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(Communicated by Christopher D. Sogge)

Abstract. In this paper we study the maximum dissipative extension of the
Schrödinger operator, introduce the generalized indefinite metric space, obtain
the representation of the maximum dissipative extension of the Schrödinger
operator in the natural boundary space and make preparation for the further
study of the longtime chaotic behavior of the infinite-dimensional dynamics
system in the Schrödinger equation.

1. Introduction

The study of longtime chaotic behavior of the nonlinear Schrödinger equation
makes physics theory richer. Nonlinear Schrödinger equation problems are diffi-
cult since the equation is very complicated. These problems appear in [1]–[4]. In
particular, [1] studies the attractors and fractal dimension of the equation. We
study the equation by the methods developed recently in studying the longtime
behavior of the infinite-dimensional dynamics system. In this paper we will give
the representation of the maximum dissipative extension of the Schrödinger oper-
ator in the equation. In Section 2, by the generalized semi-inner product space we
give a new space called the generalized indefinite metric space, which holds by the
meaning of the Banach space in general. We give the natural boundary space of
the Schrödinger operator, which is a generalized indefinite metric space. And by
the indefinite metric of the natural boundary space, we give the representation of
the one-to-one correspondence between the maximum dissipative extension of the
Schrödinger operator and the maximum negative subspace of the natural boundary
space. In Section 3 we discuss the theorems and give some examples.

According to [4], the Schrödinger operator is −h∆ + V , defined in C∞(M),
where M is a C∞-compact Riemann manifold. The Schrödinger operator has a
unique selfadjective extension in Sobolev space H2(M). But if the domain isn’t a
Riemann manifold, the operator becomes complex and the study of the Schrödinger
equation becomes difficult (see [8], [9]). In this paper, we study the operator for
the domain in Banach space, and give the maximum dissipative extension of the
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operator. Suppose

L0f = if ′′ − f,

D(L0) = {f : f, f ′, f ′′ ∈ Lp′ [0, 2π], f(0) = f(2π), f ′(0) = f ′(2π), 1 < p <∞}

where L0 is the type of Schrödinger operator which will be studied. Let X =
Lp′ [0, 2π], its generalized semi-inner product [·, ·]p (see [5]), where

[f, g]p =

∫ 2π

0

f−g |g|p−2dx, 1 < p < +∞;

p may be different from p′. Obviously the norm in X is ‖f‖ = [f, f ]
1/p
p .

Suppose A : D(L0) → X , Af = if ′′. Let G(L0) = {{f, L0f} : f ∈ D(L0)}. In
X ×X , construct Q(·, ·) by

Q(f, g) = (fg)′(2π)− (fg)′(0)

= f ′(2π)g(2π)− f ′(0)g(0) + f(2π)g′(2π)− f(0)g′(0).

Let H = H+ ⊕H−; here

H+ = span{f ∈ X,Q(f, f) ≥ 0}, H− = span{f ∈ X,Q(f, f) ≤ 0}.

Denote Ĥ = H/G(L0). Construct Q̂ = Q̂+ + Q̂− in Ĥ , where

Q̂+(f̂+, ĝ+) = Q(f̂+, ĝ+) signQ(ĝ+, ĝ+), f̂+, ĝ+ ∈ H+,

Q̂−(f̂−, ĝ−) = Q(f̂−, ĝ−){− signQ(ĝ−, ĝ−)}, f̂−, ĝ− ∈ H−.

Let Ȟ = {f : f, f ′ ∈ X}, H̃ = Ĥ ⊕ Ȟ , and for any f̃ ∈ {f̂ , f̌}, define Q̃ by

Q̃(f̃ , g̃) = Q̂(f̂ , ĝ) + [f̌ , ǧ]p.

Theorem 1. A is a symmetric operator (for the definition see [5]) in Banach space
X.

Theorem 2. (H+/G(L0), Q̂+), (H−/G(L0),−Q̂−) are generalized semi-inner
product spaces.

Theorem 3. (Ĥ, Q̂) is a generalized indefinite metric space.

