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A NOTE ON A JACOBIAN IDENTITY

JOHN A. EWELL

(Communicated by Hal L. Smith)

Abstract. An identity involving eight-fold infinite products, first derived by
Jacobi in his theory of theta functions, is the subject of this note. Three similar
identities, including one that implies Jacobi’s identity, are presented.

1. Introduction

In this note our point of departure is the identity of the following theorem.

Theorem 1.1 (Jacobi). For each complex number x such that |x| < 1,{ ∞∏
1

(1− x2n−1)

}8

+ 16x

{∞∏
1

(1 + x2n)

}8

=

{ ∞∏
1

(1 + x2n−1)

}8

.(1.1)

According to Whittaker and Watson [3, p. 470], Jacobi was deeply impressed by
his discovery of this result. We here propose to show that in the proper setting
identity (1.1) is just one of four similar identities, all of which are equally striking.
As a matter of fact, we show that one of the three remaining identities implies
Jacobi’s identity.

2. Proofs

The proper setting alluded to in the foregoing paragraph is occupied by the
following sextuple-product identity:

∞∏
1

(1− x2n)2(1 + abx2n−1)(1 + a−1b−1x2n−1)(1 + ab−1x2n−1)(1 + a−1bx2n−1)

=

∞∑
−∞

x2m2

a2m
∞∑
−∞

x2n2

b2n + x

∞∑
−∞

x2m(m+1)a2m+1
∞∑
−∞

x2n(n+1)b2n+1,

(2.1)

which is valid for each triple of complex numbers a, b, x such that a 6= 0, b 6= 0 and
|x| < 1. In [1] the author shows that identity (2.1) is an easy and straightforward
consequence of the celebrated Gauss-Jacobi triple-product identity:

∞∏
1

(1− x2n)(1 + tx2n−1)(1 + t−1x2n−1) =
∞∑
−∞

xn
2

tn,(2.2)
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which is valid for each pair of complex numbers t, x such that t 6= 0 and |x| < 1.
There are now many elementary proofs of identity (2.2). E.g., see [2, pp. 282–283].

Theorem 2.1. For each complex number x such that |x| < 1,

∞∏
1

(1− x4n−2)2(1 + x2n−1)4 =

∞∏
1

(1 + x4n−2)4 + 4x

∞∏
1

(1 + x4n)4.(2.3)

Proof. By appeal to (2.2) we express each series on the right side of (2.1) as an
infinite product

∞∏
1

(1− x2n)2(1 + abx2n−1)(1 + a−1b−1x2n−1)(1 + ab−1x2n−1)(1 + a−1bx2n−1)

=

∞∏
1

(1− x4n)2(1 + a2x4n−2)(1 + a−2x4n−2)(1 + b2x4n−2)(1 + b−2x4n−2)

+ (a + a−1)(b + b−1)x

×
∞∏
1

(1− x4n)2(1 + a2x4n)(1 + a−2x4n)(1 + b2x4n)(1 + b−2x4n).

(2.4)

In (2.4) we let a = b, and cancel
∏

(1− x4n)2 to get

∞∏
1

(1− x4n−2)2(1 + x2n−1)2(1 + a2x2n−1)(1 + a−2x2n−1)

=

∞∏
1

(1 + a2x4n−2)2(1 + a−2x4n−2)2

+ (a + a−1)2x

∞∏
1

(1 + a2x4n)2(1 + a−2x4n)2.

Now, in the foregoing identity we let a = 1 to prove our theorem.
In identity (2.3) let x→ −x to get

∞∏
1

(1− x4n−2)2(1− x2n−1)4 =

∞∏
1

(1 + x4n−2)4 − 4x

∞∏
1

(1 + x4n)4.

Multiply the foregoing identity and (2.3) to get

∞∏
1

(1− x4n−2)8 =
∞∏
1

(1 + x4n−2)8 − 16x2
∞∏
1

(1 + x4n)8.

Now, in this identity let x→ x1/2 to obtain Jacobi’s identity (1.1).

Theorem 2.2. For each complex number x such that |x| < 1,

∞∏
1

(1 + x2n−1)(1 + x6n−3)(1− x2n−1)4

=
∞∏
1

{
1− x12n−6

1− x4n−2

}2

− 3x
∞∏
1

{
1− x12n

1− x4n

}2
(2.5)
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and
∞∏
1

(1 − x2n−1)5(1− x6n−3)

=

∞∏
1

{
1− x6n−3

1− x2n−1

}4

− 9x

∞∏
1

{
1− x6n

1− x2n

}4

.

(2.6)

Proof. To prove (2.5) we return to identity (2.4) where we first let a → ia2 and
b→ ia to get

∞∏
1

(1− x2n)2(1− a3x2n−1)(1 − a−3x2n−1)(1 + ax2n−1)(1 + a−1x2n−1)

=

∞∏
1

(1 − x4n)2(1− a4x4n−2)(1 − a−4x4n−2)(1 − a2x4n−2)(1− a−2x4n−2)

− (a− a−1)2(a + a−1)x

×
∞∏
1

(1− x4n)2(1− a4x4n)(1− a−4x4n)(1 − a2x4n)(1− a−2x4n).

Next, recall that for ρ := (−1 + i
√

3)/2, we have:

ρ3 = 1 and ρ2 + ρ + 1 = 0.

In the foregoing identity we then let a→ ρ to get
∞∏
1

(1− x2n)2(1 − x2n−1)2
1 + x6n−3

1 + x2n−1

=

∞∏
1

(1− x4n)2
{

1− x12n−6

1− x4n−2

}2

− 3x

∞∏
1

(1− x4n)2
{

1− x12n

1− x4n

}2

.

Cancelling
∏

(1− x4n)2 and simplifying, we obtain identity (2.5).
In identity (2.5) let x→ −x, and multiply the resulting identity and (2.5) to get

∞∏
1

(1 − x4n−2)5(1− x12n−6)

=

∞∏
1

{
1− x12n−6

1− x4n−2

}4

− 9x2
∞∏
1

{
1− x12n

1− x4n

}4

.

Finally, in the foregoing identity let x→ x1/2 to obtain identity (2.6).
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