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CROSSED PRODUCTS OF HILBERT C∗-BIMODULES

BY COUNTABLE DISCRETE GROUPS

TSUYOSHI KAJIWARA AND YASUO WATATANI

(Communicated by Palle E. T. Jorgensen)

Abstract. We introduce a notion of crossed products of Hilbert C∗-bimodules
by countable discrete groups and mainly study the case of finite groups follow-
ing Jones index theory. We give a sufficient condition such that the crossed
product bimodule is irreducible. We have a bimodule version of Takesaki-Takai
duality. We show the categorical structures when the action is properly outer,
and give some example of this construction concerning the orbifold construc-
tions.

Introduction

The notion of strong Morita equivalence on C∗-algebra was introduced by
M. Rieffel [Ri1], [Ri2], [Ri3]. It is described by the existence of an imprimitiv-
ity bimodule which gives an isomorphism of K-groups.

On the other hand V. Jones [Jo] initiated subfactor theory and the classification
of subfactors of a hyperfinite II1-factor with index less than four was obtained in
Ocneanu [Oc] and Popa [Po2]. Its development shows importance of bimodules for
von Neumann algebras (i.e. correspondences introduced by A. Connes).

In our previous paper [KW] we were led to the notion of Hilbert C∗-bimodules
by both strong Morita equivalences and subfactor theory. In the theory of Hilbert
C∗-bimodule, the associativity condition of two sided inner products in imprimi-
tivity bimodules is replaced by Pimsner-Popa type inequality [PP]. The index of
Hilbert C∗-bimodules measures the failure from imprimitivity bimodules. Moreover
a Hilbert C∗-bimodule AXB of finite type represents an element of Kasparov groups
[Kas] KK(A,B) and gives homomorphisms between K-groups K∗(A) and K∗(B).
See also [Wa] for the basic fact on index theory for simple C∗-subalgebras.

In this paper, we shall consider actions on Hilbert C∗-bimodules from two kinds
of motivations. One is the equivariant Morita equivalence studied by F. Combs
[Co], Curto-Muhly-Williams [CMW] and the first named author [Kaj]. It implies
strong Morita equivalence of crossed products. See also equivariant K-theory by
G. G. Kasparov [Kas] and the equivariant Brauer groups studied by Crocker-
Kumjian-Raeburn-Williams [KRW], [CKRW].

The other motivation is the automorphisms for subfactors. Y. Kawahigashi
[Kaw] introduced the orbifold construction in subfactor theory to show that there
exist automorphisms of period two on subfactors with principal graph A4n−3 such
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that the simultaneous fixed point subalgebras give subfactors with principal graph
D2n. See also M. Choda [Ch] and Y. Katayama [Kat] for the duality of graphs.
These automorphisms are non-strongly outer action of Choda-Kosaki [CK] or non-
properly outer action of S. Popa [Po1]. Non-strongly outer automorphism α ∈
AutM is characterized by that the corresponding bimodules Mα appear in the
principal graph. But these automorphisms are not necessary to preserve the sub-
factor globally. The class of such automorphisms are studied in M. Izumi [I1],
[I2], Kosaki [Ko1], [Ko2], S. Goto [Go] and S. Yamagami [Y]. The restriction of
these automorphisms to invariant submodules provide many examples of actions
on Hilbert C∗-bimodules in this paper.

We consider crossed products of Hilbert C∗-bimodules and give a sufficient con-
dition which guarantees the irreducibility of the crossed product. We also have
Takesaki-Takai duality for Hilbert C∗-bimodules. S. Yamagami [Y] establishes an
abstract duality in tensor category. we take a rather concrete approach.

The authors express their hearty thanks to S. Yamagami for several discussions
and sending us new preprints about these matters.

1. Definitions

We review the definition of Hilbert C∗-bimodules of finite type following [KW].
We refer the definition of Hilbert C∗-module to [Bl]. Let A and B be unital C∗-
algebras. Let X be a C-vector space.

