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ABSTRACT. Let F be a free semigroup and let A be an automorphism group
of F. A description is given of the space of real functions ¢ on semigroup F
satisfying the following conditions:

1) the set {p(zy) — v(x) — ¢(y); =,y € F} is bounded,;

2) p(z™) = np(z) for any x € F and n € N;

3) ¢(z7) = p(x) Vo € F,and V7 € A.

INTRODUCTION

The question ‘if we replace a given functional equation by a functional inequality,
then under what conditions will the solutions of the inequality be close to the
solutions of the equation’ was posed for the functional equation f(zy) = f(x)- f(y)
for z,y in a group G in [1] in connection with the results of the papers [2]-[4].

For a mapping f of the group G into the semigroup of linear transformations of
a vector space, in the papers [5], [6] sufficient conditions for the coincidence of the
solution of the functional inequality || f (zy)— f(z)- f(y)|| < ¢ with the solution of the
corresponding functional equation f(xy)— f(x)-f(y) = 0 was studied. In the papers
[7]-]9], it was independently shown that if a continuous mapping f of a compact
group G into the algebra of endomorphisms of a Banach space satisfies the relation
I|f(zy) — f(z)- f(y)] <6 for all z,y € G with a sufficiently small § > 0, then it is
e-close to a continuous representation g of the same group in the same Banach space
(i.e., we have ||f(z) — g(x)|| < € for all x € G). In the paper [9], for any positive
e, an example is constructed of a matrix-valued mapping f of the group G with
generators a, b, ¢, and d and defining relation a b~ tabc 'd~'ed = 1, such that f
satisfies the relation || f(zy) — f(z) - f(y)|| < € but is not é-close (0 < § < 1/10) to
any representation of the group G.

In the papers [10]-[13] the following new algebraic object was introduced.

Definition 1. A pseudocharacter of a semigroup S is a real function ¢ on S sat-
isfying the following conditions:

1) the set {¢(zy) — v(x) — ¢(y); x,y € S} is bounded;

2) p(z™) = np(x) for any x € S and n € N.
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The set of pseudocharacters of a semigroup S is a vector space (with respect to
the usual operations of addition of functions and their multiplication by numbers),
which will be denoted by PX (S). The subspace of PX (S) consisting of real additive
characters of the semigroup S will be denoted by X (S). The notion of pseudocha-
racter permits us to understand the nature of the existence of mappings satisfying
the relation of the form | f(zy) — f(z) - f(y)|| < € without being close to any
representation: if ¢ is a pseudocharacter and |p(zy) — ¢(x) — ¢(y)| < ¢, then
for any o € R the function f(z) = exp(iap(z)), © € G, satisfies the relation
|f(zy) — f(z) - f(y)| < |exp(iac) — 1] for |ac| < . Thus, for any ¢ > 0 and for
any € > 0, the value |f(zy) — f(z)- f(y)| can be considered to be uniformly smaller
than e for a suitable choice of a > 0.

In [12]-[17] a description of the spaces of pseudocharacters on free groups and
semigroups, semidirect and free products of semigroups was given.

The referee of this paper pointed out to the following connection of pseudo-
characters with the theory of Banach algebra cohomology. The condition (1) of
the definition of pseudocharacter exactly gives a bounded 2—cocycle on S. Hence,
if semigroup S has a nontrivial pseudocharacter, i.e., PX(S)\ X(S) # 0 , then
arguing as [18, Proposition 2.8] we obtain H?(S,C) # 0.

Definition 2. A pseudocharacter f of a semigroup S is said to be invariant with
respect to a semigroup K of endomorphisms of S if for any elements x € S and any
7 € K the relation f(z7) = f(x) holds.

Let us denote the space of pseudocharacters of semigroup S that are invariant
with respect to a semigroup K of its endomorphisms by PX (S, K). Denote by
X (S, K) the subspace of PX (S, K) consisting of real additive characters of S.

In [15] the following result was obtained.

Theorem 1. PX(K-S)= PX(K)+PX(S, K), where K-S denotes the semidirect
product of the semigroups K and S and K acts on S by endomorphisms.

In connection with this result, the problem of describing the space of pseudocha-
racters of some semigroup S which are invariant with respect of some semigroup K
of its endomorphisms arises.

