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ABSTRACT. In this paper we study the maximum dissipative extension of the
Schrédinger operator, introduce the generalized indefinite metric space, obtain
the representation of the maximum dissipative extension of the Schrodinger
operator in the natural boundary space and make preparation for the further
study of the longtime chaotic behavior of the infinite-dimensional dynamics
system in the Schrédinger equation.

1. INTRODUCTION

The study of longtime chaotic behavior of the nonlinear Schrédinger equation
makes physics theory richer. Nonlinear Schrédinger equation problems are diffi-
cult since the equation is very complicated. These problems appear in [1]-[4]. In
particular, [1] studies the attractors and fractal dimension of the equation. We
study the equation by the methods developed recently in studying the longtime
behavior of the infinite-dimensional dynamics system. In this paper we will give
the representation of the maximum dissipative extension of the Schrédinger oper-
ator in the equation. In Section 2, by the generalized semi-inner product space we
give a new space called the generalized indefinite metric space, which holds by the
meaning of the Banach space in general. We give the natural boundary space of
the Schrodinger operator, which is a generalized indefinite metric space. And by
the indefinite metric of the natural boundary space, we give the representation of
the one-to-one correspondence between the maximum dissipative extension of the
Schrodinger operator and the maximum negative subspace of the natural boundary
space. In Section 3 we discuss the theorems and give some examples.

According to [4], the Schrédinger operator is —hA + V, defined in C*°(M),
where M is a C*°-compact Riemann manifold. The Schrodinger operator has a
unique selfadjective extension in Sobolev space H2(M). But if the domain isn’t a
Riemann manifold, the operator becomes complex and the study of the Schrodinger
equation becomes difficult (see [8], [9]). In this paper, we study the operator for
the domain in Banach space, and give the maximum dissipative extension of the
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operator. Suppose
Lof =if" - /.
D(Lo) = {f: f.f. " € L'[0,27], (0) = f(27), f'(0) = f'(27),1 < p < o0}

where Lg is the type of Schrodinger operator which will be studied. Let X =
LP'[0,27], its generalized semi-inner product [-, -], (see [5]), where

27
[frglp= [ fylglP?dz,  1<p< oo
0

p may be different from p’. Obviously the norm in X is || f|| = [f, f];,/p.

Suppose A: D(Lg) — X, Af = if". Let G(Lo) = {{f,Lof}: f € D(Lg)}. In
X x X, construct Q(-,-) by

Q(f,9) = (fg9)'(2m) — (f9)'(0)
= f'(2m)g(2m) — £(0)g(0) + f(2m)g'(27) — £(0)g'(0).

Let H=H, @ H_; here
H, =span{f € X,Q(f,f) >0},  H_=span{f € X,Q(f.f) <0}.
Denote H = H/G(Lg). Construct Q = Q4 + Q_ in H, where
Qi (f:9+) = Q(f+. 9+) sign Q(g, §+), fr gy € Hy,
Q-(/-.9-) = QU= 4-){~signQ(s-.9-)},  f-4-eH_.
Let H={f: f,f € X}, H=Ha&H, and for any f € {f, 7y, define Q by
Theorem 1. A is a symmetric operator (for the definition see [5]) in Banach space
X.

Theorem 2. (H;/G(Lo),Q4), (H-/G(Lo),—Q_) are generalized semi-inner
product spaces.

Theorem 3. (ER @) s a generalized indefinite metric space.

Theorem 4. If the mazimum dissipative extension of Lo is L, then L responds
one-to-one with the mazimum negative subspace N of H and

Lu=iu" —u+ p(a),

D(L) = {u: u,u/,u" € X, 4 € N},

where N is theprojection of]v from H to H.
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2. PROOF OF THE THEOREMS

In this paper, the operator Lg is defined in Banach space and, naturally, the
study of the operator Ly in Banach space is more difficult than the study of the
operator in Hilbert space. For this reason, we construct generalized semi-inner
products in Banach space and use a generalized p-selfadjoint, dissipative operator
(see [5], [10]) in Banach space. The study of the indefinite metric space can be seen
in [6] and [7]. Now we construct the generalized indefinite metric space. Further
and deeper study of this space will be given in another paper.

Definition 1. R is a complex (or real) linear space. Define (y,z) for arbitrary
x,y,2 € R, A € C (complex), if the following conditions are satisfied:

(1) <$ + Y, Z> = <.’II, Z> + <y7 Z>7 <>‘$7y> = /\<$, y>

(2) For arbitrary y € R, if (z,y) =0, then = 0.
Thus we call (R, (-,-)) a generalized Krein space.