Theorem 4. If the maximum dissipative extension of L0 is L, then L responds

one-to-one with the maximum negative subspace Ñ of H̃ and

Lu = iu′′ − u+ ϕ(û),

D(L) = {u : u, u′, u′′ ∈ X, û ∈ N̂},

where N̂ is theprojection of Ñ from H̃ to Ĥ.
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2. Proof of the theorems

In this paper, the operator L0 is defined in Banach space and, naturally, the
study of the operator L0 in Banach space is more difficult than the study of the
operator in Hilbert space. For this reason, we construct generalized semi-inner
products in Banach space and use a generalized p-selfadjoint, dissipative operator
(see [5], [10]) in Banach space. The study of the indefinite metric space can be seen
in [6] and [7]. Now we construct the generalized indefinite metric space. Further
and deeper study of this space will be given in another paper.

Definition 1. R is a complex (or real) linear space. Define 〈y, z〉 for arbitrary
x, y, z ∈ R, λ ∈ C (complex), if the following conditions are satisfied:

(1) 〈x+ y, z〉 = 〈x, z〉+ 〈y, z〉, 〈λx, y〉 = λ〈x, y〉.
(2) For arbitrary y ∈ R, if 〈x, y〉 = 0, then x = 0.

Thus we call (R, 〈·, ·〉) a generalized Krein space.

Definition 2. The space (R, 〈·, ·〉) is called a generalized indefinite metric space,
if it includes two subspaces H+, H− and

(1) R = H+⊕H−, where ⊕ is direct sum and orthogonal according to 〈·, ·〉, that
is, 〈x, y〉 = 0, x ∈ H+, y ∈ H−;

(2) (H+, 〈·, ·〉), (H−,−〈·, ·〉) are generalized semi-inner product spaces, where
H+ = {x ∈ R|〈x, x〉 ≥ 0}, H− = {x ∈ R|〈x, x〉 ≤ 0}, and H+ and H− are called
the positive subspace and negative subspace, respectively.

Lemma 1. R is a generalized indefinite metric space. If x, y ∈ R, then x = x++x−
and y = y++y−, where x+, y+ ∈ H+, x−, y− ∈ H−. Let [x, y] = 〈x+, y+〉+〈x−, y−〉;
then (R, [·, ·]) is a generalized semi-inner product space.

Proof. The main point is to prove the inequality

|[x, y]| ≤ [x, x]1/p[y, y](p−1)/p, p > 1.

Since ab ≤ ap/p+ bq/q, a > 0, b > 0, where 1/p+ 1/q = 1, it is sufficient to prove

(1 + kmp−1)p ≤ (1 + kp)(1 +mp)p−1.

The inequality is proven by using a series of Young inequalities. We omit its
proof.

Define projections P± : Π = (R, 〈·, ·〉) → H±, so that x = x+ + x− ∈ Π → x± ∈
H±.

Lemma 2. The necessary and sufficient condition for the nonnegative subspace L
to be a maximum nonnegative subspace is that P+L = H+. Every nonnegative
subspace is included in a maximum nonnegative subspace.

We omit the proof.
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Proof of Theorem 1. Assume f, g ∈ D(L0); then

[Af, g]p =

∫ 2π

0

if ′′g|g|p−2dx =

∫ 2π

0

if ′′g

(
(p− 2)

∫ |g|

0

αp−3dα

)
dx

=

∫ 2π

0

if ′′g(p− 2)

(∫ ∞

0

X[0,|g|](x)αp−3dα

)
dx

= (p− 2)

∫ ∞

0

αp−3

(∫ 2π

0

igX[|g|>α](x)df
′
)
dα

= (p− 2)

∫ ∞

0

αp−3

(
−
∫ 2π

0

ig′X[|g|>α](x)df

)
dα

= (p− 2)

∫ ∞

0

αp−3

∫ 2π

0

f(−ig′′)X[|g|>α](x)dxdα

= (p− 2)

∫ ∞

0

αp−3

∫ 2π

0

fig′′X[|g′′|>α](x)dxdα

= −
∫ 2π

0

f(ig′′)
∫ |g′′|

0

d(αp−2)dx = −
∫ 2π

0

fig′′|g′′|p−2dx = −[f,Ag]p.

