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ABSTRACT. We give the explicit solution of the Cauchy problem for the diffu-
sion equation with a singular term:

(8/0t)u = (8/0x)? u— (k/x®)u, t>0, zeR';
u(O,m):f(x), xeRl,
where k > —1/4. We construct the solution on the basis of a generalization
of the Fourier transform. We next show that the solution is expressed by an

analytic semigroup, and examine smoothness of z — u(t, z) and continuity of
x — u(t,z)/z" (8 > 0).

1. THE MAIN RESULT

In this paper we give the explicit solution of the Cauchy problem for the diffusion
equation with a singular term:

ou 0%u k
11 —_— = ———— t 1 N
(1.1) ot 972 2 u, >0, zeR";

(1.2) u(0,z) = f(zr), zeR',
where k& > —1/4. We next show that the solution is expressed by an analytic
semigroup, and examine smoothness of x — u(t, z) and continuity of z +— u(t, x)/x?
(8> 0).

Let f1(x) = {f(z) + f(~2)}/2, f-(&) = {f(z) — f(~2)}/2, and let I, be a
modified Bessel function, for which we refer the reader to the books [E] and [OK].
Our main result is the following.

Theorem 1.1. Let f € L2(R'). Then the explicit solution of the Cauchy problem
(1.1), (1.2) is given by

il evewen [, (58 10

+ sgn(z€)lpy1/2 (@) I- (5)} dg§
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for a.a.x € R, where a,b > —1/2 and
ala—1)=b(b+1)=k.

Remark. When k = 0, (1.1) is reduced to the usual diffusion equation. Indeed,
setting a = b = 0 in the explicit solution above and noting the formulas I_; /5(2) =

V/2/(mz) cosh(z) and I 5(z) = /2/(wz) sinh(z), we obtain for a.a.z € R,

u(t,z) = - ﬁ e~ (@ +€%)/(41) {cosh < 5) f+(&) + sinh <§) f=(&) } d¢

and hence arrive at the well-known formula represented by the Gaussian kernel:

(1.3) ult, z) —ONU0 () de .

\/47r R1

In what follows we therefore confine ourselves to the case where & > —1/4 and
k # 0.

2. CONSTRUCTION OF THE SOLUTION

In this section, using a generalization of the Fourier transform, we construct the
explicit solution of (1.1), (1.2) in the case where k > —1/4 (and k # 0) and give the
proof of Theorem 1.1. The classical formula (1.3) for £k = 0 is derived, for example,
by means of the Fourier transform. Our generalized transform B, (¢ > —1/2)
has been introduced by Ohnuki and S. Watanabe [OW, Theorems 3.2 and 3.4] as a
unitary operator from L?(R!) onto itself. We outline it for the reader’s convenience.
We have

L
B.u(y) = 1 i.m. ve(ry) ulzx) de,
(2.1) s
Biu(z) =1im. . pc(zy) u(y) dy

for u € L?(R!). Here the function ¢, given by
(2.2)

1
{JC 172(|zy|) + isgn(zy) C+1/2(|xy|)} c> =5,

_V Ixy
2

was obtained by Ohnuki and Kamefuchi [OK, pp. 289-296], where J, is a Bessel
function. If ¢ = 0, then @.—o(zy) = €*¥/y/2m. In this case B, coincides with
the Fourier transform, and so it can be regarded as a generalization of the Fourier
transform.

eelzy

For each m =0,1,2,..., let
(2.3)
m 1
H?(Rl):{ueLQ(Rl):/ (1+4?) |Bcu(y)|2dy<oo}, c> =7
R!

The space of Sobolev type H™(R!) is a Hilbert space with inner product

(s 0)= [ (1 9)" Beat) Bl dy
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and norm |u |, = (u, u)m1/2 [W2] (see also [W1]). Furthermore, in [W2, Lemma
2.4] it is shown that the operator (—i D.)™ is self-adjoint on the set H”(R'), where

d c 1
(2.4) Dc—%—?R, Ru(z) = u(—2x), > =7

See also [WW, Theorem 1] and [OW, Theorem 2.1 and Proposition 4.2] for the
self-adjointness of —i D.. This operator D, appears in a one-dimensional harmonic
oscillator governed by Wigner’s commutation relations [Wi], and the expression
(2.4) was derived by Yang [Y]. As is well known, multiplication by y is self-adjont
on theset D(y) = {u(y) : u, yu € L>(R') }. With the aid of the transform B, the

operators (—i D)™ and y™ are unitarily equivalent to each other [OW, Proposition
4.2]:

(2.5) B. (—=iD.)" B =y™, B.H"RY)=D(y™) .
For unitary equivalence, see e.g. Goldstein [G, pp. 94-95].

