ is not
suitable for this approach because of being nonunique. To avoid this obstacle we
will give a different description of σ and then apply this result to find a general
form of continuous multiplicative mappings from C(X) into C(Y ).

We start with some definitions. Let S be a closed subset of a compact set X ,
and let F be any family of open (with respect to the relative topology on S) and
closed subsets of S. Then F is called a sign-determining family on S if

A4B ∈ F ⇔ exactly one of sets A and B belongs to F(2)

for every pair of open and closed subsets A, B ⊂ S. Here, A4B is defined as
A4B = (A\B) ∪ (B\A). Note that the empty set does not belong to any sign-
determining family. Let f be any real-valued continuous function on X . We de-
note by NS(f) the set of all points x ∈ S satisfying f(x) < 0. For a given sign-
determining family F on S we define a mapping σF : C(X) → R by

σF (f) =


0 there exists x ∈ S such that f(x) = 0,

1 f(x) 6= 0 for all x ∈ S and NS(f) /∈ F ,

−1 f(x) 6= 0 for all x ∈ S and NS(f) ∈ F .

From NS(fg) = NS(f)4NS(g) it follows that σF is multiplicative. Note that in
the special case that F is the empty family we get σF (f) = 1 for all functions f
without zeroes in S.

Now we are ready to prove our first result on multiplicative functionals.

Theorem 2. A mapping Φ : C(X) → R is a nontrivial continuous multiplicative
functional if and only if there exists a positive regular Borel measure µ on X with at
most countable support S = {s1, s2, s3, . . . } satisfying µ({si}) > 0, i = 1, 2, 3, . . . ,
and a sign-determining family F on S such that

Φ(f) =

{
0 if f(si) = 0 for some positive integer i,

σF (f)e
∫

log |f | dµ otherwise.
(3)
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Proof. Let us first assume that Φ is a nontrivial continuous multiplicative func-
tional. According to Theorem 1 we can find a measure µ with the support S
satisfying all the desired properties such that the functional |Φ| is represented by
(1). Let A be any open and closed subset of S. Then χS\A − χA : S → R is a
continuous function. So, by Tietze’s extension theorem there exists a continuous
extension gA of this function over X . Note that the restriction of g2

A to S is identi-
cally equal to one. Consequently, (Φ(gA))2 = 1, and therefore either Φ(gA) = 1 or
Φ(gA) = −1. We define F to be the set of all open and closed subsets A ⊂ S satis-
fying Φ(gA) = −1. We have already mentioned that the value of Φ(f) is completely
determined by the values of functions f on S. Hence, F is well defined. A straight-
forward computation shows that F is a sign-determining family. In order to see
that (3) is satisfied for all functions from C(X) we take a function f ∈ C(X) having
no zeroes in S. From Φ(|f |2) = Φ(f2) = (Φ(f))2 it follows that Φ(|f |) = |Φ(f)|. It
is also clear that f gNS(f) is a strictly positive function on S. Hence, it is sent by
Φ into a positive real number, and consequently,

Φ(f) = σF (f)e
∫

log |f | dµ.

To prove the converse we assume that a measure µ with the support S and a sign-
determining family F on S satisfy all the assumptions of our theorem. Obviously,
the functional Φ given by (3) is nontrivial and multiplicative. We have to prove
that it is also continuous at every f ∈ C(X). Let us assume first that Φ(f) = 0. It
follows that there exists x ∈ S such that f(x) = 0. Let g be any function without
zeroes in S. The continuity of Φ at f follows from

|Φ(g)| ≤ eµ({x}) log |g(x)|e
∫
X\{x} log(‖f‖+‖g−f‖) dµ.