Hence A is a symmetric operator.

Proof of Theorem 2. Since f ∈ G(L0), it follows that Q±(f, f) = 0 and G(L0) is a
kernel space.

Now to prove that Q+(·, ·) is a generalized semi-inner product space, we only
need to prove

|Q+(f, g)| ≤ |Q+(f, f)|1/p|Q+(g, g)|(p−1)/p, f , g ∈ H±.

In fact,

|Q+(f, g)| = |Re[A∗f, g]p| = 0.5|Re[A∗f, g]p + Re[f,A∗∗g]p|.
Since A∗ ⊃ −A,−A∗∗ ⊂ A∗, then

|Q+(f, g)| = 0.5|Re[A∗f, g]p + Re[f,−A∗g]p|.
Construct a new generalized semi-inner product in H ×H using that

[u, v]12 = Re[u1, v1]p + Re[u2, v2]p, u = {u1, u2}, v = {v1, v2} ∈ H ×H.

Similarly to Lemma 1, [·, ·]12 is a generalized semi-inner product in H ×H . Let

Wu = W{u2, u1} = {u1, u2}, u ∈ H ×H.

Then W is a generalized p-selfadjoint operator in (H ×H, [·, ·]12). Let

W1u = Wu, u ∈ H+; W1u = −Wu, u ∈ H+\H+,

W1 is a generalized positive operator (see [5]); we easily prove the inequality

|[W1u, v]12| ≤ |[W1u, u]12|1/p|[W1v, v]12|(p−1)/p,
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and that

|Q+(f, g)| ≤ 0.5|[Wu′, u′]12|1/p|[Wv′, v′]12|(p−1)/p

= 0.5{|Re[A∗f, f ]p + Re[u,A∗∗f ]p|}1/p

× {|Re[A∗g, g]p + Re[g, A∗∗g]p|}(p−1)/p

= |Q+(f, f)|1/p|Q+(g, g)|(p−1)/p

where u′ = {f,A∗f}, v′ = {g, A∗g}. This completes the proof.

Lemma 3. Q̂(f̂ , ĝ) = Q(f, g); here f̂ , ĝ are cosets of f, g, where f̂ , ĝ ∈ Ĥ and

f, g ∈ H.

Proof. Obviously Q̂(f̂ , f̂) = 0, when f̂ ∈ G(L0). Since f̂ ∈ Ĥ and f0 ∈ G(L0), first

we prove that Q̂(f̂ + f0, f̂) = Q̂(f̂ , f̂). In fact

Q̂(f̂ + f0, f̂) = Q+(f+ + f0, f+) +Q−(f−, f−),(1)

Q+(f+ + f0, f+) = Q(f+ + f0, f+) signQ(f+, f+)

= [A∗(f+ + f0), f+]p signQ(f+, f+)

= [A∗f+, f+]p signQ(f+, f+) + [Af0, f+]p signQ(f+, f+)

= Q+(f+, f+) + [Af0, f+]p signQ−(f+, f+),

where f+ = {f+, L1f+} ∈ H+, L1 = A∗ − I, f0 = {f0, L0f0} ∈ G(L0). Now to
prove [Af0, f+] = 0.

From Theorem 2, similarly, we have

|[Af0, f+]p| = |Q(f0, f+)| = 0.5|[Wf ′0, f
′
+]12|

≤ 0.5|[Wf ′0, f
′
0]12|1/p|[Wf ′+, f

′
+]12|(p−1)/p

≤ 0.5|[Af0, f0]p|1/p|[Wf ′+, f
′
+]12|(p−1)/p = 0,

where f ′ = {f,A∗f}, f0 = {f0, L0f0}, f+ = {f+, L1f+}.
Hence [Af0, f+]p = 0 and

Q̂(f̂ + f0, f̂) = Q(f + f0, f) = Q+(f+, f+) +Q−(f−, f−) = Q(f, f).

Now we prove Q̂(f̂ , f̂+f0) = Q(f, f+f0) = Q(f, f), f ∈ H+⊕H−, f0 ∈ G(L0),
where f = f+ + f−. Remark that f+ + f0 ∈ H+, f− + f0 ∈ H−.