Definition 2. The space (R, (-,-)) is called a generalized indefinite metric space,
if it includes two subspaces Hy, H_ and

(1) R= H. @ H_, where @ is direct sum and orthogonal according to (-, ), that
is, (x,y) =0,z € Hy,y € H_;

(2) (Hy, (")), (H-,—{-,-)) are generalized semi-inner product spaces, where
H, ={z € R|{(x,z) > 0}, H_. = {z € R|{(z,z) <0}, and Hy and H_ are called
the positive subspace and negative subspace, respectively.

Lemma 1. R is a generalized indefinite metric space. Ifx,y € R, thenx = x4 +x_
andy =y, 4y, wherexy,yy € Hy, v,y € H_. Let[z,y] = (x4, y1)+(x_,y-);
then (R, [-,]) is a generalized semi-inner product space.

Proof. The main point is to prove the inequality

[2,y]| < [z,2]"Ply,y]P /P, p>1.

Since ab < a?/p+ b?/q,a > 0,b > 0, where 1/p+ 1/q = 1, it is sufficient to prove
(1+kmP~1)P < (1 +KP)(1 4+ mP)P~ L.

The inequality is proven by using a series of Young inequalities. We omit its
proof.

Define projections Py: I = (R, {-,-)) — Hy,sothat t = x4 +2_ € Il —» x4 €
H.. |

Lemma 2. The necessary and sufficient condition for the nonnegative subspace L
to be a mazimum nonnegative subspace is that Py L = H,. FEvery nonnegative
subspace is included in a mazrimum nonnegative subspace.

We omit the proof.
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Proof of Theorem 1. Assume f,g € D(Lg); then

(Af, ]y = /0 ifglaP~2ds = | Tirg ((p—?) / 8 ap-3da> dx
= /O%if”?(p —-2) (/OOO X[o7|g|]($)a”_3doz) dx
S (/:ﬂngm( yir') da
—-) [ (—/thng( ) ) do

oo 21
=0-2) [ 0 [ [ o @)dado

2m
= (p — 2) /O ap_3 ) fig//X[|g”\>oz] (x)dxda

27 lg”| 2T
=— f(ig”)/ d(e?™?)de =— [ fig'|g"|P"*dx = —[f, Agl,.
0 0 0

Hence A is a symmetric operator. |

Proof of Theorem 2. Since f € G(Ly), it follows that Q. (f, f) = 0 and G(Lo) is a
kernel space.

Now to prove that @, (-,-) is a generalized semi-inner product space, we only
need to prove

Q.(F 9l < QT D" @g* "  FgeH
In fact,
(@, (7.9)| = | Re[A" £, gl,| = 0.5 Re[A" . g],, + Re[f, A™gl, .
Since A* D —A,—A** C A*, then
(@, (7. 9)] = 0.5/ Re[A* £, gl + Relf, — A*gl, .
Construct a new generalized semi-inner product in H x H using that
[@,7)12 = Re[u', v'], + Re[u?, v?],, = {u',u?}, v={v',v*} € H x H.
Similarly to Lemma 1, [-,-]12 is a generalized semi-inner product in H x H. Let
Wu = W{u? u'} = {u,u?}, uweHxH.
Then W is a generalized p-selfadjoint operator in (H x H, [, ]12). Let
Wiu=Wu, u€ Hy; Wiu=-Wu, ue€H\Hy,
W1 is a generalized positive operator (see [5]); we easily prove the inequality

W1, T]12| < |[WAT, T1o|"/P|[WAT, T]12| P17,
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and that
@, (F,5)] < 0.5/[Wad', u ]y /P [W, o']0| =1/
= 0.5{| Re[A" [, f], + Re[u, A™ f],[}}/?
x {|Re[A*g, g], + Re[g, A**g],|} @~ 1/»
(@, G DI, @g)
where v/ = {f, A*f},v' = {g, A*g}. This completes the proof. 0

Lemma 3. @(f, §) = Q(f,9); here f,§ are cosets of f,g, where f,§ € H and
f,ge H.

Proof. Obviously Q(f, f) = 0, when f € G(Lo). Since f € H and fo € G(Ly), first
we prove that Q(f + fo, f) = Q(f, f). In fact

(1) @(f+707f) :@4—(74-"'70’74-)"'@—(7—77—),

6-1-(74- +7077+) = Q(7+ +70,7+)signQ(7+,?+)
= [A*(f4 + fo) f+]psignQ(f 4. f 1)
= [A"fy, f+];n SignQ(7+,7+) + [Afo, f+];n SignQ(7+,7+)
=Q,(fo, 1) +[Afo, f+lpsienQ_(f ., f),

where 7+ = {f+,L1f+} S F+,L1 = A* — 1, 70 = {f(),L()f()} S G(Lo) Now to

prove [Afo, f+] = 0.
From Theorem 2, similarly, we have

[[Afo, f+]ol = 1Q(Fo, F ) = 05][W fg, f1]12]
< O.5|[W £, foliaMPW fL, filia| P~ /P
< 0.5][Afo, folp| /P [WFL, fil12| P7D/P =0,

where f' = {f, A*f}, fo = {fo, Lofo}, fy = {f+ L1 f+}-
Hence [Afo, f+], = 0 and

@(f+707f) =QUf+ [0, /) =Q (1. [)+Q_(f_.f_) =Q(f,

Now we prove Q(f, f+ 7o) = Q(F, T+ 7o) = Q(F. 7). Fe HywH
where f = f L+ f_. Remark that 47, '

fi+fo€
Q(f7f+f0) Q+(f+7f++f0) @ ( —77— :@+(f+7?+)+a—(?—uf—+f0)'

