PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 126, Number 1, January 1998, Pages 1-8
S 0002-9939(98)04414-1

PRIMES OF THE FORM p =1+ m?+n? IN SHORT INTERVALS
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(Communicated by Dennis A. Hejhal)

ABSTRACT. In this note, we prove that for every 6 > % and = > z0(0),

the short interval (x,z + x%] contains at least one prime number of the form

p = 1+m?+n? with (m,n) = 1. This improves a similar result due to Huxley
99

and Iwaniec, which requires 6 > 160 -

§1. INTRODUCTION

The existence of prime numbers in short intervals is an important subject in
analytic number theory. Huxley and Iwaniec [3] asked the following question: seek
positive numbers 6, as small as possible, such that

(1.1). the short interval (z,x + x°] contains at least one prime number of the form
p=1+m2+n? with (m,n) =1 for x > x¢(0).

Naturally this problem can be attacked by applying the half dimensional sieve
to the sequence

A={p-1l:z<p<z+2 p=3(mod8)},

where, as in the sequel, the letter p, with or without subscript, denotes a prime num-
ber. In order to control error terms in formulas of sieves, a Bombieri-Vinogradov
type mean-value theorem for short intervals is needed. Huxley and Iwaniec [3]
have obtained a satisfactory generalization of Bombieri—Vinogradov’s theorem in
the case of short intervals, using a zero-density theorem for Dirichlet L-functions.
As an application, they have shown that (1.1) is true with 6 = %.

The aim of this note is to improve Huxley and Iwaniec’s exponent. More precisely

we shall prove the following result.

Theorem. For cvery 6 > % and x > xo(0), we have

(1.2) Y b(p—1) > 2%/ (logx)*?,
r<p<z+a?

where

1 if a=m?+n? with (m,n) =1,

0 otherwise.

b*(a) :=
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. 115 - 99 _
For comparison, we have 57 ~ 0.9504 and 55 = 0.99.

We begin in the same way as Huxley and Iwaniec. By (3.2) of [3], we have

(1.3) > b(p—1) =S(APs,x+a”),

r<p<z+zxf
where S(A;Ps,2) == |[{a € A : (@, [],<. pep, P) = 1} and Py :={p: p =3
(mod4)}. Let a = a(f) € [2,3) be a parameter to be chosen later. For z = z'/®,
we write

where T := S(A; P3, z) — S(A; P3,x + 2%). A lower bound for S(A;Ps,2) on the
right-hand side of (1.4) will be obtained by the half dimensional sieve (as in [3])
in Section 3. We shall give a better upper bound for T' than that of Huxley and
Iwaniec. This improvement comes from our generalized Bombieri—Vinogradov type
mean-value theorem for short intervals that we state in Section 2. One observes
that each element a € A is divisible by an even number of primes from Ps and

2 || a. Hence, for z = 2!/ with 2 < a < 3, we have obviously
(1.5) T < Z 1,
m<p§w+w9
p=14+2np1p2
1/«

where p; € Ps3, pa € Ps3, p1 > p2 > = /“ and n is an integer divisible only by primes

of the form p = 1 (mod 4). We define
L:={l=2np:n< 2'72% pn=p=1(mod4);
a'/® < py < (117/”)1/2a p2 € 733}-
For every | € L, we put
M) = {m=1p1+1: 3/l <ps < (x+2)/1, (1/2)p1 = 1(mod 4)}.

It is clear that the sum on the right-hand side of (1.5) does not exceed the number
of primes in the set | J;c . M((); thus

(1.6) T <> {SMW;PA), (/D™) + O((x/1)™)},

lecL
where P(I) := {p: (p,1) = 1} and 6; := (260 — 1)/4. We shall apply an upper bound
formula of the linear sieve to treat S(M(1); P(1), (z/1)?") in Section 4.

It seems interesting to compare the theorem with the following results: for x
sufficiently large, (z, 4+ 2%°73] contains at least one prime of the form p = —2+4 P,
where P, denotes an integer having at most two prime factors [8]; for every ¢ > 0
and z > x¢(e), there exists at least one prime of the form p = —2+ain (z, z+23/4+2]
where a is a B—free integer [7].

