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ABSTRACT. Let A be a unital Banach algebra. Several characterizations of
continuous derivations of A having only elements with finite spectrum in their
ranges are obtained. In particular, if A is semisimple, then such derivations
map A into its socle.

1. INTRODUCTION

In a recent paper [4] several characterizations of inner derivations of Banach
algebras having only elements with finite spectrum in their ranges were obtained.
The goal of this paper is to extend these to general (continuous) derivations. In
particular, we will show that the following three conditions are equivalent for a
continuous derivation d on a unital semisimple Banach algebra A:

(a) d(x) has a finite spectrum for every x € A;
(b) d(z) is algebraic for every x € A;
(¢) d(z) lies in the socle of A for every z € A.

Our main result, Theorem 3.2, is somewhat more general. We remark that
implications (c)=(b)=-(a) are trivial since every element in the socle is algebraic,
and every algebraic element has a finite spectrum. The bulk of the paper will be
devoted to the proof of (a)=-(c).

We refer to [4] for an explanation of the motivation for studying conditions (a),
(b), and (c).

When considering continuous derivations of a Banach algebra A one often applies
the well-known fact that these maps leave primitive ideals of A invariant, and by
considering irreducible representations one thereby arrives at derivations of algebras
acting densely on Banach spaces. It seems quite obvious that it is much easier to
use density when dealing with inner derivations rather than with general ones. We
believe that this is the reason why the proofs in the present paper are quite more
involved than the proofs in [4], where only inner derivations are treated.

The main result is proved in Section 3. In Section 2 we obtain some preliminary
results which (especially Theorem 2.3) might be of independent interest. This
section is almost entirely algebraic—except for the last few lines we consider only
outer derivations of algebras acting densely on a vector space over an arbitrary
field. We should mention that in this paper we use an approach similar to one used
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in recent papers [2, 3], in which in some places outer derivations are also treated
separately.

2. OUTER DERIVATIONS OF DENSE ALGEBRAS

Throughout this section, X will be a vector space over a field F', A will be an
algebra of linear operators on X acting densely on X, and d will be a derivation
of A (i.e., a linear map of A into itself satisfying d(zy) = d(x)y + zd(y) for all
xz,y € A). We shall say that d is inner if there is a linear operator a on X such
that d(z) = [z, a] for every z € A (we do not require that a lies in A). If d is not
inner, it will be called outer.

Our approach is based on the following two results:

(I) If there exist linearly independent vectors &1, & € X such that &, = d(z)&; =
0 with x € A implies & = 0, then d is inner;

(IT) if there exists a nonzero £ € X such that 2§ = 0 with € A implies
d(z)¢ =0, then d is inner.

The first result is due to Sinclair and it even characterizes inner derivations [7,
Theorem 3.3]. The second result is easier to prove (see, e.g., the proofs of [2, Step
5] or [3, Lemma 2.3]).

We first slightly sharpen (I) and (II).

Lemma 2.1. Suppose that d is outer. If &1,&2 are linearly independent vectors in
X and n is any vector in X, then there is x € A such that & = d(x)&1 = 0 and
z§ =1).

Proof. According to (I) there is xy € A such that x0&; = d(z9)&1 = 0 and &2 # 0.
By density, there is 1 € A satisfying z120&2 = 1. But then z = x72¢ has the
desired properties.

Using (II) one similarly establishes the next lemma.

Lemma 2.2. Suppose that d is outer. If &,m € X and £ # 0, then there is x € A
such that € =0 and d(x)§ = .

In the next theorem we generalize both lemmas.

Theorem 2.3. Suppose that d is outer. If &1,& are linearly independent vectors
in X and n1,12,M3,N4 are any vectors in X, then there is x € A such that
xél =M, d((ﬂ)gl =12,
zé2 = n3, d(w)&2 = N4
Proof. There is no loss of generality in assuming that 71 = e = 0. Namely, if the
theorem holds true whenever 71 = 12 = 0 (or, analogously, 3 = 14 = 0), then,
given any 7; € X, ¢ = 1,2, 3,4, there are ', 2" € A such that
2’6 = d(2')61 = 0,26 = 03, d(2')5 = 14,
2" = mi, d(x")& = na, 2”6 = d(2")6a = 0.
But then x = 2’ + 2 satisfies the conclusion of the theorem. Thus, assume that
m =" = 0.
Similarly, without loss of generality we may assume that n3 # 0, for knowing
that the theorem holds under this assumption we can find z1,x2 € A which, for
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instance, satisfy

2161 = 0,d(21)61 = 0, 2182 = &2, d(21)82 = 14,

1281 = 0,d(x2)&1 = 0, 2282 = —&2,d(w2)62 = 0,
so that © = x1 + o satisfies x&; = d(x)& = &2 = 0, d(x)€ = n4. Thus, let n3 # 0.

