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ABSTRACT. This paper concerns the notion of complexity, a measure of the
growth of the Betti numbers of a module. We show that over a complete
intersection R the complexity of the tensor product M ®pr N of two finitely
generated modules is the sum of the complexities of each if Torﬁ(M, N)=0
for ¢ > 1. One of the applications is simplification of the proofs of central
results in a paper of C. Huneke and R. Wiegand on the tensor product of
modules and the rigidity of Tor.

INTRODUCTION

In this article we study the complexity of tensor products of modules over a
complete intersection ring. Complexity is a measure of the growth of the Betti
numbers of a module. We prove the following result; its main application is a simpler
proof of some rigidity theorems of C. Huneke and R. Wiegand over a hypersurface.

(2.1) Proposition. If M and N are finitely generated modules over a complete
intersection R such that TorlR(M, N) = 0 for i > 0, then the complexity of the
tensor product M ®gr N is the sum of the complexities of M and N.

A single argument proves two things: a special case of the proposition above,
namely when R is a hypersurface, and the theorem below.

(1.1) Theorem (Huneke-Wiegand, [HW2]). Let R be a hypersurface, and let M
and N be finitely generated R-modules. If TorZR(M, N) =0 for alli > 0, then either
M or N has finite projective dimension.

We found this result independently of Huneke and Wiegand, and we use it to
simplify the proofs of central results (stated as (1.2), (1.3), and (1.4) in section 1
of this paper) in Huneke and Wiegand’s first paper on tensor products of modules
and the rigidity of Tor [HW1]. Their proof of (1.1) depends on (1.2), (1.3), and
(1.4).

Remark. (1.1) can be thought of as a partial converse to the following theorem of
Lichtenbaum.
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Theorem ([L], part of Theorem 3). Let R be a ring which is the quotient of an
unramified or equicharacteristic reqular local Ting by a principal ideal. Suppose M
is a finitely generated R-module of finite projective dimension. If Torf(M7 N)=0
for some j > 0, then TorlR(M, N)=0 foralli>j.

In section 2 we turn to proving the general case of (2.1), and in section 3 we give
the following application.

(3.1) Theorem. Let R = S/(f) be a hypersurface of dimension n withn > 2, and
let M be a finitely generated R-module. If the (n — 1)-fold tensor product M®™—1)
of M is reflexive, then M is free.

We present the material in the following order. Section O contains definitions,
notation, and known results which we will use. Section 1 contains an elementary
proof of the hypersurface result (1.1) of Huneke and Wiegand and the subsequent
simplifications of the proofs of their other results (1.2), (1.3), and (1.4). In Section
2 we prove the general result for complete intersections, and in section 3 we apply
it to prove (3.1).

0. PRELIMINARIES: DEFINITIONS, NOTATION, AND RELEVANT RESULTS

We begin by reminding the reader of a few elementary definitions without specific
reference. Most terms and concepts involved can be found in the text by Matsumura
[M]. In this paper R (or S) always denotes a local Noetherian commutative ring
with maximal ideal m = mp (or mg, respectively) and residue field k. Also, M and
N denote finitely generated R-modules.

Definition. A complete intersection R is a ring of the form S/(f1,... , fi), where
S is a regular local ring and f1,..., f; is an S-sequence in the maximal ideal of S.
If R can be written in this form with ¢t = 1, i.e., as R = S/(f) for some non-zero
f € mg, it is called a hypersurface.

Definition. The embedding dimension, denoted by embdim R, of a local ring
(R,m, k) is the dimension of the k-vector space m/m?. The codimension of R,
denoted by codim R, is the nonnegative integer embdim R — dim R. If R is a com-
plete intersection, the codimension of R is also given by the formula

codim R = inf{¢t|R = S/(f1, -, ft), S aregular local ring,
fi,-++, ft an S-sequence}.
Definition. A ring is said to satisfy R; if, for each prime ideal P of height less than
or equal to i, the ring Rp is regular. A finitely generated R-module M satisfies .S;

if depthg,, (Mp) > min(é, ht P) for each prime ideal P of R. A ring satisfies .S; if it
does so as a module over itself.

Definition. Let M be a finitely generated R-module. For n > 0, the n-th Betti
number, denoted by b, (M), is the rank of the free module F; in a minimal free
resolution Fy of M. Equivalently,

by (M) = dimy (Tor? (M, k)).