§2. TWO PRELIMINARY LEMMAS

We first recall some standard notations (cf. [2]). Let F be a finite sequence of
integers and let P be a set of prime numbers. For z > 2, the sifting function is
defined as follows:

S(F;P,z):=|{a € F:(a,Pz) =1}
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where P(z) := Hp<z,pe7> p. If d is a squarefree integer whose prime factors belong
to P, we let Fy :={n € F : d|n} and use |Fy4| to denote the number of elements of
Fa. We write an approximate formula

|Fa| = #X +r(F,d),

where X > 1 is independent of d, and w(d) is a multiplicative function. We define

Viz):= I (-wm)/p).

p<z,pEP

As usual, pu(n) is Mobius’ function, ¢(n) Euler’s function and w(n) the number
of distinct prime factors of n. Finally we write € for an arbitrarily small positive
number and  for Euler’s constant.

The first lemma is an upper bound formula of the linear sieve ([2], Theorem 8.3).

Lemma 1. If there exist positive constants Ay (k= 1,2,3) such that

1
OSM<1_A_7
1
I
—A5 < Z w(p)%— ng—j§A3 (22 > 21 > 2),

21<p<z2

we then have, for 2 < z < @Q, that

log Q A .
5P < XVEF(357) + gy ) + o, S

where F(t) =27/t (0 <t < 2).
The following lemma is a direct consequence of Theorem 2 of [6].

Lemma 2. Let g(1) be an arithmetic function satisfying g(1) < 1 and let

1 (z'+h)/1 dt
H(z' h,q,a,l) = Z ——/

it P@ Jop logt
Ip=a (mod q)

Then for any A > 0, there exists a positive constant B = B(A) such that

(2.1)

ZEG

(log )"~

a NH(«' h,q,a,l
(;{}]);%%mrgéw\ > gH( h,q,a,1)| <
q<Q I<L

(l,g)=1

2quw(q) /
(2.2) q;?“@ 390 max max max | l; g H (' h,q,a,1)| <

(La)=1

0

(log )4

for x > 10, % +e<0<1,Q= x0—1/2/(10g$)3 and I — ¢(30—3)/2—¢
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§3. LOWER BOUND FOR S(A; Pz, z'/®)
The following proposition offers the required lower bound for S(A; Ps, z'/®).

Proposition 1. Assume that 3 < 6 <1 and 2/(20 —1) < o < 6/(20 — 1). We
then have

(3.1) S(A; Ps, a:l/o‘) > {W1i(6, @) + o(1)} 2% / (log 2)3/2,
where
a(0-1/2) dt
Wl(ﬁ,a) = \/r/ ﬂ

_9\1/2 _
and A := (1/2\/—) H 3 (mod 4) (1 - 2) / 03 HpES (mod 4) (1 - (p - 1) 2)'
Proof. By (3.3) of [3] or Theorem 1 of [4] we have

(3.2) S(A4; 7)3,x1/a) > {1+0(1) 1/0‘ \/67/ — E(z,x ,Q)
4logx ,/ (t—1)

where
log Q L 1
¢ O[logzzce[’?’]’ V(@®) H p_1
p<al/e
p=3 (mod 4)
1 z'4+h dt
E(z,2°,Q) = max max max Z 1— _/ ] ‘
< @O=1hsa? z/2<a'<z o' <p<a'th (@) Jor logt
p=a (mod q)

Let x be the non-principal character modulo 4 and let L(,s) be the Dirichlet L-
function associated with x. Using the relation L(x, 1;y) := [[,, (1 — x(p)/p)~t —

L(x,1) = 37 (y — o) and Mertens’ formula, we deduce that

2L(y, Loy [ (1-p2)"(1-(p-1)72)

p<I1/a
p=3 (mod 4)

(3.3) < I ( e

p<w1/a

= {1+0(1)} 24C53(ane™ /logz)*/? (x — 0).