Definition 1.1 ([KW]). X is called a Hilbert C∗-bimodule (or Hilbert A-B bi-
module) if the following conditions hold.

(1) X is a left Hilbert A-module.
(2) X is a right Hilbert B-module.
(3) Left A action and right B action commute each other.
(4) Let λ(a)x = ax, ρ(b)x = xb for a ∈ A, b ∈ B and x ∈ X . Then λ(a) is

bounded and has an adjoint with respect to 〈 , 〉B , and ρ(b) is bounded and
has an adjoint with respect to A〈 , 〉.

(5) Two norms on X given by A‖x‖ = ‖A〈x, x〉‖1/2 and ‖x‖B = ‖〈x, x〉B‖1/2

are equivalent (Pimsner-Popa type inequality).

Definition 1.2 ([KW]). A Hilbert A-B bimodule X is called of finite type if the
following two conditions hold.

(1) There exists a finite subset {ui}i in X such that
∑

i ui〈ui, x〉B = x for all
x ∈ X .

(2) There exists a finite subset {vj}j in X such that
∑

j A〈x, vj〉vj = x for all
x ∈ X .

We call the subset {ui}i the right B-basis of X and {vj}j the left A-basis of
X . Moreover we put the right index and left index by r-Ind[X ] =

∑
i A〈ui, ui〉 and

l-Ind[X ] =
∑

j〈vj , vj〉B .
The following lemma is convenient for verifying the axioms of Hilbert C∗-

bimodules, because analytic properties follow from purely algebraic properties un-
der the existence of bases.

Lemma 1.3 ([KW]). Let a complex vector space X satisfy the following (1)–(10).

(1) X is a left A-module.
(2) X has a left self adjoint (not necessarily positive) A-inner product A〈·, ·〉.



CROSSED PRODUCTS OF C∗-BIMODULES 843

(3) A〈ax, y〉 = aA〈x, y〉.
(4) X is a right B-module.
(5) X has a right self adjoint (not necessarily positive) B-inner product 〈·, ·〉B .
(6) 〈x, yb〉B = 〈x, y〉Bb.
(7) Left A action and right B action commute each other.
(8) 〈ax, y〉B = 〈x, a∗y〉B and A〈x, yb〉 = A〈xb∗, y〉.
(9) There exists a finite subset {ui}i in X such that

∑
i ui〈ui, x〉B = x for all

x ∈ X.
(10) There exists a finite subset {vj}j in X such that

∑
j A〈x, vj〉vj = x for all

x ∈ X.

Then the other properties in Definition 1.1 are automatically satisfied, and X be-
comes a Hilbert C∗-bimodule of finite type.

For x, y ∈ X , we put a (right) rank one operator by Θx,yz = x〈y, z〉B for each
z ∈ X . We denote by KB(XB) the norm closure of the set of linear combinations
of (right) rank one operators. Similarly we define AK(AX).

We shall introduce the crossed product of Hilbert C∗-bimodule by a countable
discrete group. Throughout the paper we always assume that A and B are unital
C∗-algebras and X = AXB is a Hilbert C∗-bimodule of finite type. Let G be a
countable discrete group, α be an action of G on A, β be an action of G on B and
γ be a homomorphism from G to the isometry group of X with respect to both
norms A‖ · ‖ and ‖ · ‖B.

Definition 1.4. Under the above situation, the system (X,A,B,G, γ, α, β) is called
a G-equivariant system if the following hold for all g ∈ G:

αg(A〈x, y〉) = A〈γg(x), γg(y)〉, γg(ax) = αg(a)γg(x),

βg(〈x, y〉B) = 〈γg(x), γg(y)〉B, γg(xb) = γg(x)βg(b)

for x, y ∈ X , a ∈ A, b ∈ B.

First we consider the case where G is a finite group. Let

Aoα G =

∑
g∈G

agug : ag ∈ A

 and B oβ G =

∑
g∈G

bgvg : bg ∈ B


be crossed products of C∗-algebras, where ug and vg are implementing unitaries.