By Lemma 2.1 there is xg € A such that
zo&1 = 0,d(20)&1 = 0,202 = 13-

Let £ be a left ideal generated by zy. Clearly, every element x in L satisfies
21 = d(x)&; = 0. Therefore, it suffices to prove that there is an x € L satisfying
z€ = n3 and d(2)& = n4.

Suppose first that the vectors d(zg)&2 and n3 are linearly dependent, that is,
d(x0)&2 = ans for some « € F. Applying Lemma 2.2 we see that there is a yg € A
satisfying

yons = 0,d(yo)ns = na — ans.
Hence x = yoxo + zo € L satisfies

€2 = Yoz + N3 = 13,

d(z)€2 = d(yo)zo&2 + yod(x0)&2 + d(xo)&2
= d(yo)ns + yolams) + ans = 1.
Thus, the theorem is proved when this situation occurs.

Assume, therefore, that d(z()&2 and 73 are linearly independent. Using Lemma
2.1 again we get an element y; € A satisfying

yinz = d(y1)nz = 0,y1d(x0)&2 = N1 — d(w0)82.
Consequently, setting x = y1z9 + xg € £ we have
x&2 = Y113 + N3 = N3,

Jxoéa + y1d(xo)&e + d(x0)é2
)Nz 4+ na — d(z0)é2 + d(x0)é2 = N4

d(x)&e = d(
= d(

The proof is now complete.

Y1
Y1

It seems reasonable to conjecture that the theorem can be extended to the sit-
uation where we have n > 2 linearly independent vectors &y, ..., &,. We leave this
as an open problem.

Lemma 2.4. Suppose that d is outer. Let &,&1, ..., & be linearly independent vec-
tors in X andn € X. Then there is x € A such that

z€ =n,d(z)§ =0,
2§ =xfp = =2 =0.

Proof. Pick zy € A such that z¢o¢ = £ and z¢&; = 0.

Suppose first that d(x¢)¢ and £ are linearly independent. Applying Theorem 2.3
we see that there is y € A such that y§ = 7, d(y)¢ = 0 and yd(zo)¢ = 0. It is
immediate then that © = yxo has the desired properties.

Assume, therefore, that d(z¢)€ = af for some a € F. Using Theorem 2.3 again
we can find z € A such that 2§ = n and d(2)§ = —an. But then z = zxq is the
right element.
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Let us point out that the next lemma holds for all, not necessarily outer, deriva-
tions. However, in the case of inner derivations we have to assume that F = C.
In the course of the proof we shall apply the following result due to Amitsur [1,
Lemma 1]: if T3,..., T, are linear maps such that for every vector £, the vectors
TiE, ..., T,€ are linearly dependent modulo some (fixed) finite dimensional sub-
space Uy, then some nontrivial linear combination of the T;’s is an operator of
finite rank.

Lemma 2.5. Let F = C. Suppose that d does not map A into the algebra of finite
rank operators. Then for every m € N there exist x € A and linearly independent
vectors &1, ...,&Em € X such that

€ =0, d(z)&; = j&j, Jj=1,...,m.

Proof. We first treat the case when d is outer. Proceed by induction on m. If
m = 1, then, in view of Lemma 2.2, we can choose any nonzero £; € X.

Thus, let m > 1. By the induction assumption, there exist linearly independent
&1, ,&m—1 € X and ¢ € A such that

zo&; = 0, d(z0)§; = j&j, j=1,...,m—1.

As g = 0 certainly implies d(xo) = 0, these identities show that z¢ and d(z¢) are
linearly independent operators.

Assume first that the vectors o€, d(x0)E, &1, - - ., Em—1 are linearly dependent for
every £ € X. This means that zo§ and d(z¢)¢ are linearly dependent modulo Uy,
the subspace of X generated by £1,...,&,—1. By a result of Amitsur stated above
it follows that some nontrivial linear combination of x¢ and d(xo) is a finite rank
operator; it is certainly a nonzero one since zg and d(zg) are independent. Thus,
A contains nonzero finite rank operators. But then every derivation of A is inner
(see, e.g., [5, Theorem 3, p. 87] or [7, Remark 3.5]), contrary to the assumption.

Therefore, we may assume that there is a vector in X, which we denote by &,
such that (1 = xo&m, o = d(20)ém, &1, - -+, &m—1 are linearly independent vectors.
Then &, ...,&n—1,&n are linearly independent too. Namely, assuming that they
are dependent it follows that &, lies in the linear span of &1, . .., &, —1, which further
yields (1 = o9&, = 0. By Lemma 2.4, there is a y € A such that

Y& = —C1, d(y)G1 =0,
Y& = =y&m-1=0, y& =0.
Next, choose z € A such that
2G2 = m&m, 2§ =&;, 7j=1...,m—1
Set © = zyxg + zxo and note that

x&; =0, j=1...,m—1,

d(x)&; = d(zy + 2)x0&; + zyd(20)&; + zd(x0)E;

x&m = 2yTo&m + 220&m = 2(y(1 + (1) = 0,

d(x)&m = d(2)yxo&m + 2d(y)To&m + 2yd(20)Em + d(2)x0ém + 2d(x0)Em
=d(2)yC1 + 2d(y)( + 2yl + d(2)¢1 + 282 = mépn.
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This proves the lemma for the case when d is outer.

