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ABSTRACT. We introduce two operations A,V in the set G of subgenerators of
a given C - regularized semigroup and prove that G is a complete partially or-
dered lattice with respect to A,V and the operator inclusion C. Also presented
are some other properties and examples for G.

1. INTRODUCTION

In dealing with the many physical problems that may be modeled as an abstract
Cauchy problem

(ACP) %u(t, x) = Au(t,z) (t > 0),u(0,2) = =,

where A is a closed linear operator on a Banach space X, and u(-, z) € C([0, c0), X),
well-posedness correponds to A generating a strongly continuous semigroup. When
(ACP) is not well-posed, a useful concept for dealing with it is a C'—regularized
semigroup (Definition 1.1). When A generates a C'—regularized semigroup, then
(ACP) has a unique mild solution, for all z in the image of C, a unique strong
solution, for all z € C(D(A)), and u(t,z,) — u(t,x), uniformly for ¢ in every
compact subset of [0, >), whenever C 1z, — C~1z.

However, in order that (ACP) have all these solutions, it is not necessary that A
generates a C'—regularized semigroup; it is only necessary that A be a subgenerator
(Definition 1.2) of a C'—regularized semigroup. This was first observed only very
recently, in [7, Counter example 0.2]. In fact, (ACP) has a unique mild solution for
all x € Im(C) if and only if A is a subgenerator of a C—regularized semigroup [7,
Theorem 3.3].

Thus from the point of view of applications, there is no difference between a
generator and a subgenerator. In practice, verifying that A is a subgenerator of a
C'—regularized semigroup is much easier than showing that A itself is the generator.
Hence, the subgenerators become the objects of interest. Unfortunately, up to now
the properties of the set of subgenerators of a C'—regularized semigroup are not
clear. This paper attempts to study these and presents several results and examples.

Throughout X is a Banach space and L(X) is the algebra of all bounded linear
operators on X. Let C' € L(X).
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Definition 1.1 ([3], [4], [6], [7], [8]). The strongly continuous family of operators
{W(t)}i=0 € L(X)
is a C'—regularized semigroup if it satisfies:
(1) W(0) = C, and
(2) W)W (s) =CW(t+s), forall t,s>0.
{W(¢)}+>0 is nondegenerate if W(t)z = 0, for all ¢ > 0, implies x = 0.

In [7, Proposition 2.2] it is shown that {W(t)};>o is nondegenerate if and only
if C' is injective. In this paper, we assume that {W(¢)}+>0 is nondegenerate.

Definition 1.2 ([7], [12]). Assume B is closed. We say that B is a subgenerator
of the C'—regularized semigroup {W (t)}:>¢ if

(1) W(t)B C BW(t) for all ¢t > 0, and

(2) fot W(s)zds € D(B) and B fot W(s)xds = W(t)x — Cz Vr e X,t > 0.

We also say that B has a C—regularized semigroup {W(¢)};>0 or {W(¢)}+>0 is
a C'—regularized semigroup for B.

For convenience, we will use the term subgenerator.

Generally, subgenerators of a given C'—regularized semigroup are not unique
(see Examples 2.13, 2.14 ). However, it is shown in [7, Proposition 2.9] that a
C'—regularized semigroup is uniquely determined by one of its subgenerators.

Definition 1.3 ([7]). Assume {W(¢)};>0 is a C—regularized semigroup. Let D(A)
be the set of all x € X such that there exists y € X satisfying

¢
W(t)x — Czx = / W(s)yds Vt>0.
0

Then Az = y. A is called the generator of {W (t)}+>o.

An analogous definition of the generator of an integrated semigroup appears in
[1], [14]. Moreover, it has been proved in [7, Proposition 2.6] that

(1) if A is the generator of {W(t)};>0 then A is a subgenerator of {W (t)};>0;

(2) Az = C'limy_o4 L(W(t)z — Cx), with maximal domain.

2. PROPERTIES OF SUBGENERATORS

In this section, we are devoted to the study of properties of subgenerators. Let
G be the set of all subgenerators of the C'—regularized semigroup {W(¢)}+>o.