The mapping

f 7→ log Φ(ef ) =

∫
f dµ, f ∈ C(X),

is continuous which further yields the continuity of Φ at every positive function f .
The value of Φ(f) depends only on the values of f on the set S, and consequently,
Φ is continuous at every function which is positive on S. It follows that |Φ| is
continuous. It remains to see that for every f ∈ C(X) without zeroes in S there
exists a positive number η such that ‖g − f‖ < η implies σF (g) = σF (f). If we
take η = minx∈S{|f(x)|}, then ‖g− f‖ < η yields that g is without zeroes in S and
NS(g) = NS(f) as required. This completes the proof.

In order to get a complete description of continuous multiplicative mappings
Φ: C(X) → C(Y ) we need the following definitions. Let X and Y be compact
Hausdorff spaces. Assume that we have associated to each y ∈ Y a closed subset
Sy ⊂ X . The mapping y 7→ Sy is continuous at the point y0 ∈ Y if

- for every neighbourhood U of Sy0 there exists a neighbourhood V of y0 such
that Sz ⊂ U for every z ∈ V , and

- for every point x ∈ Sy0 and every neighbourhood W of x there exists a
neighbourhood T of y0 such that Sz ∩W 6= ∅ for every z ∈ T .

The mapping y → Sy is continuous if it is continuous at every point y0 ∈ Y .
Assume further that we have associated to each y ∈ Y also a sign-determining

family Fy on Sy. The mapping y 7→ Fy is continuous at y0 ∈ Y if for every open
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and closed set A ⊂ Sy0 and every pair of open disjoint subsets U, V ⊂ X satisfying
A ⊂ U and Sy0\A ⊂ V there exists a neighbourhood W of y0 such that

A ∈ Fy0 ⇔ Sz ∩ U ∈ Fz
for every z ∈ W . Of course, this definition makes sense only under the assumption
that the mapping y 7→ Sy is continuous at y0. Namely, in this case we can find a
neighbourhood T of y0 such that Sz ⊂ U ∪V for every z ∈ T . It follows that Sz∩U
is an open and closed subset of Sz. As before, we say that the mapping y 7→ Fy is
continuous if it is continuous at every point y0 ∈ Y .

Finally, let us assume that {µy : y ∈ Y } is a family of positive Borel measures
on X . We will call the mapping y 7→ µy lower semicontinuous at y0 ∈ Y if for
every open U ⊂ X and every positive real number ε there exists a neighbourhood
V of y0 such that µz(U) > µy0(U)− ε for every z ∈ V . This mapping will be called
upper semicontinuous at y0 ∈ Y if for every compact K ⊂ X and every positive
real number ε there exists a neighbourhood V of y0 such that µz(K) < µy0(K) + ε
for every z ∈ V . The mapping y 7→ µy is continuous if it is upper and lower
semicontinuous at every point y0 ∈ Y .

Theorem 3. Let X and Y be compact Hausdorff topological spaces. A mapping
Φ: C(X) → C(Y ) is a continuous multiplicative mapping if and only if

Φ(f)(y) =


0 y ∈ Y0,

1 y ∈ Y1,

0 y ∈ Z and f has a zero in Sy,

σFy (f)e
∫

log |f | dµy y ∈ Z and f has no zeroes in Sy,

(4)

where Y0, Y1, and Z are disjoint closed subsets of Y such that Y = Y0 ∪ Y1 ∪ Z,
µy is a positive measure on X having all the properties as in Theorem 1 for every
y ∈ Z, Fy is a sign-determining family on the support Sy of µy for every y ∈ Z,
and the mappings y 7→ µy, y 7→ Sy, y → Fy are continuous on Z.

Proof. Let us first assume that Φ is a continuous multiplicative mapping. Clearly,
the functions Φ(1X), Φ(0X) ∈ C(Y ) are idempotents. It follows that Y0 =
Φ(1X)−1({0}) and Y1 = Φ(0X)−1({1}) are open and closed subsets of Y . Applying
the multiplicativity of Φ it is easy to see that the functional δy ◦ Φ is identically
equal to zero for every y ∈ Y0 and similarly, δy ◦ Φ must be identically equal to
one for every y ∈ Y1. In particular, Y0 and Y1 are disjoint subsets of Y . Set
Z = Y \(Y0 ∪ Y1). Obviously, the multiplicative functional δy ◦ Φ is nontrivial for
every y ∈ Z. According to Theorem 2 we can associate to each y ∈ Z a positive
regular Borel measure µy on X with a countable support Sy and a sign-determining
family Fy on Sy such that δy ◦ Φ has a representation of the form (3). We have to
show now that the mappings y 7→ µy, y 7→ Sy, and y 7→ Fy are continuous.