Now, assume that d is inner, that is, there is a linear operator a on X such that
d(z) = [z,a],x € A. Tt is clear that a cannot be written as a sum of a scalar multiple
of the identity and a finite rank operator, for otherwise d(x) would have finite
rank for every z € A. But then there exist &;,...,&,; € X such that the vectors
&1,y &m, a1, .., a&y, are linearly independent [4, Lemma 3.1]. Pick z € A such
that 2§; =0, za§; = j&;, j =1,...,m. But then d(z)&; = va&; — az; = j&;. The
proof of the lemma is thereby completed.

3. CHARACTERIZING DERIVATIONS MAPPING INTO THE SOCLE

We first fix the notation. In this section, A denotes a complex Banach algebra.
By Prim(A) we denote the set of primitive ideals of A. We write o(x) for the
spectrum of x € A, and fo(x) for its cardinality.

Suppose that A is semisimple. Then the sum of all minimal left ideals of A
coincides with the sum of all minimal right ideals of A, and is called the socle of
A. Tt will be denoted by soc A. If A does not contain minimal one-sided ideals, we
define soc(A) = {0}.

We begin with an auxiliary result.

Lemma 3.1. Let d be a continuous derivation of a Banach algebra A. Suppose
that Pi,..., P, € Prim(A) (P, # P; whenever i # j) are such that d(A) ¢ Pj,

j=1,....m. Let wy,..., Ty be irreducible representations of A on Banach spaces
X1,..., X, respectively, such that Kerm; = P;, 7 = 1,...,m. Then there exist
nonzero vectors £ € X;, j=1,...,m, and x € A such that

mj(x)€ =0, m(d(x)&; = &5,  j=1,...,m.

Proof. We proceed by induction on m. Let m = 1. As d(Py) C P, [7, Theorem 2.2],
d induces a nonzero derivation d; on the algebra A4; = 71 (A) defined by d1m = md.
Thus, we actually have to prove the following: if d; is a nonzero derivation on a
dense algebra of linear operators on Xj, then there exist nonzero £ € X; and
x1 € Ay such that 21& =0, di(x1)& = &. If d is outer, then, by Lemma 2.2, we
can choose any nonzero §; € X;. Suppose, therefore, that di(z) = [z,a], z € Aj,
for some linear operator a on Xi. As dj # 0, there exists & € X7 such that & and
a&y are linearly independent. By density, there is 1 € A; such that z1£; = 0 and
x1a§1 = 61- But then dl(ZEl)fl = [xl,a]§1 = 61-

Now, let m > 1. As Py, ..., P, are distinct, at least one of them, say P,,, satisfies
P; ¢ Py, j=1,...,m— 1. By the induction hypothesis, there exist zyp € A and
nonzero vectors §; € X;, j =1,...,m — 1, such that

mj(20)§; = 0, mi(d(20))&; = j&,  j=1,...,m—1

As above, we define a derivation d,, # 0 on A,, = m,(A) by dpmm = T d.
Since every primitive ideal is also a prime ideal, P; € P, j = 1,...,m — 1,
yields Py -+ Pp_1 ¢ Py, which in turn implies Py N -+ N Py € Pn. Whence
Z=mn(PrN---NP,_1) is a nonzero ideal of A,,, and therefore a dense algebra
of operators on X,, [5, Theorem 4, p. 33].

We claim that the lemma will be established by showing that there are z € 7
and a nonzero vector §,, € X,, satisfying

26m = —7Tm($0)§m, dm(z)gm =m&m — 71'm(d(xO))fm-
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Suppose that such z and §,,, exist. We have z = m,,,(20) for some zg € PiN---NPy,_1.
Set © = 2o + 20. Then we have

T (2)6m = T (20)€m + Tm (20)6m = T (¥0)&m + 2&m = 0,
T (d(2))&m = Tm (d(20))ém + Tm (d(20))m
= Tm (d(20))&m + din(Tm (20))ém = Tm(d(20))Em + dim(2)€m
= mm (d(20))ém + M&m — Tm (d(20))Em = M&m.-

Since zg € Py N---N Pp,_1, using Sinclair’s result [7, Theorem 2.2] again, we see
that d(zo) lies in Py N--- N Py,_1, too. Consequently, m;(z) = m;(d(20)) = 0, and
hence 7;(z) = 7j(z0), mj(d(x)) = 7;(d(z0)), j = 1,...,m — 1. Thus, = has all the
desired properties and the lemma is proved.