Definition 2.1 ([12]). Let A be the operator defined by

D(A) = {i /tk W(s)xrds: xp € X, t,, >0,k =1,...,m};
k=170
A[Z/ ' W(s)xpds] = Z[W(tk)xk — Cuy]
k=170 k=1

Proposition 2.2 ([7], [12]). Assume {W(t)}+>0 is a C—regularized semigroup.
Then

(1) A in Definition 2.1 is well-defined and closable;

(2) A, the closure of A, and A are respectively the smallest and largest elements
in G, that is, every B € G satisfies A C B C fl;

(3) for every B € G,C~'BC = A.
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The following lemma is clear.

Lemma 2.3. For every T € L(X) and every closable S, T'S C ST implies TS C
ST, where S is the closure of S.

Lemma 2.4. For any By, By € G, the following hold:
(1) if x € D(B1) N D(Bsg) then Bix = Bax;
(2) let B be the operator

D(B) = D(B1) N D(By), Bx = Biz Va € D(B).
Then B is closed and B € G.

Proof. (1) is obvious. As for (2), from Proposition 2.2(2), A € B C A. This,
together with the obvious inclusion W (t)B C BW (t) for allt > 0, gives B G. O

Lemma 2.5. For any By, By € G, let BY be the operator
D(B®) = span[D(B;) U D(B>)];

BO(CL1$1 + CLQZZ?Q) =a1B1x1 + asBoxy Vx; € D(Bl), a; € C,i = 1,2.
Then B° is closable and its closure B € g.

Proof. BY is clearly the restriction of A to span[D(B; ) U D(By)], it is well-defined
and closable. The inclusions A € BY C A imply ACB Q A. From Lemma 2.3,
W (t)B C BW(t) for all t > 0. Hence B € G. O

Deiiinition 2.6. For any B, Bs € G, define B = By A BQ,B = By V By, where
B, B are operators defined in Lemmas 2.4 and 2.5, respectively.

Proposition 2.7. With respect to the operations A,V and the operator inclusion
C, G is a complete partially ordered lattice.

Proof. Tt suffices to claim that G is complete with respect to A,V, since the fact
that G is partially ordered with respect to the operator inclusion C is clear.
For a family {B,}aca C G, define B to be the operator

=) DB

acA
Bx = Box VYx € D(B) and o € A.

Define B to be the closure of the following operator:

D(B°) =span | J D(Ba);
acA

Bayxq, + ... + AkTay) = 01 Bay Tay + ... + axBa, Tay s

where 2o, € D(Ba;),a; € C for j =1,2,...,k. Then B, B € G are the lower bound
and upper bound of { B, }ae 4, respectively. G is thus a partially ordered lattice. O

Proposition 2.8. Assume Im(C) is dense in X. Then the following hold.
(1) A equals the closure of A restricted to C(D(A)). )
(2) G is a singleton if and only if C(D(A)) is a core for A.
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Proof. (1) follows from [7, Proposition 2.6(3) and Theorem 3.3(h)].
(2). From (1), G is a singleton if and only if A is the closure of itself restricted
to C(D(A)) if and only if C(D(A)) is a core for A. O

Corollary 2.9. Iffljs densely defined and C(D(fl)) is a core for A, then G consists
of only the element A.

Proof. Since C(D(A)) is a core for A, it is dense in D(A). By the density of D(A),
C(D(A)) is dense in X. Now the corollary follows from Proposition 2.8. O

Proposition 2.10. G is totally ordered if and only if G contains at most two ele-
ments.

Proof. “Only if”.  Suppose that G contains at least three elements Aj, Ay, As
satisfying

A C Ay C As.
Let zg € D(A3) \ D(Az). Define
D(AY) = D(Ay) + {axo}, a€ C;

AL (y + axg) = A1y + adsxg Yy € D(A1),a € C.

Then A5 is well-defined. We now claim that Aj is closed. Assume y,, +anzo —
and A% (yn + anTo) — 2, as n — oo. Then {a,} is bounded. Otherwise we may
assume a, — oo. Then (y, + anxo)/a, — 0, hence y,,/a, — —xg. Since

A1 (yn/an) = A5(yn + anxo)/an — Azzg — —Asxg

and A; is closed, we have zo € D(A;), contradicting the fact that zo ¢ D(A1).
Thus we may assume a,, — ag, as n — 0. From

Yn —> T — agxg, and

A1yn = AS(yn + anxo) — anAzrg — 2 — agAzxg,
we have x — agzg € D(A;) and
Az (x — apzp) = 2z — apAsxo.
This implies
x = (x — apwo) + aoro € D(A}), and

Az = Ay (z — agzo) + apAszo = 2.