§1. THE MAIN RESULTS

The aim of this article is to give a description of the space of pseudocharacters
of a free semigroup invariant with respect to some group of its automorphisms.

From Definition 1 it follows that if F is a free semigroup of rank 1, then PX (F) =
X (F). Therefore, in the sequel we shall assume that F is a free semigroup with
the set X of free generators, and that the cardinality of X is greater than 1. Let A
be a subgroup of Aut F.

Definition 3. Two elements u,v of F are said to be conjugate if there are a and
b in F such that u = ab, v = ba. The relation of conjugacy is denoted by ~. We
will say that elements u and v of F are A-conjugate if there is an a € A such that
u® ~ .

Definition 4. An element of F is called simple if it is not a nontrivial power of
another element. The set of the simple elements of the semigroup F will be denoted
by P.
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It is easy to see that the relation of A-conjugacy is an equivalence relation on F
and on P. We denote the relation of A-conjugacy by ~4 .

Definition 5. Let v = x1 - x2...z,, x; € X. The number |v| = n is called the
length of the element v.

Now for each word v in the semigroup F we introduce the set of “beginnings”
H(v) and the set of “ends” K (v) as follows. If v € X, we put H(v) = K(v) = @.

fv=wzy -z - x;,, n > 1, where x;; € X, we set
H(v) = {2, , @iy Tigy ooy Tiy Ty - Ty}
K(v) ={@i, @i,y Tig * Tipy o -+, Tiy Ty T, }-

Lemma 1. There is a set P of representatives of conjugacy classes in P such that
for each w € P Hw) N K(w) = &.

Proof. See Lemma 8 in [17]. O

For any element w of F such that H(w) N K(w) = @ in [17] the functions 7,
and e,, were defined as follows: if v € F, then n,(v) is equal to the number of
occurrences of w in the word v; e,, = max{n,, (v),v" ~ v} .

Lemma 2. Let w € P. Then the function e, is a pseudocharacter and we have
the following relations:

1) |ew(uv) — ey(u) — ey (v)| < 2 for any elements u and v of F;

2) if Ju| < |wl|, then ey(u) = 0;

3) if lu| = |w]|, then ew(u) =1 for u ~ w and ey, (u) = 0 for u not conjugate to
w.

Proof. See Lemma 13 in [17]. |

Let u ~ v. It is easy to verify that for any a € A the relation u® ~ v* holds.
For an arbitrary element w of F we define the sets St(w), B(w), C(w), A(w), D(w)
as follows. Let St(w) denote the stabilizer of element w in group A. Let B(w)
denote the stabilizer of the class of conjugacy elements containing w in group A,
ie, b € B(w) if and only if w® ~ w. It is evidently that St(w) and B(w) are
subgroups of group A and St(w) C B(w). Let C(w) (respectively A(w)) be a system
of representatives of left cosets of the group B(w) (respectively A) by subgroup
St(w), ie., B(w) = St(w) - C(w), A = St(w) - A(w). By D(w) we denote the
system of representatives of left cosets of the group A by the subgroup B(w).
Then we have A = B(w) - D(w). For any v € F denote by M(v) the set of
values of the function a — v*, a € A. For each element w of the semigroup

F such that H(w) N K(w) = & let us define functions ¢, and é,, as follows:
6w (V) = D ie () € (V)3 bw(v) = méw(v).

From [17, Theorem 1] we obtain that the functions 8,, and é,, are pseudocharac-
ters of the semigroup F.

Lemma 4. For each v in F and a in A the equalities 6,(v*) = 6u(v); 6w (v®)
= 6, (v) 1s valid, i.e., the pseudocharacters é,, and é,, are invariant relative to the
action of the group A.

Let 2 € F; we set H(z) = H(z) U{z} and K(z) = K(x) U {z}. For each pair of
elements z,y of 7 we define measures iz y, fiz,y,z, and v, on P as follows.
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We set pz,,(w) = 1 if there exist a and b such that a € K(z), b € H(y), and
w = ab; otherwise we set jiz ,(w) = 0.

We set fizy .(w) = 1 if there exist ¢ and d such that ¢ € K(x), d € H(x), and
w = cyd; otherwise we set iy o (w) = 0.