Let XoγG be the direct sum of n-copies of X as a vector space, whose elements
are written as formal sums so that

X oγ G =

∑
g∈G

xgwg : xg ∈ X


where wg are indeterminates. We define the two sided actions of AoαG and BoβG
on X oγ G by

(aug)(xwg′ ) = (aγg(x))wgg′ and (xwg′ )(bvg) = xβg′(b)wg′g.

We can define two sided inner products on X oγ G extending linearly the following
values for monomials:

AoαG〈x1wg1 , x2wg2 〉 = A〈x1, γg1g−1
2

(x2)〉ug1g−1
2
,

〈x1wg1 , x2wg2〉BoβG = βg−1
1

(〈x1, x2〉B)vg−1
1 g2

.
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Lemma 1.5. The AoαG−BoβG bimodule Xoγ G satisfies the conditions from
(1) to (8) in Lemma 1.3.

Proof. Every condition is checked by direct computations. For example (2),(3) and
(8) are satisfied as follows.
(2):

(AoαG〈x1wg1 , x2wg2 〉)∗ = (A〈x1, γg1g−1
2

(x2)〉ug1g−1
2

)∗

= ug2g−1
1

A〈γg1g−1
2

(x2), x1〉 = A〈x2, γg2g−1
1

(x1)〉ug2g−1
1

= AoαG〈x2wg2 , x1wg1〉,
(3):

AoαG〈a(x1wg1), x2wg2 〉 = A〈ax1, γg1g−1
2

(x2)〉ug1g−1
2

= aAoαG〈x1wg1 , x2wg2 〉
and

AoαG〈ug(x1wg1), x2wg2 〉 = A〈γg(x1)wgg1 , x2wg2 〉
= A〈γg(x1), γg1g−1

2
(x2)〉ugg1g−1

2
= ugAoαG〈x1wg1 , x2wg2 〉.

We show the first part of (8).

〈a(x1wg1 ), x2wg2 〉BoβG = βg−1
1

(〈ax1, x2〉B)vg−1
1 g2

= βg−1
1

(〈x1, a
∗x2〉B)vg−1

1 g2
= 〈x1wg1 , a

∗(x2wg2 )〉BoβG

and

〈ug(x1wg1 ), x2wg2 〉BoβG = 〈γg(x1)wgg1 , x2wg2 〉BoβG

= βg−1
1 g−1(〈γg(x1), x2〉B)vg−1

1 gg2
= βg−1

1
(〈x1, γg−1(x2)〉B)vg−1

1 g−1g2

= 〈x1wg1 , γg−1(x2)wg−1g2〉BoβG = 〈x1wg1 , ug−1(x2wg2)〉BoβG.

The other identities hold similarly.

Let {ui}i be a finite basis of AX and {vj}j be a finite basis of XB.

Lemma 1.6. Under the above situation, {uiwe}i constitutes a basis for AoαGX
oγ G and {vjwe}j constitutes a basis for X oγ GBoβG. Furthermore we have
r-Ind[X oγ G] = r-Ind[X ]ue and l-Ind[X oγ G] = l-Ind[X ]ve.

Proof. We only state the proof for r-Ind. For xwg ∈ X oγ G,∑
i

AoαG〈xwg , uiwe〉uiwe =
∑
i

A〈x, γg(ui)〉uguiwe

=
∑
i

A〈x, γg(ui)〉γg(ui)wg =
∑
i

γg(A〈γg−1(x), ui〉ui)wg

= γg(
∑
i

A〈γg−1(x), ui〉ui)wg = γg(γg−1(x))wg = xwg .

Moreover,

r-Ind[X oγ G] =
∑
i

A〈uiwe, uiwe〉 = r-Ind[X ]ue.
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Proposition 1.7. Let X be a Hilbert C∗-bimodule of finite type, G a finite group
and (X,A,B,G, γ, α, β) a G-equivariant system. Then X oγ G is a Hilbert C∗-
bimodule of finite type. In particular if X is an imprimitivity bimodule, then XoγG
is also an imprimitivity bimodule.