Let us choose y ∈ Z and a neighbourhood U of Sy. By Urysohn’s lemma there
exists a continuous function f ∈ C(X) with supp f ⊂ U such that its restriction
to Sy is identically equal to one. It is easy to see that Φ(f)(y) = 1. As Φ(f) is
continuous at y we can find a neighbourhood V ⊂ Z of y such that Φ(f)(z) > 1/2
for every z ∈ V . This yields that f has no zeroes in Sz for every z ∈ V which further
implies that Sz ⊂ U for every z ∈ V . Let us now assume that x ∈ Sy, and that
W is a neighbourhood of x. Introducing a function g ∈ C(X) with supp g ⊂ {x}C
satisfying g(u) = 1 for all u ∈WC one can prove similarly as above that Sz∩W 6= ∅
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for every z ∈ {w ∈ Z : Φ(g)(w) < 1/2}. Hence, the mapping y 7→ Sy is continuous
on Z.

In the next step we will prove that y 7→ µy is a continuous mapping on Z. Let
K be any compact subset of X, ε a positive real number, and let y be any point in
Z. The regularity of µy implies the existence of an open subset U in X containing
K such that µy(U) < µy(K)+ ε/2. Using Urysohn’s lemma once again we can find
a function g ∈ C(X) with values in [0, 1] whose restriction to K is identically equal
to one while it is identically equal to zero outside U . Define f ∈ C(X) by f = eg.
Clearly, µy(K) ≤ log Φ(f)(y) ≤ µy(U). As log Φ(f) is continuous at y there exists
a neighbourhood V ⊂ Z such that log Φ(f)(z)− log Φ(f)(y) < ε/2 for every z ∈ V .
It follows that

µz(K) = log e
∫
K
dµz ≤ log Φ(f)(z) < µy(U) + ε/2 < µy(K) + ε, z ∈ V.

Thus, the mapping y 7→ µy is upper semicontinuous. In almost the same way one
can prove it is also lower semicontinuous.

To prove the continuity of y 7→ Fy we choose y ∈ Z, an open and closed subset
A ⊂ Sy and disjoint open subsets U, V ⊂ X such that A ⊂ U and Sy\A ⊂ V . We
will also assume that A ∈ Fy since in the case that A /∈ Fy the proof goes through
similarly. We can find continuous functions g, h : X 7→ [0, 1] such that g|A ≡ 1,
g|UC ≡ 0, h|Sy\A ≡ 1, and h|V C ≡ 0. Set f = h − g. Clearly, Φ(f)(y) = −1. We
already know that the mapping t 7→ St, t ∈ Z, is continuous, and therefore, there
exists a neighbourhood W ⊂ Z of y such that Sz ⊂ U ∪ V and Φ(f)(z) < −1/2 for
every z ∈ W . It follows that σFz(f) = −1, or equivalently, Sz ∩ U ∈ Fz for every
z ∈W . Hence, y 7→ Fy is continuous.

To prove the converse statement assume that a mapping Φ is given by (4) and
that the sets Y0, Y1, Z, and the mappings y 7→ µy, y 7→ Sy, y 7→ Fy fulfill all the
requirements of Theorem 3. In order to see that Φ is well defined we have to show
that the restriction of Φ(f) to Z is a continuous function for every f ∈ C(X). So,
choose 0X 6= f ∈ C(X) and y ∈ Z. By Zf we will denote the set of all zeroes of f .
Set M = maxx∈X log |f(x)|.