Finally, we set vy (w) = fiz,y(w) + py,o (W) + pa,y,a(W) + fiyey (W) = poz(w) —
fhyy(w).

Definition 6. For any pair u,v € F we define measures w?:

u,v

(w) and wiv(w) on

the set 7" as follows: wi},(w) = D te M (w) Vuw (1), wf)v(w) = |C(1w)| cwity (w).

Let us fix some system of representatives T" of the classes of A-conjugate elements
lying in P such that H(w) N K(w) = @ for any w € T. Denote by T;, the subset
of T consisting of elements of length n . Denote by ZPX (F, A) the subspace of
PX(F,A) consisting of the pseudocharacters of semigroup F vanishing on 7.

Denote by L'(T) the space of real functions o on T satisfying the following
conditions :

1) of =0

2) oa] o 1s bounded for each positive integer n;

3) the set { [ adws,, =,y € F} is bounded.

x,y
Now we can give the statements of the main results.
Theorem 2. Let v be a bounded function on the set T,; then the function v, =
> wer, V(W) belongs to the space PX(F, A) and ¢ (w) = y(w) VYw € Ty.
Theorem 3. FEach element ¢ of the space ZPX (F, A) is uniquely representable in

the form o =3 cpa(w)by, o€ L'(T).
Lemma 9. The expression ZteTl v(t)6; is the general form of an element of the
space X (F, A), where v is an arbitrary function from Ty to R.

Corollary 1. Each element f of the space PX(F, A) is uniquely representable in
the form f = x4+ ,er @(w)dy, x € X(F,A), acL/(T).

§2. PROOFS OF THE MAIN RESULTS

Lemma 3. For any element a € A the following equalities hold: a='B(w)a =
Bw®) ; a 'H(w)a = H(w)®.

Proof. The proof is straightforward. O

This lemma implies that the mapping @ : b — a~'ba establishes a one-to-one
correspondence between B(w) and B(w?®), and between St(w) and St(w?) too.
Hence, the sets C'(w) and C'(w®) have equal cardinality. For each v € C(w) the
word w” is a cyclic permutation of word w. Let 7; and 2 be distinct elements of
C(w) ; then w” # w2, In fact if w? = w’ | then 75 'y1 € S(w) and there is
h € St(w) such that 74 = 72 - h. Hence, the elements 71,2 belong to the same
coset of B(w) by S(w). This means that 77 = 72 and we obtain a contradiction to
the assumption. Thus the mapping w — w? is an embedding of C'(w) into the set
of distinct elements of F which are conjugated with w. Therefore, |C(w)| < |w]|.
Let a1, a2 be elements of A(w) such that a1 # as. It can easily be checked that
w #£ w2, Let M(w) = {w%a € A(w)}. It is clear that M (w) coincides with the
set of values of the function a — w*, a € A. It is evident that for any a € A and
any w € F the equality (M (w))® = M (w) holds.
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Pemma 4. For each v in F and each a in A the equalities 6, (v*) = 6,(v),
6w(v?) = 84(v) are walid; i.e., the peudocharacters 6, and &, are invariant rel-
ative to the action of the group A.

Proof. In [17, Lemma 11] it was shown that for each w € F such that H(w)N K (w)
= & we have the equality
(1) ew(v) = 0w (v) + po,o(w).

It is easy to verify that for any u,v from F the equalities 7, (v*) = 1, .-1 (v) and
to,u(W®) = ftya=1 o-1 (w)  hold. Now from (1) we obtain the equality
(2) ew(v?) =€ .1 (v).

Further, we have

b (V%)

Il [l
o)
g
=
o)
g =
=
= I
L
e
o)
<
Q
) |
o+ =
—~ —
= =
>
S —~
s
o
= <
—~
[N}
N—
N—

(3)

The lemma is proved. |

Lemma 2 implies that ,,(w) is equal to the number of elements in the set M (w)
which conjugate with w. Therefore, §,,(w) = |C(w)] and 1 < 6, (w) < |w| and
we have gw(w) = 1. It is clear that a class of A-conjugate elements containing ¢
consists of a union of classes of conjugate elements such that their representatives
are elements t7,v € D(t). Let 71,72 be different elements of D(¢). It is clear that
w™ % w2, By Lemma 1 in every class of A-conjugate elements belonging to P
there is an element w such that the relation H(w) N K (w) = & holds.