Proof. This follows from Lemma 1.3, Lemma 1.5 and Lemma 1.6. In particular it
is enough to recall that X is an imprimitivity bimodule if and only if r-Ind[X ] = I,
l-Ind[X ] = I by [KW, Corollary 1.28].

Next we consider the case of a countable discrete groupG. We denote byXof,γG
the set of finite linear combinations {∑g∈G xgwg}. By the arguments in the finite

group case, the properties (1)–(8) in Lemma 1.3 hold for the system (Xof,γ , Aof,α

G,Bof,βG). For the completion and the continuities of two sided actions, we need
the following discussions.

Proposition 1.8. Let X be a Hilbert C∗-bimodules of finite type, G a countable
discrete group and (X,A,B,G, γ, α, β) a G-equivariant system. Then there exists
a Banach space completion X oγ G of X of,γ G, which is a Hilbert A oα G −
BoβG bimodule of finite type. Moreover, we have l-Ind[X oγ G] = l-Ind[X ]ue and
r-Ind[X oγ G] = r-Ind[X ]ue .

Proof. Let X = AX . Then X is an A − AK(AX) imprimitivity bimodule. There

exists an action β̃ of G on AK(AX) such that β̃g(Θx,y) = Θγg(x),γg(y). By [KW,
Lemma 1.26], there exists an operator valued weight E from AK(AX) to B such

that E(Θx,y) = 〈x, y〉B. Then we have Eβ̃g(x) = βg(E(x)). We put F (x) =

E(I)−1/2E(x)E(I)−1/2 for x ∈ AK(AX). Then F is a conditional expectation
from AK(AX) to B and satisfies the following:

βg(F (x)) = βg(E(I)−1/2E(x)E(I)−1/2)

= (βg(E(I)))−1/2βg(E(x))(βg(E(I)))−1/2

= E(I)−1/2E(β̃g(x))E(I)−1/2 = F (β̃g(x)).

By Theorem 1 in [CMW], AoαG and AK(AX)oβ̃G are strongly Morita equivalent
by an imprimitivity bimodule XoγG which is a completion of Xoγ,fG in a linking

algebra described as in [CMW]. By [Kh], there exists a conditional expectation F̃

from AK(AX) oβ̃ G to B oβ G such that Ind[F ] = Ind[F̃ ]. Since X is of index

finite type, Ind[F ] is finite and equal to Ind[E] by [KW]. Thus AK(AX) oβ̃ G is

a Hilbert AK(AX) oβ̃ G − B oβ G bimodule of finite type. Consider the tensor

product of AoαG−AK(AX)oβ̃G bimodule Xoγ G and AK(AX)oβ̃G−BoβG

bimodule AK(AX) oβ̃ G of finite type. Then the properties in Definition 1.1 and

Definition 1.2 hold for the completed triple (X oγ G,Aoα G,B oβ G).

Remark. The same statements as in Proposition 1.8 hold for the reduced crossed
products.

Let (X,A,B, γ, α, β,G) be a G-equivariant system. Moreover, we assume that
G is finite and abelian. We define the dual actions γ̂ on X oγ G as follows:

γ̂ξ

∑
g∈G

xgwg

 =
∑
g∈G

〈ξ, g〉xgwg.
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Let α̂, β̂ be the dual actions of α and β. Let K be the matrix algebra on l2(G).
The following is the bimodule version of Takesaki-Takai duality theorem:

Proposition 1.9. Let X be a Hilbert C∗-bimodule of finite type, G a abelian finite
group and (X,A,B, γ, α, β,G) a G-equivariant system. Then

(X oγ G,Aoα G,B oβ G, γ̂, α̂, β̂, Ĝ)

is a Ĝ-equivariant system and we have the following isomorphism as Hilbert C∗-
bimodules:

(AoαG)oα̂Ĝ
((X oγ G) oγ̂ Ĝ)(BoβG)oβ̂Ĝ

' A⊗K(X⊗̂K)B⊗K

where X⊗̂K is the outer tensor product of two Hilbert C∗bimodules AXB and KKK .