The first possibility we will consider is that Φ(f)(y) = 0, or equivalently, p =
µy(Zf ∩ Sy) > 0. For every positive number η < 1 we can find a neighbourhood U
of Zf ∩ Sy such that |f(y)| < η for every x ∈ U . Now, µy(U) ≥ p. Therefore, the
continuity of the mapping t 7→ µt yields the existence of a neighbourhood V ⊂ Z of
y such that µz(X) < 2µy(X) and µz(U) > p/2 for every z ∈ V . Hence, for z ∈ V
such that f has no zeroes in Sz we have

|Φ(f)(z)| = e
∫
U

log |f(x)|dµze
∫
X\U log |f(x)|dµz

≤ e(log η)µz(U)eM
∫
X
dµz ≤ ηp/2e2Mµy(X).

This shows that Φ(f) is continuous at y.
The next possibility is that f is positive on Sy. Let ε be any positive num-

ber. There exists a neighbourhood U0 of Sy such that 1/2 minx∈Sy f(x) < f(u) <
2 maxx∈Sy f(x) for every u ∈ U0. The continuity of the mapping t 7→ St im-
plies the existence of a neighbourhood W ⊂ Z of y such that Sz ⊂ U0 for every
z ∈ W . Set K = max{2µy(X), 1 + maxx∈Sy | log f(x)|} and choose a positive
number δ < 7Kµy(X) such that |s− log Φ(f)(y)| < δ yields |es −Φ(f)(y)| < ε. As
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Sy = {x1, x2, . . . } is a countable set we can find a positive integer N such that∑
k>N

µy({xk}) < δ

7K
.

For every j = 1, 2, 3, . . . , N we can find a neighbourhood Uj ⊂ U0 of xj such that
| log f(x) − log f(xj)| < δ/(7K) for every x ∈ Uj . Moreover, we can assume that
these neighbourhoods are disjoint. As X is normal and µy is regular we can also
assume that µy(Ūj) < µy({xj}) + 2−jδ/(14K). Because of the upper and lower
semicontinuity of the mapping t 7→ µt we can find for every j = 1, 2, 3, . . . , N a
neighbourhood Vj of y such that

µy(Uj)− 2−j
δ

7K
< µz(Uj) ≤ µz(Ūj) < µy(Ūj) + 2−j

δ

14K
< µy(Uj) + 2−j

δ

7K

holds true for every z ∈ Vj . Finally, let V0 ⊂ Z be a neighbourhood of y such that
|µz(X)− µy(X)| < δ/(7K) for every z ∈ V0. Denote W ∩ V0 ∩ V1 ∩ · · · ∩ VN by V

and U =
⋃N
j=1 Uj . For z ∈ V we have µz(X) < µy(X) + δ/(7K) < 2µy(X) ≤ K

and

µz(X\U) < µy(X) + δ/(7K)−
∑
j≤N

µz(Uj)

< µy(X)− µy(U) + 2δ/(7K) < 3δ/(7K).

Hence, for every z ∈ V we get

| log Φ(f)(z)− log Φ(f)(y)| =
∣∣∣∣∫
X

log f(x) dµz −
∫
X

log f(x) dµy

∣∣∣∣
≤
∣∣∣∣∣
∫
X\U

log f(x) dµz

∣∣∣∣∣+
∣∣∣∣∣∣
∫
U

log f(x) dµz −
∑
j≤N

log f(xj)

∫
Uj

dµz

∣∣∣∣∣∣
+
∑
j≤N

| log f(xj)| |µz(Uj)− µy(Uj)|

+

∣∣∣∣∣∣
∑
j≤N

log f(xj)

∫
Uj

dµy −
∫
U

log f(x) dµy

∣∣∣∣∣∣+
∣∣∣∣∣
∫
X\U

log f(x) dµy

∣∣∣∣∣
< max

x∈Sz\U
| log f(x)|µz(X\U) +

∑
j≤N

µz(Uj)δ/(7K) +Kδ/(7K)
∑
j≤N

2−j

+ µy(U)δ/(7K) + max
x∈Sy\U

| log f(x)|µy(Sy\U) < δ.