Taking Q = 2%~1/2/(logz)® and g(1) = 1,g(1) = 0 (I > 2) in (2.1) of Lemma 2, we
obtain

(3.4) E(z,2°,Q) < 2’ /(logz)*.
Now the required inequality (3.1) follows from (3.2)—(3.4). O

§4. UPPER BOUND FOR T

The purpose of this section is to prove Proposition 2 below, which gives a better
upper bound for 7' than that of [3]. To prepare for its proof, we first establish two
auxiliary results.
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Lemma 3. Let u(n) be the characteristic function of integers whose prime factors
are of the form 4m +1 and let f(n) =[], ,~2(p —1)/(p —2). We then have

(4.1) > un)f(n) = (4/Cr)z/(log)'/* + O(x/(log z)*?),

n<z
where C1 := [] =1 (mod 1) (1—(p—1)"2) and A is defined as in Proposition 1.

Proof. Let x, L(s, x) be defined as above. It is clear that u(n)f(n) is multiplicative
and

(p—=1)/(p—2) if p=1(mod4),
0 otherwise.

u(p”) f(p") = {
A simple calculation shows that for Res > 1,
Stutm)fmpn= [ (@-p7) "1+ m-27) =((s)2G(s),
n=1 p=1(mod 4)

where ((s) is Riemann’s zeta function and

Gls) = (L) -2 [ a-p2)" [ (+e-27).

p=3 (mod4) p=1 (mod 4)
Using the well known estimation (see [1], Theorem 8.1)
L(s,x) < log(3+ |Sms|) for Res >1—1/log(3 + |Sm s|),

we see that > >7  u(n)f(n)n=% is of type T(% , % ; co, 6, M), where ¢, 8, M are suit-
able positive constants (see page 185 of [5] for the definition of 7(3, 3 ;co, 6, M)).
Thus Theorem I1.5.3 of [5] is applicable. Now our required result follows immedi-

ately from this theorem with N = 0. O

Lemma 4. Let L, f(n), A, Cy be defined as above. Assume that 2 < o < 3. We
have

f()y  14o0(1) Aa [*t—2+(t—1)log(t—1)
(42) D log2(z/l)  (logz)3/2 '4_01/2 2= 0 —tjaz Ot

leL

Proof. Let Y be the sum on the left-hand side of (4.2) and let u(n) be the function
defined as in Lemma 3. We have

1+ o0(1 u(n)f(n 1
yoltol) s umin 5

— -
2 n<gl=2/a " 2t/ <py<(a/n)/? p2log™(x/np2)

p2=3(mod4)

As usual we put m(t;4,3) :== 3, =3 (moaa) 1. By the Siegel-Walfisz theorem

1 [t d fogT
m(t;4,3) = 5/2 logvv+0(te_ 1Ogt)
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and by partial integration, we easily deduce that

(4.3) y = Lo 3 u(n)f(n) /(w/")m dr(t; 4,3)

Vo tlog®(x/nt)

_ Lto(1) u(n) f(n) [ dt
B Z /zl/a log?(z/nt) tlogt

_1+0(1) u(n)f(n) (ah(n) -

2
© 4log’z nh(n)? +log (ah(n) - 1))

ah(n) —1

n§w172/o¢

with h(n) := 1 —logn/logx. We define

Ut):=> um)f(n),  K(t):=

n<t

1 sah(t)—2
th(t)? (ah(t) -1

+ log (avh(t) — 1))

It is not difficult to show that we have, uniformly for z > 10 and 1 < ¢t < z'=2/*,
1 ah(t) —2 1

4.4 K'(t)=— 1 h(t) -1 Ol ——).

(44) ®) t2h(t)2(ah(t)—1+ og (ah(t) ~ 1)) + (t2logx)

Let Z be the last sum on the right-hand side of (4.3). Noticing that U(1—) =
K(z'72/%) = 0, using (4.1) and (4.4), we deduce, by partial integration, that

pl—2/a

z- |
1—
z172/o<

A ah(v) —2 dv
=& G e on) ) e + 0

By the change of variables ¢t = ah(v), we obtain

B Aa [“t—24(t—1)log(t —1)
Z =+/logx o )y PG —tja) dt +0(1).