Now let us find such z € 7 and &,, € X,,. Suppose first that d,, is inner,
ie, dn(x) = [z,d], x € A, for some linear operator a on X,,. As d,, # 0,
there exists &, € X,,, such that &,, and a&,, are linearly independent. Recall that
T acts densely on X,,,. Thus, there is z € Z such that 2§, = —mm,(x0)&n and
2a&m = m&y — Tm(20)a&,,. But then

A (2)em = 2, a)ém = zalm — az&m
= mgm - Wm(xO)agm + aﬂ-m(xO)gm = mgm - [’n—m(xO)u a]fm
= m&m — A (Tm (70))sm = m&pn — T (d(20))Em-

Thus, we may assume that d,, is outer. Since d(PiN---NPy,—1) C PiN---NPy,—1,
we have d,,(Z) C Z. Consider d,,|Z, a restriction of d, to Z. We claim that this
is an outer derivation of Z. Indeed, assuming that it is inner, that is, d,,(u) =
[u,a]l,u € Z, for some linear operator a on X,,, we see that for any v € Z and
r € A, we have

udpy (z) = dp(ux) — dp(u)x = [ux, a] — [u, alz = ulz, a].

That is, Z(dm(x) — [x,a]) = 0, which certainly yields d,,(x) = [z,a], z € A,
contrary to the assumption. Therefore, d,,|Z is an outer derivation of a dense
algebra of linear operators on X,,. As a very special case of Theorem 2.3 we see
that given any nonzero £, € X,,, there is a z € 7 satisfying the desired relations
2&m = —Tm (20)&m and dp, (2)&m = M — T (d(20))Em. The proof of the lemma
is now complete.

We are now in a position to prove the main result which generalizes [4, Theorem
3.2] from inner derivations to continuous derivations.

Theorem 3.2. Let d be a continuous derivation of a unital Banach algebra A. The
following conditions are equivalent:

(i) fo(d(z)) is finite for every x € A;

(ii) there is n € N such that fo(d(z)) < n for every x € A;

(iii) d(x)+ P € soc(A/P) for every x € A and every P € Prim(A), and d(A) C P

for all but finitely many P € Prim(A).

Moreover, if A is semisimple, then the above conditions are equivalent to the fol-
lowing two equivalent conditions:

(iv) d(x) lies in soc(A) for every z € A.

(v) d(z) is algebraic for every x € A.
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Proof. The implication (i)=-(ii) is just a special case of [4, Lemma 2.1].

Assume that (ii) is true. Pick P € Prim(A). Let mp be an irreducible representa-
tion of A on a Banach space X such that Kermp = P. As above, define a derivation
dp on mp(A) by dpmp = wpd. Suppose that the range of dp does not lie in the al-
gebra of finite rank operators. Then, by Lemma 2.5, there exist € A and nonzero
vectors &1, ..., &n+1 € X such that dp(mp(x))€; = j&, j =1,...,n+1. This means
that {1,2,...,n+ 1} C o(dp(rp(z))) = o(rp(d(z))) C o(d(z)), contrary to the
assumption. Thus, dp(7p(z)) = mp(d(z))) has a finite rank for every x € A. This
means that mp(d(x)) € soc(wp(A)), which is equivalent to d(z) + P € soc(A/P).
Thus, we have proved the first part of (iii). In order to prove the second part,
we assume that there exist n + 1 distinct primitive ideals P, ..., P41 such that
d(A) € P, j=1,...,n+1. Let 7,...,mp41 be irreducible representations of A
on Banach spaces X1, ..., X, 11, respectively, such that Kerm; = P;. According to
Lemma 3.1 there are nonzero vectors &; € X;, j =1,...,n+1, and x € A such
that 7;(d(x))¢; = j&;, 7 = 1,...,n + 1. Thus, again we arrive at the contradic-
tion {1,2,...,m+ 1} C o(d(x)). This means that there exist at most n primitive
ideals not containing the range of d. The proof of the implication (ii)=-(iii) is thus
complete.

Recall that

o(dx)= |J o(dx)+P)

PePrim(A)

(this can be, for instance, deduced from [6, Theorem 2.2.9]). Therefore, assuming
(iil), we have

o(d(z)) Cc {0} Uo(d(z)+ P)U---Uo(d(x) + Pn),

where the P;’s are the only primitive ideals not containing the range of d. Also,
d(z) + P; has a finite spectrum in A/ P; for it lies in its socle. But then (i) holds
true.

We have thereby proved that (i), (ii), and (iii) are equivalent. Now assume
that A is semisimple. By [4, Proposition 2.2] we see that (iii)=-(iv). As already
mentioned in the introduction, the implications (iv)=(v) and (v)=-(i) are trivial.
The proof is complete.
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