Al is closed.
Next, we prove that

(2.1) W(t)Ay C ALW(t) Vi > 0.
For x € D(A3), differentiate both sides of

t t
Al/ W(s)xds = / W (s)Aszxds
0 0
to obtain
(2.2) AW (t)x =W (t)Asx
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by the closedness of A;. For the previous y and zo, (2.2) implies
W (t)A5(y + azo) = W(t)As(y + axo) = AW () (y + axo) = A5W (t)(y + azo),

proving (2.1). Hence A), € G. Clearly, A, A’ are not comparable with respect to
the operator inclusion, contradicting the hypotheses on G.
“If” is clear. O

Proposition 2.11. If G is finite then there exists n € N U{0} such that the car-
dinality of G is 2".

Proof. Since G is finite, the codimension of D(A) in D(A) is finite. Assume A g[l.
Then there exist n € N and linearly independent elements z1, s, ...,z in D(A)\
D(A) such that

(2.3) D(A) = D(A) @ span{z1, 22, ..., T, },

where “@” is the algebraic direct sum. For any subset {x,,, ..., Zn, }(1 <k <n) of
{z1, ...,z }, define

{D(B) = D(A) @ span{xy,,, ..., Tn, }, and

(2.4) - N
B(y+z) = Ay+ Az,

where y € D(A), 2 = ayxp, + ... + axy, for some a; € C(1 < j < k). As with the
argument for the closedness of A} in Proposition 2.10, it is easy to show that B is
closed by induction. Moreover,

W (t)B C BW(t);

t
B/ W(s)xds = W(t)x — Cz, Ve X.
0

B is a subgenerator of {W (t)}:>0-
Now assume B € G and A C B. From (2.3) there exists {Zn,,...,2Tn,} C
{1, ...,2n} (1 <k <n) such that every z € D(B) has the decomposition

where y € D(A),z = a1y, + ... + apy,, for some a; € C(1 < j

1 < k) and k is the
minimal positive integer such that (2.5) holds for all z € D(B). The

Bz = By + Bz = Ay + Ax.

Hence every subset of {z1, ..., £, } corresponds to a unique element B in G defined
as in (2.4) and vice versa. In particular, the empty set corresponds to A and
{x1,...,x,} itself corresponds to A. Since the cardinality of the collection of all
subsets of {x1,...,x,} is 2", that of G is also.

The following examples show that the set G of subgenerators of a given C—
regularized semigroup may contain 2" elements for every n € N U {0} or even
infinitely many elements.

Example 2.12 ([8]). Let u be the Lebesgue measure on C. Define the operator
Aon L?(C,p) :

(Af)(z) = 2f(2); D(A) ={fIf(2),2f(2) € L*(C,)}.
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It is known that A generates the exp(—|A|?)—regularized semigroup

(W () f)(z) = e et f(2).

We now prove that the set G of {W(#)};>0 consists of only the element A.

Since the set of those f’s in L2(C, 1) with compact support is a core for A, for
every f € D(A), there exists a sequence {f,} in L?(C,p) with compact support
such that

<m>me—mﬁw—%LmewﬂMW—w,wmew.

Write g,,(z) = fn(z)q‘z‘2. Then g, € D(A). Introduce f,(z) = gn(z)e"z'2 into (2.6)
to conclude that e~14*(D(A)) is a core for A. Since A is densely defined, Corollary
2.9 gives the conclusion.
Example 2.13. Let X = [2. For x = (£1,&2,...) € X, define

W(t)x = €'(0,&1,&,...) fort > 0.
Then {W(¢)} is a C—regularized semigroup with

C L= (51752, ) E— (O,fl,fg, )

It is easy to see that {I, I} = G, where I is the identity on X and Iy is the
identity on X = Im(C).
More generally, let n € N and define