Q(f, f + f0) = Q+(f+, f+ + f0) +Q−(f−, f−) = Q+(f+, f+) +Q−(f−, f− + f0).

Since

Q+(f+, f+ + f0) = Q+(f+, f+) +Q−(0, f0) = Q+(f+, f+)

= Q+(f+, f+ + f0) = Q(f+, f+ + f0),

it follows that Q+(f+, f+ + f0) = Q+(f+, f+).

For the same reason we have Q−(f−, f− + f0) = Q−(f−, f−). Hence

Q(f, f + f0) = Q+(f+, f+) +Q−(f−, f−) = Q(f, f).

Now we get that Q̂(û, û) = Q(u, u), where û ∈ H+/G(L0) ⊕ H−/G(L0), u ∈
H+ ⊕H−, and û is coset of u.
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Proof of Theorem 3. As Q is a generalized indefinite metric and semi-linear, we

have that (Ĥ, Q̂) is a generalized indefinite metric space.

Let Ñ be a negative subspace of (H̃, Q̃) and N̂ a projection from Ñ to Ĥ , where

H̃ = Ĥ ⊕ Ȟ . We easily prove that N̂ is a negative subspace of (Ĥ, Q̂) and

‖ǔ‖p ≤ −Q̂(û, û) = −Q(u, u) ≤ c‖û‖p, for any {û, ǔ} ∈ Ñ .

Lemma 4. If Ñ is a maximum negative subspace, then N̂ is a maximum negative

subspace of (Ĥ, Q̂).

Lemma 5. If N̂ is a maximum negative subspace, then

‖f̌‖p ≤ −Q̂(f̂ , f̂), f̃ = {f̂ , f̌} ∈ Ñ.

Define ϕ : f̂ → f̌ ; then ϕ is a contraction mapping from N̂ to Ȟ . Also, if ϕ is a

contraction mapping, then the graph of ϕ is a maximum negative subspace in H̃ .

Proof of Theorem 4. Assume that L is the maximum dissipative extension; then
Re[Lf, f ]p ≤ 0, f ∈ D(L). If f ∈ D(L0), g ∈ D(L), then

Re[L0f, g]p = Re[Af, g]p − [f, g]p,

|Re[Af, g]p| ≤ |Re[L0f, g]p|+ |[f, g]p| ≤ (‖L0f‖+ ‖f‖)‖g‖p−1,

|[Af, g]p| ≤ 2(‖L0f‖+ ‖f‖)‖g‖p−1.

Hence, g ∈ D(A∗), D(L1) ⊃ D(L).
For arbitrary g ∈ D(L0), f ∈ D(L), we have

|[g, Lf − L1f ]p| ≤ ‖g‖ ‖Lf − L1f‖p−1.

From the Riesz representation theorem of the generalized semi-inner product space
(see [5]), there exists a unique f̌ ∈ Ȟ , so that, for any g ∈ D(L0),

[g, Lf − L1f ]p = [g, f ]p, Lf − L1f = f̌ .

Therefore Lu = L1u+ f̌ .

Let Q̂(f̂ , ĝ) = Q(f, g) = Q+(f+, g+) + Q−(f−, g−), where f̂ , ĝ ∈ Ĥ are cosets

of f, g and f = f+ + g−, g = g+ + g−, f+, g+ ∈ H+, f−, g− ∈ H−. The following
inequality holds:

Q̂(f̂ , f̂)−m‖f − f̌‖p + ‖f̌‖p ≤ 0;(2)

here m is an arbitrary constant, u = {u, L1u} ∈ G(L0), û is coset of u. First, we
prove

Q(f, f)−m‖f − f̌‖p + ‖f̌‖p ≤ 0, f ∈ G(L1).(3)

Since Q(f, f) = Re[L1f, f ]p − [f, f ]p, it follows that

Re[L1f, f ]p = Q(f, f)− [f, f ]p.

As Re[Lf, f ]p ≤ 0 and Re[L1f + f̌ , f ]p ≤ 0,

Q(f, f)− Re[f, f ]p + Re[f̌ , f ]p ≤ 0.