Remark. The transform B, depends on the constant ¢, and so does H™(R!). When
¢ = 0, Be.—g coincides with the Fourier transform and H™ ,(R!) turns out to be
the usual Sobolev space H™(R!).

We now turn to the Cauchy problem (1.1), (1.2). Let us decompose u(t,x) into
the sum of the even part u4 (t,2) and the odd part u_(¢,z) :

u(t,z) = uy(t,z) + u_(t, ) ,
where
ug(t,z) = % {u(t,z) £ Ru(t,z) } = % {u(t,z) £u(t,—2x)} .
Then the problem (1.1), (1.2) is decomposed into

0 o2 k
(2.6) Qe _ (W—;)M, i (0,2) = J4 () s

Ju_ 0? k
ot T

(2.7) =\ 32~ —2) u_, u_(0,z)=f_(z).

Using the equality D? = (8/8z)° — = 2¢(c — R), we can rewrite (2.6) and (2.7) as

du

(2.8) d_t+ =Diuy, ug(0)=fy;
du_

(2.9) T Diu_, u_(0)=f_,

where a,b > —1/2, a(a—1) =b(b+1) = k and f € L?(R"). In order to solve (2.8)
and (2.9), we have only to deal with

(2.10) — =D%u, u(0)=fecl*RY, c>——

2 3
and then to discuss the even and odd parts of the solution wu.
By (2.5), the transform B, turns (2.10) into

au )
_— :BC s
7 y-U, U(0) f
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where U = B.u. An elementary calculation gives U(t,y) = ety B.f(y). U(t,-)
evidently belongs to D(y™ ) for every positive integer m. Hence (2.5) implies that
u(t, ) belongs to H™(R!) (see also (2.3)). Thus, recalling (2.1), we have

L
u(t,z) = Lim. ve(xy) ety B.f(y)dy.
-L

L—oo

Since e~'¥’ B.f € D(y), it follows from [OW, Lemma 3.3] that
(2.11)

u(t,z) = v(t,r) (a.a.xz € RY), where v(t,x) = /

- SDC(xy)e_ty BCf(y) dy .

Lemma 2.1. Let v be given by (2.11). Then
; = c c _ty2d dg .
itea) = [ @ { [ eoten @y e an b ae

Proof. Set Fr(y) = f_LL e (€y) f(€)dE. Then, letting L — oo gives

it = [ outene " Fi) dy|

: ¢ [ Neelon) P et dy | Bef = Pu | = 0.

where || - || denotes the norm of L?(R!). Fubini’s theorem therefore implies
L
. a2
it = Jim [ { [ outon) @ ey f ac.
—eo ) R!
which proves the lemma. O

It remains to compute the integral

I(z,§) = /Rl pe(zy) polEy) et dy .

Lemma 2.2.

.6 = Yyt et f () s (55 1

4t 2t 2t
Proof. Recalling (2.2), we obtain

M) = [Tty ga el Jemsja el) d
e

Jif o0 4.2
Ly s (ol e ()

An appeal to the formula [E, (23), p. 51] (for Re v > —1 and |arg a| < 7/4 )

+ sgn(zf)

o a2 42 2 2 2 pq
/ eV yJdy, (py) Iy (qy) dy = e~ He)/Ma , (—)
0

2 a2 2a?

completes the proof. O
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From Lemmas 2.1 and 2.2, we thus find that the solution u of (2.10) is given by

2 g x
ult, z) \/| ( +£)/4t){ _1/2<ﬂ>

R! 2t

ssals (5 ) b orte)de

for a.a.z € R!. Recalling (2.8) and (2.9), we see that Theorem 1.1 is true.