W(t)a: = et(O, ...,0,51,52, ) Vo = (gl,fg, ) c X.
——
n folds
Then {W(t)}+>0 is a C—regularized semigroup with
C:zx= (51752, ) — (0, ceey 0,51,52, ),
——
n folds
and G contains 2™ elements.
Example 2.13 shows that there exists a C'—regularized semigroup so that even if

fl(: I) is bounded, th(i set G of subgenerators may contain more than one element.
This is because C(D(A))(= Io(D(A)) is not a core for A. O

Example 2.14 ([7]). Let G = &£, on X = L*°(R), with maximal domain. Let A
be the restriction of G' to D(G?), the domain of G?; that is,
D(A) = D(G*), Ax = Gz Vx € D(A).
Let A be the closure of A. Let C' = (1—G)~2, and define a C—regularized semigroup
{W(t)}iz0 by
W) f1(s) = (CH)(t+s) (t=0,5€R).

Then G is the generator of {W (t)};>0. The domain of A equals the graph closure of
the domain of G2, which may be shown to equal (1 — G)~}(BUC(R)), which does
not equal D(GQ) = (1 — G)"Y(L*°(R)), where BUC(R) is the space of all bounded
uniformly continuous functions on R.
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Before proceeding further, we define one more regularized semigroup {W1(¢) }1>0
by (see [7, Example 2.11])
(W) f1(s) = [(T = G) f)(t+5) (t>0,5€R).
Then G is also the generator of {W7(¢)}+>0 and for any f € X,

t+s t
[ =o e = 1 [ mimnea
(2.7 — W ))s) = [~ @) )(s), ms £ — 04

in X.
We now prove that A is the smallest element in G. Let A’ € G. From the bound-
edness of G(I — G)™1, A/(I - G)"2 = G(I — G)~% and (2.7),
, 1 t+s L 1 t+s L
aqely [ swaly =6 -ay g [ -6 e
— [G(I = G)72f](s), as t — O+,
in X. (2.7) also implies that

t+s
0[%/ F)dr] — (CF)(s), as t— 0+,

in X. Then Cf € D(A’) for any f € X. This means that Im(C') C D(A'), or
equivalently, D(A) C D(A’). Hence A C A’. A is thus the smallest element in G.
Let o € D(G) \ D(A) and define

Ai(y + axo) = Ay + aGxo Vy € D(A),a € C.

From the proof of Proposition 2.10, A; is in G. Since there are infinitely many
linearly independent choices of xy, G contains infinitely many elements.

3. REMARKS

In this last section, we present several remarks about the C'—resolvent sets and
eigenvalues of subgenerators of a given C'—regularized semigroup.

Definition 3.1 ([6], [7]). Let A be closed. The complex number A is in p.(A), the
C'—resolvent set of A, if A — A is injective and Im(C') C Im(A — A).

Lemma 3.2. Let A€ C,x € D(f~1)~7 where A is the generator of the C'—regularized
semigroup {W(t)}1>0. Then (A — A)x = 0 if and only if (A — B)Cx = 0 for every
Beg.

Proof. Since A = C~'BC, Az = Az if and only if C"'BCz = Az if and only if
BCxz = \Cz. O

Proposition 3.3. The following are true.

(1) All elements in G have the same eigenvalues.

(2) Corresponding to the same eigenvalue A, x is an eigenvector of A if and only
if Cx is an eigenvector of B for every B € G.

(3) For any By, By € G, if B1 C By then p.(B1) C pc(Ba).
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Proof. (1),(2) are consequences of Lemma 3.2.
(3) Assume A € p.(B1). Then (A — By) is injective, so (A — Bg) is also by (1).
Since Im(C) C Im(A — By) C Im(\ — Bs), we have A € p.(B3). |

It is easy to verify that all results presented in this paper remain valid for se-
quentially complete locally convex spaces, which appear in [11], [12], and it is also
easy to generalize all results obtained in this paper to the case of n-times integrated
C'—regularized semigroups (see [12]).

Open questions. The following were proposed by the referee.

(1) When Im(C) is dense in X, are there examples where G consists of more than
one element? Or equivalently, when Im(C) is dense in X, are there examples where
C(D(A)) is not a core for the generator A ? (See Proposition 2.8(2).)

(2) Proposition 2.8(1) proves that when Im(C) is dense in X, then the minimal

element of G equals the closure of A restricted to C'(D(A)). Does this remain true
in general ?
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