Hence, to prove (3), we only have to prove

−m‖f − f̌‖p + ‖f̌‖p ≤ −[f, f ]p + Re[f̌ , f ]p.(4)



THE SCHRÖDINGER OPERATOR 209

In fact

Re[−f + f̌ , f ]p ≤ |[−f + f̌ , f ]p| ≤ ‖f − f̌‖ ‖f‖p−1

≤ ‖f − f̌‖p/p+ ‖f‖q(p−1)/q = ‖f − f̌‖p/p+ ‖f‖p/q, 1/p+ 1/q = 1.

The left hand side of the above equality is equal to −[f, f ]p + Re[f̌ , f ]p. So

[f, f ]p − Re[f̌ , f ]p ≥ −‖f − f̌‖p/p = ‖f‖p/q.
Using the above inequality in (4), we have to prove

−m‖f − f̌‖p + ‖f̌‖p − ‖f − f̌‖p/p− ‖f‖p/q ≤ 0

or (−m− 1/p)‖f − f̌‖p + ‖f̌‖p ≤ ‖f‖p/q.(5)

Note that

Re[−f + f̌ , f̌ ]p ≤ |[−f + f̌ , f̌ ]p| ≤ ‖ − f + f̌‖ ‖f̌‖p−1 ≤ ‖f − f̌‖p/p+ ‖f̌‖p/q,
qRe[−f + f̌ , f̌ ]p ≤ q‖f − f̌‖p/p+ ‖f̌‖p,
−qRe[f, f̌ ] + (q − 1)‖f̌‖p ≤ q‖f − f̌‖p/p,

− q

q − 1
Re[f, f̌ ]p + ‖f̌‖p ≤ q

p(q − 1)
‖f − f̌‖p,

− q

q − 1
Re[f, f̌ ]p ≤ q

p(q − 1)
‖f − f̌‖p − ‖f̌‖p.

Hence

‖f̌‖p − ‖f − f̌‖p ≤ pRe[f, f̌ ] ≤ p‖f ‖f̌‖p−1 ≤ p[(l/p)‖f‖p + (1/ql)‖f̌‖(p−1)q]

= l‖f‖p + (p/ql)‖f̌‖p.
Let l > 0 and 1−p/ql > 0. Take 0 < l < (

√
1 + 4p+1)/q; then l2−l/q−p/q2 < 0,

1− p/ql > 0. By simplifying, we get

(1− p/ql)‖f̌‖p − ‖f − f̌‖p ≤ l‖f‖p
or

‖f̌‖p − ‖f − f̌‖p/[1− p(ql)−1] ≤ l‖f‖p/[1− p(ql)−1].

Using it in (5), we only have to prove(
−m− 1

p
+

1

1− p(ql)−1

)
‖f − f̌‖p ≤

(
− l

1− p(ql)−1
+

1

q

)
‖f‖p.(6)

Take m = − 1
p + 1

1−p(ql)−1 < 0. At this time, the left hand side of (6) is 0, and the

coefficient of the right hand side is equal to l
1−p(ql)−1 + 1

q > 0. Therefore, (6) holds

naturally. Hence (3) holds. So

Q(f, f)−m‖f − f̌‖p + ‖f̌‖p ≤ 0, f = {f, L1f},m < 0.

It follows that Q(f, f) ≤ 0, f ∈ H−, Q−(f, f) = Q−(f, f).

So Q̂(f̂ , f̂) = Q(f, f) = Q−(f, f). Hence (2) holds.

Since Lv = L1v = L0v, v ∈ D(L0), f̌ depends on the coset of f̂ in Ĥ , f̌ = ϕ(f̂).

Note that −m < 0, so −m‖f − f̌‖p ≥ 0. Hence, the middle term of equality (2)
may be omitted and

Q̂(f̂ , f̂) + ‖ϕ(f̂)‖p ≤ 0, f ∈ D(L0).
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Therefore {{f̂ , ϕ(f̂)}, f ∈ D(L0)} forms a negative subspace corresponding with

Q̃ in H̃ .
On the other hand if Lu = iu′′ − u + ϕ(û), L is the extension of L0 and

{{û, ϕ(û)}|u ∈ D(L)} is the maximum negative subspace of H̃ , then it can be
shown that (2) holds, so L is a dissipative operator in Banach space Lp[0, 2π].