Let us fix some system of representatives T' of classes of A-conjugate elements
lying in P and having the property H(w) N K(w) = @. Evidently, every element ¢
from the space PX(F, A) is defined by its restriction to T'.

Lemma 5. Let v be an arbitrary function on Ty. Then the function
Py = Z 7(w)6,
weTy

belongs to the space X (F,A) and w‘Tl =.
Proof. The proof is by direct calculation. O

Let PX(Fr,,A) be the subspace of PX(F, A), consisting of pseudocharacters
of the semigroup F vanishing on the set 77. Suppose ¢ € PX(F,A) and v = cp’Tl.
Then the function f = ¢ — > . 7(w)dy belongs to the space PX(F,A) and

f |T =0.
’i‘hus the problem of a description of space PX (F, A) is reduced to the problem

of a description of the space PX (Fr, A).

Definition 6. For any pair u,v € F we define measures w{?’v( ) and @4, (w) on
the set T as follows : wi, (w) = D teM(w) Vuo(t); wi ,(w) = |C(1 ik ;?U(w).

From Lemma 2 we obtain

Lemma 6. For any v € F and any w € T the following relations hold: 1) bw(v) =
0 if [v] < |wl|; 2) buw(v) =04f |v] < |w| and v £ a4 w; 3)by(w) = 1.
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Lemma 7. For each u,v € F and each w € T we have T, (w) = 8y (uv) — 8y (u) —

8w (V). o

Proof. By Lemma 12 from [17] we have

(4) Vuw(t) = er(uv) — eg(u) — er(v).

Therefore, i , (w) = ﬁ D tem(wler(uv) —e(u) —e(v)] = S (uV) =84 (1) =8, (V).
The lemma is proved. a

Theorem 2. Let vy be a bounded function on the set Ty,; then the function

(5) by = 3 yw)s,

weTy
belongs to the space PX(F,A) and ¢, (w) = v(w) Yw € T,.

Proof. Consider the measures v, ,. Let M, be the subset of F consisting of the
words of length n in the alphabet X. Then for each w € T,, M (w) is a subset
of M|,|. From the definition of the measures v, , it follows that for any words
uw and v and n > 2 the estimate |M,, N suppvy, | < 4(n — 1) holds. Note that
the collection |J, cr, {t;t € M(w)} consists of pairwise distinct elements. In fact,
it is clear for elements belonging to {¢;¢t € M(w)}. Now suppose that t; = 3 ,
t1 € M(wl), to € M(’LUQ), w1 ’/JA we. Since t1 ~4y wq, and tg ~4 wa we
obtain that w; ~4 ws, and we come to a contradiction to the assumption. Hence,
there exist at most 4(n — 1) elements w of M, such that w;,(w) # 0. Therefore,
|T, N supp wy o] < 4(n—1) and

(6) T N supp@y,,| < 4(n—1).

From (4) and Lemma 2 we obtain |v, ,(w)| < 2; therefore,

(7) wilo@) < D raw()] <2 T N suppre] <2-4(n— 1),
te M (w)

and |w;iv(w)| < 8(n —1). Let ¢ > 0 be such that |y(w)| < ¢ for all w € T,; then

|%| < ¢. Hence, we have

[ (uwv) =y () = ¢ (0)] = | D Y(w)[Bu(uv) =80 (u) = 8 (v)]

weTy,

=Y (wzl,(w)
weTy,
<co Y i)l <c-8n—1)-4(n—1)=32(n—1)* (by (6),(7).
weT,
Now from Lemma 6 it follows that ¢, (w) = y(w) VYw € Tj,. The theorem is
proved. O

Denote by K the set of functions ¢ on the semigroup F satisfying the following
conditions:

1) p(a™) = np(z) VYne N, VrelF;

2) p(zy) = o(yz) Yo,y € F;



PSEUDOCHARACTERS ON FREE SEMIGROUPS 339

3) gp}Pl =0, <p|Pi is bounded Vi € N;

4) p(x*) = p(z) Yz e F,Vace A

It is evident that K is a linear space relative to the ordinary operations. Denote
by ZPX(F,A) the subspace of PX(F, A) consisting of pseudocharacters of the
semigroup F vanishing on 77 (and hence on the set P, = X too). It is clear that
ZPX(F,A) is a subspace of K.