Remark. If —1/4 < k < 3/4 and k # 0, then a = —b, b+ 1. Setting a = —b,
a=>b+1in (2.8), we have the following two equations:
d’LLJ,_
dt

du
2 + 2
= D—b U+ 5 —dt = Db-‘,—l U+ .

3. PROPERTIES OF THE SOLUTION

In this section we show that each of uy(¢,-) in Theorem 1.1 is expressed by an
analytic semigroup, and examine smoothness of = +— wu4y(t,x) and continuity of
z v uy(t,z)/z? (8> 0). To begin with we try to construct the solution of (1.1),
(1.2) by the formula uy(t,2) = exp(t D?) f+(x) based on the abstract theory of
semigroup generation:

Lemma 3.1. The operator D? generates an analytic semigroup {exp (th) :t >0}
on L*(RY).

Proof. By (2.5) we have B, D? B} = —y?. The multiplication operator —y? gener-
ates the semigroup { exp (—t yQ) :t>0 }7 which is evidently an analytic semigroup.
Since the transform B, is unitary, the result follows. O

From this lemma we obtain that the solution of (1.1), (1.2) with f € L*(R')
is expressed by us(t,x) = exp (tD?) fi(z), and u+(t,-) belongs to HZ™(R') for
every m = 1,2,... and t > 0. Combining the inclusion exp (¢D?) L*(R') C
H?™(R') and an embedding theorem of Sobolev type on H2™(R!) (which was
recently established by S. Watanabe [W2, Theorem 1.2]), we can study further
properties of uy(¢,-). To this end we introduce the following spaces. For each
m=0,1,2,..., let
dk
dx®

F™RY) = {u(;v) tu, lk (k=1,2,...,m) are continuous and bounded on Rl} .
x

B™(R') = {u € C™(RY): (k=0,1,...,m) are bounded oan} ,

As is well known, B™(R!) is a Banach space with norm

|}

b

as is shown in [W2, Lemma 2.1]. We describe below the statement of an embedding
theorem of Sobolev type for the operator D. . It reveals the smoothness of u €
HT(RY) and continuity of z — u(z)/2z% (8 > 0).

|ulgm = kig{?x)m {Iseurlg1

and F™(R!) is a Banach space with norm

u(z)

xk

ulen = e { s
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Lemma 3.2 ([W2, Theorem 1.2]). Suppose ¢ > 1. Then, for each u € H™(R'),
there is an element v € B(R') N FP(RY) such that u(z) = v(z) (a.a.z € RY),
i.e.,

H™MRY) ¢ B*RYNFRY),

where
m—1 (c=2n),
a=< min(m—-1,c—1) (c=2n+1),
min(m — 1,[¢]) (otherwise),
min(m — 1,¢) (c=2n),
B=<¢ min(m—1,c—1) (¢=2n+1),
min(m — 1,[¢]) (otherwise)
with n = 1,2,3,.... Moreover, |v|ga < c1|ul,, and |v|zs < co|ul,,, where c;
and co are positive constants that depend on m and c only.
Let m = 1,2,3,.... Then the solution w4 (¢,-) in Theorem 1.1 (see also (2.8))

is in H2™(R'), while the solution u_(t,-) (see also (2.9)) is in Hi™(R'). We thus
obtain the following result.

Theorem 3.3. (i) Suppose a > 1. Then the even part ui(t,-) of the solution u of
the problem (1.1), (1.2) belongs to B*(R') N FA(RY), where

any positive integer (a = 2n), a (a = 2n),
a=< a—1 (a=2n+1), pf=4¢ a—-1 (a=2n+1),
[a] (otherwise), [a] (otherwise)
withn=1,2,3,....

(ii) Suppose b > 1. Then the odd part u_(t,-) belongs to B“(R') N FP(RY),
where

any positive integer (b= 2n), b (b =2n),
a=4q b—1 b=2n+1), pf=¢ b—-1 (b=2n+1),
[b] (otherwise), [b]  (otherwise)
withn =1,2,3,....

Remark. 1t is interesting that u. (t,-) belongs to C* (R') if k = 2n(2n — 1), and
so does u_(t,-) it k=2n(2n+1) forn =1,2,3,....
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