Inserting this in (4.3) yields (4.2). This completes the proof. O

pl—2/a

K(v)dU(v) = — / U)K’ (v) dv

1

An upper bound for T is obtained in the following proposition.

Proposition 2. Assume that 1 < § < 1 and 2 < o < min{3, 2/(5 — 50)}. We
then have
T < {Ws(0,a) + o(1)} 2%/ (log z)*/2,
where
ACs300 [“t—24(t—1)log(t—1)
Wa(6 =
2(0,0) = 55— /2 2(t—1)(1—t/a)l/?

and A, Cs are defined as in Proposition 1.

dt,

Proof. For every | € L, it is natural to choose, in Lemma 1,

1 [t/ g
F = l P =P X == —
M( )7 ()7 2/w/l 1Ogt7

Mm:{mw—niwepm7

0 otherwise.
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Let d be a squarefree integer whose prime factors belong to P(l). By the Chinese
Remainder Theorem, the system of congruences (I/2)p; = 1(mod4),ip; = —1
(mod d) has exactly one solution a* (mod 4d). Thus we have

IM(1)a| = > 1,  r(M(),d) = H(z/l,2°/1,4d,a*,1).

o /i<pr<(a+a)/1
p1=a” (mod4d)

According to Lemma 1, one has

(4.5)
S(MW; PQ), (/1)) < XV (/1)) {F(
where 6; = (20 — 1) /4 and

R(z,2°,Q,1) = > 3¢@Dr(M(1), d)|.

d<Q,d|P((z/1)%1)

log @
W) + 0(1)} + R(x, 130, Q,1),

Using Mertens’ formula, we have

(46)  V(@/n™) = II (1- L) ={1+o(1)}

peta/in, - P

201036_7,]0(1)
01log(z/l)

where f (1), Cy are defined as in Lemma 3. Since 3 < 6 < 1and 2 < o < 2/(5—56),

we have maxjep | = 2211/ < £050-3)/2=¢ and 29/1 > (2/1)%/5+¢/5. Taking Q =

(z/1)?=1/2/10gP (x/1) and g(1) = 1, g(m) = 0 (m > 2), it follows from (2.2) of

Lemma 2 that

(4.7) R(z,2%,Q,1) < 2% /llog®(z/1).

Combining (4.5)—(4.7), one has the following estimate

Clng(l)z9

011log*(x /1)

Then summing over | and using Lemma 4, we obtain the desired inequality. O

S(MW):; P, (/1)) < {1+0(1)}

85. THE END OF THE PROOF OF THE THEOREM
Assuming that
(5.1) $<f<1 and 2/(20—1)<a <min{3,2/(5—50)},
we have, by (1.3)—(1.6) and Propositions 1-2, that
Y -1 = {(ACs/(20 — 1))W (6. a) + o(1)} 2’/ (log x)*/?,
r<p<z+z?

where
(5.2)
a(6-1/2) t—2 t—ll -1
W(0,a) :=+/0— 1/2/ ull Jlog(t = 1)
1

\/ t(t—1) / 2(t—1)(1 — t/a)1/2

dt.



8 J. WU

In order to facilitate the calculation on a computer, we eliminate, by integration
by parts, the singularity of two integrands on the right-hand side of (5.2). We have

a(0—1/2)
W0, a) =v/40 —2 — 4/a + \/9—1/2/ (t—1)"/232 q¢
1

¢ —t24+6t—4—2(t—1)log(t—1

—2a2/ + (t — 1) log( )(1—t/a)1/2dt.
9 (t—1)23

We choose § = 132 and « = 2.349, which satisfy (5.1). A numerical computation

gives us

W (152,2.349)
=0.314325 -+ 4+ 0.671128 - - - x 0.008853 - - — 2 x 2.349” x 0.028982 - - -

>4 x 1074

This completes the proof.
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