Lemma 8. Let ¢ € PX(F,A) and <,0|T1 = 0. Then the function ¢ is bounded on
the setT,, VYn € N.

Proof. The proof is by induction on n. O

Denote by L(T') the space of real functions « on 7T satisfying the following con-
ditions: a‘Tl = 0, and a| T is bounded for each positive integer n. It is obvious
that L'(T) is a subspace of L(T'). Let us construct an isomorphism 6 between the
spaces K and L(T). Let ¢ € K. For each i € N we define the function o; : T; — R
by induction as follows: let a; = 0, and if the values ay, as, ..., a, have already
been defined, then we set

®) () = (2 - 30 0,)

Here ¢,, are pseudocharacters introduced by equality (5) (note that ¢, = 0). Now
we define the function a = () via its restriction to T; by setting o¢| r = ;. Let

(w), w € Tpy1.
Thi1

us show that 6(¢) belongs to L(T). Indeed, we have 0¢|T1 = a3 = 0. Furthermore,
suppose that we have already established that the functions 04|T1, e ,04|Tn are
bounded. Let us prove that a‘THH is also bounded. Since the restrictions of the
pseudocharacters ¢, @q,, ..., Pa, to T1 are zero functions it follows from Lemma 8

that all these pseudocharacters are bounded functions on T;,41; therefore, formula
(8) implies that the function oa] Toi is bounded too.

Theorem 3. 1) The mapping 0 is an isomorphism between the linear spaces K
and L(T). The restriction of 8 to ZPX(F,A) is an isomorphism between the
linear spaces ZPX (F,A) and L'(T).

2) Each element ¢ of the space ZPX (F, A) is uniquely representable in the form

p= Z a(w)dy,, «cL'(T).

weT

Proof. Let us show that the mapping 6 is linear. First we note that if 7, 9, 7 are
bounded functions on Tj,+1 and A; and As are reals such that 7 = A\y7 + A\o7s, then
we have

(9) Pr = /\1(:07'1 + )‘2(:07'27

where ¢, @5, , -, are the pseudocharacters defined by equality (5). Suppose that
the function ¢ € K satisfies formula (8). Let A € R. Assume that we have
already established that the restrictions of the functions 6(Ap) to Ti,...,T, are
equal to Aaq,...,Aa,, respectively. Then from formulas (8) and (9) we obtain
9()‘90)‘1“7#1 = ()‘(»0 - Z?:Z 9‘7)«171) = ()‘90 - Z?:Z )‘90017:)
0(hp) = M(p).

Toir Ty = A1, ie.,
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Let ¢ € K and 0(¢)|, = Bn, n € N. Then it is clear that (¢ + ¢)|T1 =0 and
(p+) |T2 = <,0|T2 + 1/J|T2 = g+ fB2. Suppose that we have already established that
(<,0—|—1/1)|TV = <,0|TV —|—1/)|T_, i=1,2,...,n. Then for n+ 1 formulas (8) and (9) imply

S

(+v)y = ((@ﬂb) - s0<ai+ai>)

K2

Thi1

I|
N

NIE

= (e + 1) = Y (@a, +95))

P Tht1

— (@_gcpm) +(w—§¢m)

= Op+41 + 5n+1 = (¢0|TnJrl + MT"H'

||
N

Tn+1 Tn+1

Thus, the mapping 6 is linear.

Let us show that § maps K onto L(T). Indeed, let o € L(T) and a}Ti = .
Since for each t € F there is only a finite set of nonzero numbers of the form ¢,,, (¢),
n € N, the function ¢ = Y77, ¢, on F is well defined and belongs to the space K.
Let us show that 0(p) = a. We set 9(@)‘Ti = [3;; let us verify that 8; = oy, Vi € N.
Since B = gp‘Tl = 0, we have 31 = 1. Suppose that we have already established
the relations 8; = «; for i < n; then for all w € T;,11 by formula (8) we have
ﬁn-l-l(w) = ((,0 - 2?22 900%) (w) = 222 Po; (w) - 2?22 Pa; (w) = Z'(L)in-‘,-l Po; (w)

Furthermore, since ¢, |T = 0, Vi > n + 1, we obtain

Z Pa; (w) = Pany1 (w) = ()Zn+1(w),
i=n+1

where the latter equality follows from Theorem 2. Thus, 8,41 = a1, and 0 is an
epimorphism.

