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ABSTRACT. In this paper, based on of the concept qo € Ho(p,(0,1),, ),
which is a generalized form of the first resonant point 72 to the Picard problem
" + Xz = 0, z(0) = z(1) = 0, we study the solvability of second-order
Sturm-Liouville boundary value problems at resonance (p(t)z’)’ + qo(t)z +
g(t,z) = h(t), z(0)cosa — p(0)z’(0) sina = 0, z(1)cos B — p(1)z’(1)sinB =
0, and improve the previous results about problems z” + w2z + g(t,z) =
h(t),z(0) = x(1) = 0 derived by Chaitan P. Gupta, R. Iannacci and M. N.
Nkashama, and Ma Ruyun, respectively.

1. INTRODUCTION AND MAIN RESULTS

Consider the Sturm-Liouville boundary value problem

(1.1) (p(H)a") + qo(t)x + g(t,x) = h(t),
(1.2) z(0) cosa — p(0)z’(0) sina = 0,
(1.3) z(1) cos 8 — p(1)z'(1)sin B =0,

where o, 3 € R are fixed with 0 < a <7, 0 < 8 < p:[0,1] — R is a positive
absolutely continuous function; gy € Ho(p, (0,1),«, 3) (here we borrow notation
from [1], that is, ¢, € H,(p, (0,1), a, B) for some nonnegative integer if and only if
gn € L*(0,1) and the problem

(1.4) (p(t)2")' + aqn(t)z =0

and (1.2), (1.3) has a nontrivial solution x = u,(t) with exactly n zeros on (0,1));
h € LY(0,1);9:[0,1] x R — R is a Caratheodory function, i.e., g(-, z) is measurable
on (0,1) for each x € R, ¢(t,-) is continuous on R for a.e. t € (0,1) and for any
constant 7 > 0 there exists a function m,. € L'(0, 1) such that

(1.5) lg(t, z)| < mr(t)
for a.e. t € (0,1) and all z € R with |z] < r.

A function z € W%1(0,1) is said to be a solution of (1.1)—(1.3) if = satisfies
relations (1.1)—(1.3).

For a,b € L'(0,1), we denote a < b if and only if a(t) < b(t) for a.e. t € (0,1)

and a(t) < b(t) on a subset of (0,1) with positive measure.
Now we state the main result of this paper; the proof follows in the next section.
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Theorem 1. Assume that

i)
(1.6) g(t,z)x >0 for |z| > 19, a.e. t € (0,1)
where rog > 0 is fized.

i)

uniformly for a.e. t € (0,1), where Aq € L*(0,1) such that
(1.8) 0<Ag<q—qo
with some ¢1 € Hy(p, (0,1),a, B).

ili) There exists a constant p > 0 such that

1 1 1
(1.9) / otz Yuo(t) dt < / h(tuo(t) dt < /O ot 2 Yuo(t) dt,

0
where ug(t) > 0 on (0,1) satisfies (1.4), (1.2), (1.3) with n =0 and
ry € {x € WHY0,1)|x satisfies (1.2), (1.3) and x(t) > pug(t) for t € [0,1]},
r_ € {x € W»Y(0,1)|z satisfies (1.2), (1.3) and x(t) < —puo(t) for t € [0,1]}.
Then problem (1.1), (1.2), (1.3) has at least one solution.

The results in this paper are inspired by and improve upon the ones given by
Chaitan P. Gupta [2] , R. Iannacci and M. N. Nkashama [3], and Ma Ruyun [4],
where they discussed the solvability of boundary value problems at resonance

(1.10) 2" 4+ 1+ g(t, ) = h(t),
(1.11) z(0) = z(1) = 0.
In those papers, it was necessary to assume that
(1.12) ‘ml‘i_?oog(t, x)/z <T(¢)