We remark that b, (syz;(M)) = by4:(M) for all n > 0 and ¢ > 0, where syz,;(M)
denotes the i*" syzygy in a minimal free resolution of M.
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Definition. The Poincaré series of M, denoted by Py (t), is the generating function
for the sequence of Betti numbers, that is,

Pu(t) = ibn(M)t" e Z[[t]).
n=0

A measure of the growth of Betti numbers is given by complexity:

Definition. The complexity, cxg M, of an R-module M is the least integer ¢ > 0
such that, for n > 0, b, (M) < yn°~! for some real number ~.

An R-module M satisfies cxg M = 0 exactly when it has finite projective di-
mension; M satisfies cxg M < 1 exactly when it has bounded Betti numbers. The
complexity of a module may be infinite. However, the following theorem of Eisen-
bud implies that the complexity of a module over a hypersurface is at most one.

(0.1) Theorem ([E], (6.1)). Let R be a hypersurface. Then the minimal free res-
olution of any finitely generated R-module becomes periodic of period two after
dim R + 1 steps.

More generally, the following result tells us that the complexity of a module over
a complete intersection is finite (see [Gu], (4.2) or [Av], (3.1), Remark 3).

(0.2) Proposition ([Gu]). A4 finitely generated module over a complete intersec-
tion of codimension t has complexity at most t.

In fact, more is known to be true about the complexity of a module; to give the
statement in its full generality, we need a few preliminary definitions.

Notation. Let R be a local Noetherian ring. If k = R/m is infinite, let R be the
m-adic completion R of R; if k 1is finite, let R be the completion (R[X]mrix)) Let
M be the R-module M RR R.

Since R is a faithfully flat extension of R, the quantities depth, dimension, Betti
numbers, and complexity remain the same under the base change from R to R.

Definition. A deformation of R is a local ring @ with a Q-sequence x such that

R=Q/(x).

Definition. The virtual projective dimension of M, denoted by vpdg(M), is de-
fined to be

vpd (M) = min{pdg, M| @ is a deformation of R}.

Remarks. Any finitely generated module over a complete intersection has finite
virtual projective dimension ([Av], (3.4.4)). Furthermore, any module which has
finite virtual projective dimension has finite complexity ([Av], (3.1), Remark 3).

Now we are in a position to state the following result of Avramov which provides
us with an equivalent definition of complexity for modules of finite virtual projec-
tive dimension, in particular, for any finitely generated module over a complete
intersection.

(0.3) Theorem ([Av], (3.12)). Let M be a module of finite virtual projective di-
mension. Then the complexity cx(M) equals the order of the pole of the Poincaré
series Py (t) att = 1.
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We will use two more results, the first being the following one of Auslander.

(0.4) Theorem ([Au], (1.2)). Let M and N be non-zero modules over the local
ring R such that pd(M) < co. Let q be the largest integer such that Torf(M, N) #

0. If either depth(Torff(M, N)) <1 or ¢ =0, then we have
depth(N) = depth(Tor, (M, N)) + pd(M) — q.
The other result is the following one of Jorgensen.

(0.5) Theorem ([J], (1.3)). Let R be a complete intersection of codimensionr > 0
with infinite residue field. Suppose § is a finite set of R-modules. Then there exist
a complete intersection Ry of codimension r — 1 and an element x € Ry such that
Ri/xRy 2 R and such that, for all M € §,

_ Jexp(M)—1 , if cxp(M) >0,
CXRl(M)_{ o if ch(M)zo.}

1. RESULT OVER HYPERSURFACES AND APPLICATION TO A THEOREM
OF HUNEKE AND WIEGAND

What can be said about two modules M and N such that TorlR(M , N') vanishes
for all positive i?7 We explore the question when R is a hypersurface ring first. We
give an elementary proof of the following theorem, which was found independently
by us at the same time that Huneke and Wiegand found it.

(1.1) Theorem ([HW2]). Let R be a hypersurface. If Torl(M,N) = 0 for all
1> 0, then one of M or N has finite projective dimension.

Proof. By taking the j'* syzygy of M for a sufficiently large integer j, we may
assume that Tor;'(M,N) = 0 for all i > 0. Let P, — M and Qo — N be
minimal free resolutions of M and N, respectively, over R. Consider Py, ® Q.
Since Tor; (M, N) =0 for all i > 0,

M®N ,n=0,
Hi(P“X’Q'):{ 0 n>0.}

Also, all the differential maps in Py ® Qe are minimal. So, P, ® Qe is a minimal
free resolution of M ® N.
If P, and @, are infinite complexes, then we have the following inequality:

bo(M®@N)= Y rank(P;®Qn_;) >n+1.

i+j=n
This is a contradiction since by (0.1) the Betti numbers of M ® N are bounded.
So, indeed, either M or N has finite projective dimension. O

Huneke and Wiegand do not state the above result explicitly until their second
paper on the topic [HW?2], in which they deduce it from the following three results
in their first paper [HW1].