Since

Q (f+vf++f0):@
@

it follows that Q_ (f,, f, + fo) = Q.
For the same reason we have @_ (?

QU T+ o) =Qy

(
Now we get that Q(u,u) = Q(u,nw), where & € Hy/G(Ly) ® H_/G(Lo), T €
H, & H_, and 1 is coset of u. O
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Proof of Theorem 3. As Q is a generalized indefinite metric and semi-linear, we
have that (H, Q) is a generalized indefinite metric space. O

Let N be a negative subspace of (H Q) and N a projection from N to H, where
H=Ho®H. We easily prove that Nisa negative subspace of (H Q) and

||ﬂ||p < _Q(ﬁaﬂ) = —Q(ﬂ, ﬂ) < C”ﬁHpa for any {’0“7 ’[L} € N
Lemma 4. Ifﬁ s a maximum negative subspace, then N is a mazimum negative
subspace of (H, Q).
Lemma 5. If]\Af is a mazximum negative subspace, then
Define ¢: f — f then ¢ is a contraction mapping from N to H. Also, if p is a
contraction mapping, then the graph of ¢ is a maximum negative subspace in H.

Proof of Theorem 4. Assume that L is the maximum dissipative extension; then
Re[Lf, flp <0, f € D(L). If f € D(Lo), g € D(L), then

Re[Lof, glp = Re[Af, glp — [/, glp,
|Re[Af, glp| < |Re[Lof, glp| +[[f.glp| < (ILofIl + IFIDIIglP~",
[Af, glol < 2(I Lo f 1+ 1FDNIg NP
Hence, g € D(A*), D(L1) D D(L).
For arbitrary g € D(Lo), f € D(L), we have
g, Lf — L flpl < gl IILf — LofIP~

From the Riesz representation theorem of the generalized semi-inner product space
(see [5]), there exists a unique f € H, so that, for any g € D(Ly),

9. Lf = Liflp = 9, flp,  Lf—Laf =f.
Therefore Lu = Lyu + f.

Let Q(,9) = QF.9) = @, (F+.5.) + @_(F_.3.), where f,§ € H are cosets
of f,gand f=f, +9_,9=9, +9_,f,. 9. € Hy,f_,g_ € H_. The following
inequality holds:

(2) QU fy =mlf = FIP+ IAIP <0

here m is an arbitrary constant, © = {u, Liu} € G(Lg), @ is coset of u. First, we
prove

3) QUf. ) —mllf = fIP+IfI” <0, feG(L).
Since Q(F,F) = RelLf, fl, — [, flp» it follows that
Re[L1f, fl, = Q(F, F) = [, flp-
As Re[Lf, fl, <0 and Re[Lif + f, f], <0
Q(f. f) = Relf, flp + Rel[f, fl, <0

Hence, to prove (3), we only have to prove

(4) —mllf = FI” + £ < =[f, flp + Relf, fl,-
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In fact

Re[—f + [, flp <|=F + £, flol < WIF = FINFIPY
<\If =P+ 1f19C= D fg =11 f = AP /o +IFIP/a, - 1/p+1/g=1.
The left hand side of the above equality is equal to —[f, f], + Re[f, f],- So
[fs Flp = Relf, flp > =If = FIP/p = I£1I"/q-
Using the above inequality in (4), we have to prove
) —mllf—f||p+||f|\pj||f—f|\p/p—|\f|\p/QSO
or  (—=m—1/p)|lf = fIIP+ /1" < [If1I"/q-
Note that
Re[—f+ f, flp <|=F + F. flol <N = £+ FUNAP=" <UL = AP /o +1LF1P /4,
qRe[=f + [, flp < allf = FII"/p + I FI7,

