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LIFTING UP AN INFINITE CHAIN OF PRIME IDEALS

TO A VALUATION RING
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(Communicated by Wolmer V. Vasconcelos)

Abstract. We prove that for an arbitrary chain {Pα} of prime ideals in an
integral domain, there exists a valuation domain which has a chain of prime
ideals {Qα} lying over {Pα}.

It is well-known that for a domain D and a chain of prime ideals P0 ( P1 (
· · · ( Pl, there exists a valuation domain V containing D and a chain of prime
ideals Q0 ( Q1 ( · · · ( Ql lying over P0 ( P1 ( · · · ( Pl [3, Corollary 19.7]. This
result is crucial in proving various results. The problem about a chain of prime
ideals with an arbitrary length was posed by D. D. Anderson [1, #7, p. 364]. In
this paper, we answer this question affirmatively and prove that the above theorem
[3, Corollary 19.7] is true for a chain of prime ideals of an arbitrary ordinal type.
Throughout this paper, let D be an integral domain with quotient field K.

Theorem. Let D be an integral domain and let {Pα} be a chain of prime ideals
in D. Then there exists a valuation overring V of D on K with a chain of prime
ideals {Qα} such that Qα ∩D = Pα.

Corollary. Let {Pα} be a chain of prime ideals in an integral domain D. Then
there exists, in the integral closure of D, a chain of prime ideals {Qα} lying over
{Pα}.

In order to prove the theorem, we need some lemmas.

Lemma 1. Let {Pα}α∈Λ be a chain of prime ideals of D. Let Sα = (D − Pα)−1

Pα and S =
⋃
α Sα. Then

(1) S is closed under multiplication and S is closed with respect to the multipli-
cation by elements of D;

(2) Sα is closed under addition.

Proof. (1) Suppose that a, b ∈ S and c ∈ D. Let a = g
f , b = k

h , where a ∈ Sα, b ∈
Sβ. We may assume that Pα ( Pβ by symmetry. Then fh 6∈ Pα since f 6∈ Pα and
h 6∈ Pβ . Since g ∈ Pα, gk ∈ Pα. Hence ab ∈ Sα ⊆ S. Since cg ∈ Pα, ca ∈ Sα ⊆ S.
Hence S is closed under multiplication and with respect to the multiplication by
elements of D.

(2) This follows because Sα is the maximal ideal of the ring (D − Pα)−1D.
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Lemma 2. The ideal 〈S〉 generated by S is a proper ideal in D[S].

Proof. Let P =
⋃
α Pα and suppose 〈S〉 is not a proper ideal in D[S]. Then 1 ∈ 〈S〉

in D[S]. By Lemma 1,

1 = s1 + · · ·+ sn, where sk ∈ Sk for k = 1, 2, . . . , n.

Let sk = gk
fk

, where gk ∈ Pk and fk ∈ D\Pk— that is, sk ∈ Sk for each k. We

may assume that Pn ( Pn−1 ( · · · ( P2 ( P1. For the chain of prime ideals
Pn ( Pn−1 ( · · · ( P2 ( P1 ( P , choose a valuation overring V and a chain of
prime ideals Qn ( Qn−1 ( · · · ( Q2 ( Q1 ( Q lying over the given chain [3,
Corollary 19.7]. For each 1 ≤ i ≤ n, gi ∈ Qi and fi 6∈ Qi since Qi ∩ D = Pi and

fi 6∈ Pi. Note that fi
gi

6∈ V for otherwise fi ∈ giV ⊆ Qi. So gi
fi

∈ V . Therefore

gi ∈ fiV , so si = gi/fi ∈ V . Since sifi = gi ∈ Qi and fi 6∈ Qi, it follows that
si ∈ Qi. This implies that 1 = g1

f1
+ · · · + gn

fn
∈ Q contrary to the fact that Q is a

proper ideal. Hence 〈S〉 is a proper ideal in D[S].

Proof of the main theorem. Since DP ∩ D = D and PDP ∩ D = P [2, Theorem
34], we may assume that P is a maximal ideal of D. Let Q be a prime ideal
containing 〈S〉 in D[S]. Then there exists a valuation overring V of D[S] such that
M ∩D[S] = Q, where M is the maximal ideal of V [3, Theorem 19.6]. Since P is
a maximal ideal in D, M ∩D = P . We have only to show that

√
PαV ∩D = Pα.

Suppose that it fails. We choose an element f ∈ √
PαV ∩D\Pα. Then f ∈ D\Pα

and fn ∈ PαV , n ∈ N. So fn

g ∈ V , g ∈ Pα. This implies g
fn ∈ S is a unit in V .

This contradicts the fact that 〈S〉 ⊆ M . Hence
√
PαV ∩ D = Pα. Furthermore,√

PαV is a prime ideal in V [3, Theorem 17.1].
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