Therefore, there exists a one-to-one correspondence negative subspace of H̃ and
the representation is obtained. This completes the proof.

3. Discussion

(1) Lp[0, 2π] is a typical example of a generalized semi-inner product space (see
[5]). The operators of a generalized semi-inner product space are more complicated.
In this space there are many operators, for example, generalized p-selfadjoint op-
erators [5], symmetric operators [5], dissipative operators [10]. In this paper L0 is
the dissipative operator in Lp[0, 2π]. In fact,

Re[L0u, u]p = Re[iu′′ − u, u]p = Re[Au, u]p − [u, u]p = −Re[u,Au]p − [u, u]p

= −‖Au‖2−p Re[u,Au]2 − [u, u]p

= −‖Au‖2−p Re

∫ 2π

0

uiu′′dx− [u, u]p = −[u, u]p ≤ 0.

Hence Re[L0u, u]p ≤ 0, where L0 is a dissipative operator in Banach space Lp[0, 2π].
Because there doesn’t exist an inner product in Banach space, the study of

operators in Banach space is difficult and complicated. If A is a selfadjoint operator
in Hilbert space H , then (Ax, y) = (x,Ay) and (Ax, x) is real, where (·, ·) is an inner
product in H and x, y ∈ H . But the following example explains that the generalized
p-selfadjoint operator in Banach space which satisfies [Ax, x]p is complex.

Example. X = Y ⊕Y , where⊕ is l3-direct sum and Y is a two-dimensional Hilbert
space. Define the generalized semi-inner product following that, for 1 < p < +∞,

[〈y1, y2〉, 〈y′1, y′2〉]p = ‖〈y′1, y′2〉‖p−3{(y1, y
′
1)‖y1‖+ (y2, y

′
2)‖y′2‖}

where (·, ·) is an inner product in Y , x = 〈y1, y2〉, y = 〈y′1, y′2〉 ∈ X . Define the
operator

T =


0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

 .

Easily prove that [Tx, y]p = [x, T y]p, for arbitrary x, y ∈ X . Thus T is a generalized
p-selfadjoint operator, but

x[〈y1, y2〉, 〈y1, y2〉]p
= ‖〈y1, y2〉‖p−3{(ix21x11 − ix22x12)‖y1‖+ (−ix11x21 + ix12x22)‖y2‖},

where y1 = 〈〈x11, x12〉〉, y2 = 〈〈x21, x22〉〉 ∈ H . Then [Tx, x]p is complex, not real.
The generalized indefinite metric space is first introduced in this paper. The

discussion and research of new space will be given by another paper. If we define
〈〈〈y1, y2〉, 〈y′1, y′2〉〉〉p = ‖〈y′1, y′2〉‖p−3{(y1, y

′
1)‖y′1‖ − (y2, y

′
2)‖y′2‖}, then 〈〈·, ·〉〉 is a

generalized indefinite metric in X of the example.
(2) Dissipative operators are playing an increasingly important role as research

on nonselfadjoint operators proceeds. Many interesting initial value problems in
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partial differential equations are defined in Banach space. In this paper, we consider
this case and study the maximum dissipative extension representation of dissipative
operators for the space Lp in the Schrödinger equation. The Schrödinger operator
−h∆+V (or i∆− iV ) is considered, where V (x) is the potential. If V (x) does not
satisfy the L2-integral, but the Lp-integral (see [8], [9]), then the particles in the
Schrödinger equation could cause colliding and scattering, especially, for i∆− iV ,
where V (x) is a complex function in Lp[0, 2π]; particles cause the scattering. It is
difficult to study the scattering in quantum mechanics at present. In this paper we
try to study one of the Schrödinger operators in Lp[0, 2π] when V (x) is an imaginary
number. There may be a new method of studying the scattering of the Schrödinger
equation, but we don’t know how the maximum dissipative extension representation
of the Schrödinger operator and the scattering of Schrödinger equation connect.
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