uniformly for a.e. t € (0,1) and
(1.13) I < 3n2

Problem (1.10), (1.11) has not yet been addressed in the case when (1.12)—(1.13)
are not satisfied. This was because that in order to prove the boundedness of the
solutions for auxiliary equations, the authors [2, 3, 4] used Fourier series (since
{sinnmt}>° ; forms a complete orthonormal sequence for L?(0,1)) and 72 + 37% =
(27)? is exactly the second eigenvalue of problem z”/ + Az = 0, 2(0) = z(1) = 0.
However, such problems are discussed in Theorem 1. In the proof, by making use
of the functional analysis method, we unify unbounded solutions of the auxiliary
nonlinear equations and nontrivial solutions of the relative linear homogeneous
equation formed with the growth control function I" and the first resonant point
72, By this method we not only discuss the case when (1.12)—(1.13) are not satisfied
but also improve the previous results [2, 3, 4] even when (1.12)—(1.13) are satisfied.
In fact, in the assumptions of Theorem 1, let p = 1, = 0,5 = 7; we have the
following
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Corollary 1. Assume that
i) g(t,x)x >0 for |x| > 1o, a.e. t € (0,1) where ro > 0 is fized.
ii) im |5 ~oog(t, @) /2 < Aq(t) uniformly for a.e. t € (0,1) where Aq € L*>(0,1)
such that
(1.14) 0<Ag<q1—qo
with q; € L*(0,1) such that
2"+ ¢ () =0,
z(0)=xz(1) =0
has a nontrivial solution x = u,(t) with exactly i zeros on (0,1), i = 0,1, and we

assume that ug(t) > 0 on (0,1).
ili) There exists a constant p > 0 such that

| sty [ haua < [ g a
where
zy € {x € W310,1)|z(0) = (1) = 0 and x(t) > pug(t) for t € [0,1]},
r_ € {x e W*H0,1)|x(0) = 2(1) = 0 and z(t) < —puo(t) fort € [0,1]}.
Then problem
(1.15) "+ qo(t)x + g(t,x) = h(t),
(1.16) 2(0) = (1) =0
has at least one solution.

Remarks. 1. Corollary 1 contains [2, Theorem 2.4], [3, Theorem 1] and [4, Theorem
1] as special cases when gy = 72, ¢; = 47?2 since in [2, 3, 4] the authors assumed
that m,., which satisfies (1.5), is an element of L?(0,1).

2. If go(t) = 72, > < A < 72 + Ag(t) and fol Aq(t)dt < A—n%+ 4V Actg @,
then condition (1.14) is valid from [1, Corollary 8].

3. If go = 72, Aq € L*(0,1) such that 0 < Aq and

1 1
1
/ (72 + Aq(t))Y/? dt + Z/ |dIn(7? + Aq(t))] < 2,
0 0
then condition (1.14) is satisfied from [1, Corollary 9].
Example 1. Let qo(t) = 72, g(t,z) = T'(t)zsin®x with I'(t) = o —n2fort e

7
(0,41), T(t) = 0 for t € (t1,1) and f) h(t)sinwtdt = 0. Then from Corollary 1
problem (1.10) (1.11) has a solution since, letting T'(t) = Ttr—; —m? for t € (0,¢1) and
T(t) = ﬁ—ﬁ for t € (t1,1), we have that I' < T and 2 +T € H;(1,(0,1),0, 7).
But for ¢ € (0,¢1), I'(t) — +o00 as t1 — 0%, hence this case cannot be solved by
12, 3, 4].
Example 2. Let go(t) = % for t € (0,t1),q0(t) = ﬁ for t € (t1,1), Aq(t) =

% for t € (0,t1),Aq(t) = 0 for t € (t1,1),g(t,z) = Aq(t)zsin®z, uo(t) = sin 7t

for ¢ € (0,1), uo(t) = sin 57555 (1 — t) for t € (t1,1), and h € L'(0,1) such that

fol ug(t)h(t)dt = 0. Then problem (1.15) (1.16) has at least one solution from
Corollary 1.
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From Theorem 1, let p = 1,0 = 3 =%, qo € Ho(1,(0,1),%,%). We have

Corollary 2. Assume that
i) g(t,z)x > 0 for |z| > ro, a.e. t € (0,1) where ro > 0 is fized.

ii) im |, —0og(t, z) /2 < Aq(t) uniformly for a.e. t € (0,1), where Ag € L>(0,1)
such that
0<Ag<q1—qo
with ¢; € L*°(0,1) such that
2 +qi(t)r =0,
20)=2'(1)=0
has a nontrivial solution x = w;(t) with exactly i zeros on (0,1), i = 0,1, and
ug(t) > 0 fort € [0,1].
ili) There exists a constant p > 0 such that
1

1 1
[ sttayutyar < [ nouovrde < [ gt uo(e)d
0 0 0
where x_ < —p,xy > p for x_,xzy € W1(0,1) with 2’_(0) = 2/_(1) = 2/, (0) =
2/ (1) = 0.
Then problem
2" + qo(t)z + g(t,z) = h(t),
2(0)=2'(1)=0
has at least one solution.
Remarks. 1. In Corollary 2, letting go = 0,q; = 72, we get a generalized form of

[3, Theorem 2].
2. In Theorem 1, by specifying p, a, 6 we may obtain other new special cases.