Now let us verify that ker§ = 0. Indeed, let ¢ € K and 6(y) = 0. This means
;= 9(¢)|T1 =0, Vi € N. Formula (8) implies (p|T1 =0, <,0|T2 = 0, and for each

w € Tpy1 we obtain p(w) = 321y @a; (W) +ni1 (w) = S0 0, (w). Since a; = 0,

Vi € N, we have ¢,, = 0; therefore, the latter equality implies <p| Toir = 0. Now

from properties 1) and 2) of functions from the space K it follows that ¢ = 0 on
F. Therefore, ker @ = 0 and 6 is an isomorphism. Hence, as was shown above for a
function o from L(T") such that a}T‘ =a;, Vi € N, we have

(10) 07 (@) = ¢a,
i=2

Now let us show that under the isomorphism 6 we assign to the elements of
ZPX(F,A) functions « in L(T) such that |fTadwfyy| < ¢ for some ¢ > 0 and

each z and y in F. Indeed, let p € ZPX(F), a = 0(p), and o; = o¢|TV, 1 € N; then
formula (10) implies ¢ = >, ¢a,. Now let us show that there exists an € such

that 'fTadw;;{y' <e forallzand yin F.



PSEUDOCHARACTERS ON FREE SEMIGROUPS 341

Let us choose ¢ such that |p(zy) — ¢(z) — ¢(y)| < € for each z and y in F. Then
we have

‘/Tadw;{y = ;/Tiadwgﬁy = ;/Tiozidwf,y

= Z Z a;(w) w;“y(w)‘
1=2 weT;

=[50 ¥ cslwlFuten) - ute) - Eaw] by Lomma 7
1=2 weT;

=S (X astwbaton - X aitwlbute) = 3 astwibul))
1=2 weT; weT; weT;

= | S ) = o) = o) (b Theorem 2)
1=2

lp(zy) — (@) —p(y)| <e.

Now let a € L(T) and | [, adw;‘{y < ¢ for some € > 0 and for each x and y from

F. If a; = al, and ¢ = 07 (), then ¢ = Y72, ¢q,. Therefore, we have

o) — 0(@) — )] = | S o (@) — P (2) — 0o <y>]]
1=2

S PIRAHEIED SPAACED wete o]
1=2 ~weT; weT; weT;

=5 X awtonten) - 5ue) - 5]
1=2 weT;

—OO a;(ww?, (w)| = awwAw\.

= |2 T izt >\ ]/T (w) dz2 >]<a

The theorem is proved. |

Denote by R™" the space of real-valued functions on the set T7.

Lemma 9. The expression ZteTl v(t)6; is the general form of an element from
the space X (F, A).

Proof. Follows from Lemmas 5 and 6. O

It is evident that the mapping v — ZteTl W(t)gt is an isomorphism between the
linear spaces R™* and X (F, A).

Corollary 1. Each element f of the space PX(F,A) is uniquely representable in
the form

f:x+2a(w)5w, X € X(F,A), aelL(T).
weT

Proof. Let x be an element of X (F) such that x(z) = f(z) Va € X. It is easy to
see that x € X(F,A). Then we have f — x € ZPX(F, A). Now from Theorem 3
we obtain the required representation. O



342 V. A. FAIZIEV

Corollary 2. Let F be a nonabelian free semigroup and let S = B - F be the
semidirect product of the semigroups B and F , where B acts on F by automor-
phisms. Then there is a nontrivial pseudocharacter on the semigroup S. (We say
that a pseudocharacter ¢ is nontrivial if it is not an additive real character.)

Proof. Let w = x129, where x1, x5 € X. It is easy to see that ,, is not a character
and belongs to the space PX (F, AutF). Taking into account Theorem 1 and the
relation PX (F, AutF) C PX(F, B) , we obtain 6,, € PX(S5). O
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