(1.2) Proposition ([HW1], (2.5)). Let R be a complete intersection. If
Tor®(M,N) =0 for all i >0,
then
depth(M) + depth(N) = depth(R) + depth(M ® N).
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(1.3) Second Rigidity Theorem ([HW1], (2.7)). Let R = S/(f) be a hypersur-
face. If M ® N is reflexive, then M and N are reflexive and TorlR(M, N) =0 for
all i > 0.

(1.4) Theorem ([HW1], (3.1)). Let R = S/(f) be a hypersurface. If M ® N is
mazimal Cohen-Macaulay, then at least one of M or N is free (and the other
mazimal Cohen-Macaulay).

They first prove (1.2). Then, in order to prove the Second Rigidity Theorem
(1.3), they need the one-dimensional case of (1.4). They obtain it from a first
rigidity theorem of the paper and some special dimension one ring theory. Then
they use the Second Rigidity Theorem to implement the inductive step in proving
the higher dimensional result of (1.4).

Since our proof of Theorem (1.1) is independent of (1.2), (1.3), and (1.4), we
know a priori that one of the modules has finite projective dimension whenever all
the Tor’s vanish. This additional piece of information enables us to simplify the
proof of those three results, as we shall see now.

Proof of (1.2) for a hypersurface. By (1.1), one of the modules, say M, has finite
projective dimension. Then by (0.4) (with ¢ = 0), we have

depth(N) = depth(M ® N) + pd(M).

By the Auslander-Buchsbaum formula, pd(M) = depth(R) — depth(M), and so we
are done. (]

Theorem (1.1) also simplifies the proof of the one-dimensional case of (1.4)
(stated in [HW1] as (3.7)) as follows:

Proof of the One-Dimensional Case of (1.4). As they showed, one may assume R
is a hypersurface. They prove, using their first rigidity result, that Tor?(M, N) = 0
for all ¢ > 0. By (1.2), we have the relation

depth(M) + depth(N) = 1 + depth(M ® N).

Since the right-hand side equals two by hypothesis, one must have depth(M) =
depth(N) = 1. Also (1.1) gives that one of M or N has finite projective dimension
and so is free by the Auslander-Buchsbaum formula. O

This releases the Second Rigidity Theorem (1.3) from its dependence on the
dimension one ring theory of §3 of [HW1] originally needed for the proof of this
one-dimensional case.

Using (1.1) again and the Second Rigidity Theorem, we get (1.4) as an immediate
corollary as follows.

Proof of (1.4). Since M ® N is reflexive, the Second Rigidity Theorem implies that
Tor (M, N) = 0 for all i > 0. So, by (1.2), both M and N have depth equal to the
depth of R. By (1.1), one of M or N has finite projective dimension and so is free
by the Auslander-Buchsbaum formula. O
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2. GENERALIZATION TO COMPLETE INTERSECTIONS

Suppose two modules M and N have the property that TorlR (M,N) =0 for all
i > 0. If R is a hypersurface, we found that this condition forces one of M or N to
have finite projective dimension, that is, zero complexity (Theorem (1.1)). What
can be concluded if R is a complete intersection? The key to a generalization of
Theorem (1.1) to cover these rings is the following result.

(2.1) Proposition. If M and N are modules over a complete intersection R such
that Tor® (M, N) =0 for all i > 0, then cxgr(M @ N) = cxg(M) + cxg(N).
Proof. Let P, — M and @4 — N be minimal free resolutions of M and N,
respectively, over R. Consider Py ® Qo. Since Tor;(M, N) =0 for all ¢ > 0,

M&N , n=0,
muﬁ®QJ:{ 0 n>0}

Also, all the differential maps in Py ® Qo are minimal. So, Py ® Qe is a minimal
free resolution of M ® N. Therefore,

bp(M @ N) =rank(Pe @ Qe)n
= Z bi(M) bj(N)

i+j=n

Z bi(M) bn—i(N)'
=0

This formula gives the relation
Pryon(t) = Pu(t) - Py (t)

between the Poincaré series. Then by counting the order of the pole at ¢ = 1 of
each series and applying (0.3), we get cxp(M @ N) = cxr(M) + cxr(N). O

The same proof for any two modules of finite virtual projective dimension gives
the following result.