2. PROOF OF THEOREM 1

This section is devoted to the proof of Theorem 1. To this end, let us first
introduce some lemmas.

Lemma 1. Assume that a € L*=(0,1) and b € H:1(p, (0,1), , 3) with a <b. Then
there exist a number 6 >0 and b € Hy(p, (0,1), o, B) such that a + 6 < b.

Proof. This proof follows directly from Lemmas 2—4 and Proposition 4 of [1]. Since

the reference [1] has not been published yet, let us sketch the proof here.
Consider the initial value problem

(2.1) (p(t)z") +aq(t)z =0,

(2.2) x(0) = sina, p(0)2’(0) = cos a.

Assume that x = z(t) is a solution of (2.1) (2.2), and introduce the famous Priifer

transformation

_ a(t)
(2.3) © = arctan )

Then we have

1
(2.4) ¢ = —— cos® p + q(t) sin? @, »(0) = a.

p(t)
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Denote the solution of (2.4) by ¢ = ©(t, ¢); then, similar to the proof of [5, Chapter
XI, Lemma 3.1], we can prove that ginHy(p, (0,1),a, ) if and only if the unique
solution of (2.4) satisfies ¢(1,¢q) = 7+ 8. Hence ¢(1,a) < ¢(1,b) = 7 + 8. In view
of [5, P. 4, Theorem 2.4] and [6, Chapter 8, Theorem 2.1], there exists § > 0 such
that p(1,a + 6) < ¢(1,a+ 26) = 7 + 3, and obviously a + 26 € Hy(p, (0,1), a, 3).

Lemma 2. Assume that ¢; € H;(p,(0,1),,08), i = 0,1, ¢ € L*>(0,1) satisfying
qgo < q < q1. Then problem (2.1) (1.2) (1.3) has no nontrivial solution; moreover
problem

(25 (') + (1) = h(t)

and (1.2) (1.3) have a unique solution for h € L*(0,1).

Proof. Similar to [5, P. 337, Theorem 4.1 (iv)].

Lemma 3. Assume that x € C1(0,1) satisfying condition (1.2) (1.3). Then there

exists a constant C' depending only on ug such that
lz(t)] < Clehiuo(t),  te€[0,1],

where | - |1 is the norm of the usual Banach space C*(0,1) and ug(t) > 0 on (0,1)
is a solution of (1.4) (1.2) (1.3) with n = 0.

Proof. Since ug(t) > 0 on (0,1), we need only consider the case whent =0ort = 1.
If o =0, then up(0) = 0, but ug(¢) is a nontrivial solution of (2.1); it follows that
uo(0) # 0. Hence

#(t) ‘ NECEEORINELG ‘ )
uo(t) | |uo(t) —uo(0)|  [up(é)| ~ |
for sufficiently small ¢ > 0. The proof is complete.

2 | |
I

Proof of Theorem 1. From Lemma 1 and assumption ii) there exist a number § > 0
and g, € Hi(p, (0,1), o, B) such that

(2.6) qo + Ag+ 26 < 7.
In view of assumption ii) there exists a constant r; > r such that
(2.7) g(t,x)/z < Aq(t) + 6 for a.e. t € (0,1), and all z € R with |z]| > 7.
Denote

L:WFH0,1) € CH0,1) — L0, 1),z — (p(t)2' () + [g0(t) + 6]a(1),
where W21(0,1) £ {z € W21(0,1): x satisfies conditions (1.2) (1.3)}. Then from
Lemma 2 the operator L is one-to-one, onto and obviously continuous.

It follows that the inverse of L exists, L™': L*(0,1) — W' (0,1), is continuous
and L1 : L1(0,1) — C(0,1) is compact since W?1(0,1) is compactly imbedded
into C*(0,1).