—qRelf, f]+ (@ = DIFI” < allf = FIIP/p,

q £ £l|p q _ flp

q ; q F F
o1 el e = Se s I = AP = A

Hence
AP =11 = FIP < pRelf, f1 < plFIFIP < plA/P)IAIP + (1/aD)]| £ PP
= £+ (p/a)| 1P
Let [ > 0and 1—p/ql > 0. Take 0 < [ < (/T + 4p+1)/q; then1?>~1/q—p/q> < 0,
1 —p/ql > 0. By simplifying, we get
(L =p/aDIAIP = If = FIP < UFIP

or

AP =11 = FIP /[0 = pla) =] < ULAIP/ = plad) -

Using it in (5), we only have to prove

N O e L Grer =R LLL2

Take m = —% + W < 0. At this time, the left hand side of (6) is 0, and the

coefficient of the right hand side is equal to W + % > 0. Therefore, (6) holds

naturally. Hence (3) holds. So

It follows that Q(f, f) <0, fe H_, Q_(f,f) = Q_(f, ).
S0 Q(f, /) = Q(F. T) = Q_(F. - Hence (2) holds. o
Since Lv = Liv = Lov,v € D(Lo), f depends on the coset of fin H, f = o(f).
Note that —m < 0, so —m/||f — f||” > 0. Hence, the middle term of equality (2)
may be omitted and

QUL N+ leHIP <0, f e D(Lo).
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Therefore {{f, o(f)}, f € D(Lo)} forms a negative subspace corresponding with
@ in H.

On the other hand if Lu = iu” — u + (@), L is the extension of Ly and
{{a, p(a)}u € D(L)} is the maximum negative subspace of H, then it can be
shown that (2) holds, so L is a dissipative operator in Banach space LP[0, 27].

Therefore, there exists a one-to-one correspondence negative subspace of H and
the representation is obtained. This completes the proof. O

3. DISCUSSION

(1) LP[0,27] is a typical example of a generalized semi-inner product space (see
[5]). The operators of a generalized semi-inner product space are more complicated.
In this space there are many operators, for example, generalized p-selfadjoint op-
erators [5], symmetric operators [5], dissipative operators [10]. In this paper Lg is
the dissipative operator in LP[0, 27]. In fact,

Re[Lou, u], = Re[iv" — u,u], = Re[Au,u], — [u,u], = — Re[u, Au], — [u,u],

—[lAul*=" Re[u, Au]> — [u, ul,

2
= —HAuHQ_pRe/O wiv"dx — [u,u], = —[u,u], < 0.

Hence Re[Lou, u], < 0, where Ly is a dissipative operator in Banach space L?[0, 27].
Because there doesn’t exist an inner product in Banach space, the study of
operators in Banach space is difficult and complicated. If A is a selfadjoint operator
in Hilbert space H, then (Az,y) = (z, Ay) and (Az, x) is real, where (-, -) is an inner
product in H and z,y € H. But the following example explains that the generalized
p-selfadjoint operator in Banach space which satisfies [Ax, z], is complex.

Example. X =Y @Y, where @ is [3-direct sum and Y is a two-dimensional Hilbert
space. Define the generalized semi-inner product following that, for 1 < p < 400,
[{y1,92), (Wi 92)]e = 1y, ) 1P Ly yD) ol + (w2, 95) s}

where (-,-) is an inner product in Y, z = (y1,y2), y = (¥},v5) € X. Define the
operator

0 0 - O
0 0 0 =
= 1 0 0 O
0 — 0 O

Easily prove that [Tz, y], = [z, Ty]p, for arbitrary z,y € X. Thus T is a generalized
p-selfadjoint operator, but

z[(y1,92), (Y1, 92)]p
= {1, y2) P { (izan T11 — iwooTra) || + (—iz11Tar + iz19Ta2) ||y2l|},

where y1 = ((x11, T12)), Y2 = ((T21,222)) € H. Then [Tz, z], is complex, not real.

The generalized indefinite metric space is first introduced in this paper. The
discussion and research of new space will be given by another paper. If we define
(), W 1)) = 1 P2, ) 19 — (o wb) 1113, then ((-,-)) is a
generalized indefinite metric in X of the example.

(2) Dissipative operators are playing an increasingly important role as research
on nonselfadjoint operators proceeds. Many interesting initial value problems in
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partial differential equations are defined in Banach space. In this paper, we consider
this case and study the maximum dissipative extension representation of dissipative
operators for the space LP in the Schrodinger equation. The Schrédinger operator
—hA+V (or iA —iV) is considered, where V' (z) is the potential. If V' (z) does not
satisfy the L2-integral, but the LP-integral (see [8], [9]), then the particles in the
Schrédinger equation could cause colliding and scattering, especially, for 1A — iV,
where V(z) is a complex function in L?|[0, 27]; particles cause the scattering. It is
difficult to study the scattering in quantum mechanics at present. In this paper we
try to study one of the Schréodinger operators in LP[0, 2] when V () is an imaginary
number. There may be a new method of studying the scattering of the Schrodinger
equation, but we don’t know how the maximum dissipative extension representation
of the Schrodinger operator and the scattering of Schrodinger equation connect.
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