(2.2) Proposition. Let M and N be modules of finite virtual projective dimension
over a local ring R such that Tor(M,N) =0 for all i > 0. Then cxg(M @ N) =
CXR(M) + CXR(N).

Remark. For a hypersurface, Proposition (2.1) has Theorem (1.1) as an immediate
corollary: the complexity of M ® N is at most one by (0.2), but then cxgp(M@N) =
cxp(M) + cxp(N) implies that one of M or N has zero complexity, i.e., finite
projective dimension.

For a complete intersection of codimension larger than one, (2.1) has the follow-
ing corollaries:

(2.3) Corollary. Let R = S/(f1, f2) be a complete intersection of codimension
two. If TorZR(M, N) =0 for all i > 0, then one of the following statements holds.
a) M and N have periodic resolutions of period two over R.
b) Either M or N has finite projective dimension over R.

Proof. By (2.1), we have cxgp(M ® N) = cxg(M) + cxg(IN), and by (0.2) we have
cxp(M @ N) < 2. If both modules have complexity one, then they have periodic
resolutions by (0.1). If not, then either M or N has complexity zero, that is, finite
projective dimension. O



COMPLEXITY OF TENSOR PRODUCTS OF MODULES 59

(2.4) Corollary. Let R be a complete intersection of codimension t > 2 with in-
finite residue field. If TorZR(M, N) = 0 for all i > 0, then one of the following
statements holds.

a) R can be written as S/(f1, f2,..., ft) where S is a regular local ring and
f1, fay oo, ft an S-sequence such that both M and N have finite projective dimen-
sion over S/(f1).

b) Either M or N has finite projective dimension over R.

Proof. By (2.1) and (0.2), we see that
CXR(M) + CXR(N) = CXR(M (39 N) <t.

So, either both modules have complexity at most ¢ — 1, or one of the modules has
complexity zero, i.e., finite projective dimension. In the first case, the desired result
follows by applying (0.5). O

Remark 1. Each of the corollaries above holds with the modified hypothesis that
there exists an integer 4o such that Torf(M,N) = 0 for all i > ip. One just
applies the corollaries to M and syz[* (N), noting the equalities Tor;(M, syz{* (N)) =
Toriyi,(M,N) and cxg(N) = cxg(syzi (N)).

3. ANOTHER APPLICATION
Another application of (2.1) is the following result.

(3.1) Theorem. Let R = S/(f) be a hypersurface of dimension n with n > 3. If
the (n — 1)-fold tensor product M®™=1) of M is reflexive, then M is free.

Proof. By repeated application of the Second Rigidity Theorem (1.3), we conclude
that M has finite projective dimension. Let P, — M be a minimal free resolution
of M. Since Tor;(M,M®") =0 for all » > 0 such that 1+ <n —1 and all i > 0,
we get that

P e
is a minimal free resolution. Its length is (n — 1) pd(M). So,
(n—1)pd(M) = pd(M®"~1) < oo

and by the Auslander-Buchsbaum formula, this is equal to n — depth(M®®—1),
which in turn is less than n — 2 since M®"=1) is reflexive and n > 2. Then, since
pd(M) is a nonnegative integer and n > 2, we must have pd(M) = 0, that is, M is
free. O

More generally, we have the following proposition:

(3.2) Proposition. Let R be a complete intersection of codimension t and dimen-
sion n.
a) If Tor; (M, M®*) =0 for all0 < k <t —1 and all i > 0,
then M has a periodic resolution.
b) If Tor;(M, M®*) =0 for all 0 < k <t and all i > 0, then pdz(M) < .
c) If Tor;(M, M®*) =0 for all 0 < k < max(t,n) and all i > 0, then M is free.

Proof. Repeated application of (2.1) gives, in case a),
t exp(M) =cx(M®) <t, e cxp(M)<1,
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and in cases b) and c),
(t+1) exp(M) = cx(M®HHD) <t e cxp(M)=0.

Also, for case c), since pdg(M) < oo, Tor;(M,M®*) = 0 for 0 < k < n and all
i > 0 implies that

(n+1) pd(M) = pd(MEFD) < pn

as in the previous proposition, and so pdz(M) = 0, i.e., M is free. O
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