Let us now turn to the more general case that f is without zeroes on Sy. As
|Φ(f)| = Φ(|f |) the previous step shows that |Φ(f)| is a continuous function at
y. To prove that Φ(f) is also continuous at y we will find a neighbourhood V of
y such that the mapping z 7→ σFz (f) is constant on V . The set NSy(f) is open
and closed in Sy. Hence, disjoint open subsets W1 and W2 can be found such that
NSy(f) ⊂ W1 ⊂ {x ∈ X : f(x) < 0} and Sy\NSy(f) ⊂ W2 ⊂ {x ∈ X : f(x) > 0}.
Let V1 ⊂ Z be a neighbourhood of y such that Sz ⊂ W1 ∪W2 for every z ∈ V1.
The continuity of the mapping t 7→ Ft guarantees the existence of a neighbourhood
V ⊂ V1 of y such that σFz (f) = σFy (f) for every z ∈ V . This completes the proof
of the continuity of Φ(f) for every f ∈ C(X).
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Once we know that Φ is well defined it is easy to see that it is multiplicative. It
remains to prove that Φ is continuous. The compactness of the set Z implies that
it is enough to show that for every f ∈ C(X) and every ε > 0 and every y ∈ Z we
can find a neighbourhood V ⊂ Z of y and δ > 0 such that |Φ(f)(z)− Φ(g)(z)| < ε
for every z ∈ V and any g ∈ C(X) satisfying ‖f − g‖ < δ. So, let us assume that
f ∈ C(X), y ∈ Z, and ε > 0.

The first case we will consider is that Φ(f)(y) 6= 0. Using the continuity of |f |
and t 7→ St once again we can find a positive real number a and a neighbourhood
V ⊂ Z of y such that inf{|f(x)| : x ∈ Sz and z ∈ V } ≥ 2a. It follows that for
g ∈ C(X) satisfying ‖g− f‖ < a we have NSz(g) = NSz(f) for every z ∈ V . Hence,

|Φ(g)(z)− Φ(f)(z)| = |e
∫
X

log |g(x)|dµz − e
∫
X

log |f(x)| dµz |(5)

for such functions g ∈ C(X). It is easy to verify that µt(X) ≤ ‖ logΦ(e1X)‖
for every t ∈ Z. Applying this fact in (5) one can now easily conclude that for
all functions g ∈ C(X) that are sufficiently close to f the inequality |Φ(g)(z) −
Φ(f)(z)| < ε holds true for every z ∈ V .

To finish the proof it remains to consider the case that Φ(f)(y) = 0. The
continuity of Φ(f) at y implies the existence of a neighbourhood V1 ⊂ Z of y
such that |Φ(f)(z)| < ε/2 for every z ∈ V1. We also know that in this case
µy(Zf ∩ Sy) = p > 0. Take any 0 < η < 1/2 and let U be a neighbourhood of Zf
such that |f(x)| < η for every x ∈ U . The mapping t 7→ µt is continuous. Hence,
one can find a neighbourhood V ⊂ V1 of y such that µz(U) > p/2 for every z ∈ V .
Let g ∈ C(X) satisfy ‖g − f‖ < η. This yields |g(x)| ≤ ‖g − f‖ + |f(x)| < 2η for
every x ∈ U . Hence, for such g ∈ C(X) and any z ∈ V we have either Φ(g)(z) = 0
or

|Φ(g)(z)| = e
∫
U

log |g(x)| dµze
∫
X\U log |g(x)| dµz

< elog(2η)µz(U)e
∫
X

log(‖g−f‖+|f(x)|) dµz < (2η)p/2elog(η+‖f‖)‖ log Φ(e1X )‖.

Thus, for η small enough it follows that |Φ(g)(z)−Φ(f)(z)| < ε for every z ∈ V .
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