Define G : C*(0,1) — L'(0,1) by

(2.8) Gz = 6z(t) — g(t, z(t)) + h(t).

Then G is a continuous operator and problem (1.1) (1.2) (1.3) can be written in
the equivalent form

(2.9) Lz = Gx.
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Consider the auxiliary equation
(2.10) Lz = \Gx, Ae (0,1).

In view of the Leray-Schauder continuation theorem and considering the compact-
ness of L=! from L'(0,1) to C*(0,1), in order to prove that (2.9) has a solution,
we need only demonstrate that the possible solution of (2.10), is bounded. If not,
there exist sequences {x,} € domL and {\,} € (0,1) such that |z,|; — oo as
n — oo and

(2.11) Lz, = \,Gz,.

Denote y, = x,/|zn|1; then (2.11) becomes

(2.12) Lyn = M| |7 Gn = Mnbyn — Anl@n| T g(t, 20 (8)) 4 An|zn| T R(E).
Define

(2.13) pin (1) = {

We have from (2.7) that
(2.14) 0 < pun(t) <Aq(t)+6 forae te(0,1)

g(t,zn(t))/zn(t) for [z, (t)] = r1,
0 for |z, (t)] < r1.

and hence we assume that
Hn — Mo
in L2(0, 1) for some po € L?(0,1) such that
(2.15) 0 < puo(t) < Ag(t)+6 forae. t e (0,1).
Denote
fu(t) = g(t, 20 (1) — pn ()20 (1)
then (2.11) can be written in the form
(2.16) Lyn = A6yn — Antin(t)yn + /\n|xn|1_1[h(t) — fa()]-
In view of (2.13), f,(¢t) vanishes if |z, ()] > r1, and hence the right hand side
of (2.16) must be bounded in L*(0,1) for n = 1,2,.... Using the compactness
of L1 : L(0,1) — C*(0,1), we may assume that y, — yo in C1(0,1) for some
yo € C1(0,1), and lim,, ..o A\, = Ag € [0, 1]. Therefore, the right hand side of (2.16)
converges weakly to Aodyo — Aopoyo in L1(0,1). Again using the compactness of
L=1:L'0,1) — C*(0,1), we have
Lyo = Ao(6 — po)yo,
or equivalently

(p(t)yo) + lao(t) + (1 — Xo)é + Aopo(t)]yo = 0.

From (2.6), (2.15), |yo|1 = 1 and Lemma 2, we have that (1 — Ag)é + Aopo = 0, and
hence

(2.17) (p(t)yo)" + qo(t)yo = 0,
from which it follows that
(2.18) yo = *up,

where we assume that |ugl; = 1.
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Denote
Un(t) = knuo(t), Un = yn(t) — 7, (1),
where
1 -1
ky, = [ / ud(t) dt] / Yn (t)uo(t) dt
0 0
Then
1
(2.19) / Un(t)ug(t) dt = 0,
0
and hence

1 1 1

kﬁ/ u2(t) dt +/ G2(t) dt = / y2(t)dt < 1.

0 0 0
We may assume that
k, — k € R.
By (2.18) if yo = o, from (2.19) we have k = 1 and
Gn — 0 in C1(0,1).

From Lemma 3, there exists N > 0 such that

1

(2.20) |znli >4p, kn> =, |Ga(t)] < Zuo(t) for t € [0,1], n > N,

N =

whence it follows that
(2.21) ZTn(t) = |Znl1yn(t) >
(0

p
Taking the inner product (in L?(0,1)) of (2.12) with wug, considering (2.17) and
Yo = U, and y, satisfying (1.2) (1.3), we obtain

uo(t) for ¢ e [0,1], n > N.

1

(1—)\n)6kn/ ug(t)dt+)\n|xn|l‘1/0 g(t, @ (t))uo(t) dt

0
1
:M%ﬁ/hmw@w
0

from which it follows from (2.20) that

1 1
L/mmmmw@ﬁ</h@wmﬁ, n> N,
0 0

a contradiction with assumption iii) and (2.21).

In a way similar to the case yg = ug we can also obtain a contradiction in the
case yo = —ug. Therefore, the solutions of (2.10), are bounded and the proof is
complete.
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