Proof. The proof is similar to the case of crossed products of C∗and W∗-algebras.
We consider elements of second crossed products as X-valued (respectively A-

valued and B-valued) functions on G × Ĝ. By the Fourier transform about the

argument Ĝ, the second crossed products are isomorphic to the (A⊗C(G))oα⊗ρG,
(X⊗C(G))oγ⊗ρG and (B⊗C(G))oβ⊗ρG, where ρ is the right translation action
of G on C(G). Furthermore consider the following maps:

W : X ⊗ C(G) → X ⊗ C(G) given by W (x⊗ δg) = γg(x)⊗ δg,

U : A⊗ C(G) → A⊗ C(G) given by U(a⊗ δg) = αg(a)⊗ δg,

V : B ⊗ C(G) → B ⊗ C(G) given by V (b⊗ δg) = βg(b)⊗ δg.

Then we have that W (γ⊗ρ)W−1 = id⊗ρ, U(α⊗ρ)U−1 = id⊗ρ, V (β⊗ρ)V −1 =
id ⊗ ρ. Therefore the second crossed products are isomorphic to the above outer
tensor products. It is easily checked that the resulting isomorphism is the one in
the sense of Hilbert C∗-bimodules.

2. Categorical structure

We consider two conditions on an action γ of G on X for irreducibility of the
crossed product X oγ G.

Definition 2.1. Let (X,A,B,G, γ, α, β) be a G-equivariant system. Then the ac-
tion γ is called free if for g ∈ G, g 6= e, the following holds: If T ∈ C EndC(X)
satisfies T (ax) = aT (x) and T (xb) = T (x)βg(b) for all x ∈ X , a ∈ A and b ∈ A,
then T = 0.

The action γ is called ergodic if for every T ∈ A EndB(AXB), the following holds:
If γgT = Tγg for all g ∈ G, then T ∈ C · I.

Let Xg be a Hilbert A-B bimodule twisting the right B action and right B-inner
product by the automorphism βg of B putting

x · b = xβg(b) and 〈x, y〉B = β−1
g (〈x, y〉B)

Then we remark that γ is free if and only if for g 6= e X and Xg are disjoint as
Hilbert A-B bimodule.

Theorem 2.2. Let X be a Hilbert C∗-bimodule of finite type, G a finite group and
(X,A,B,G, γ, α, β) a G-equivariant system. If γ is free, then

AoαG EndAoβG(X oγ G)
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is isomorphic to the fixed point subalgebras of A EndB(AXB) under the action ad(γg)
of G. Furthermore, if the action γ is ergodic, then XoγG is an irreducible bimodule.

Proof. We assume that γ is free. Let T ∈ AoαG EndBoβG(X oγ G). For all g ∈ G,
we define an operator Tg ∈ C EndC(X) by the following formula:

T (xwe) =
∑
g∈G

Tg(x)wg .

Since G is finite, Tg’s are well defined. We show that for g 6= e, Tg = 0 holds.
By T (a(xwe)) = aT (xwe), we have Tg(ax) = aTg(x). On the other hand, by
T ((xwe)b) = T (xwe)b, we have Tg(xb) = Tg(x)βg(b) . Since γ is free, for g 6= e we
have Tg = 0. This shows that T (xwe) = Te(x)we.

From the right G-intertwining property,

T (xwg) = T (xwevg) = T (xwe)vg = Te(x)wevg = Te(x)wg .

This shows that

T

∑
g∈G

xgwg

 =
∑
g∈G

Te(xg)wg .

At last, from the left G-intertwining property, we have T (ug(xwe)) = ugT (xwe).
This implies that

Te(γg(x))wg = γgTe(x)wg .

This shows the first part. If γ is moreover ergodic, then the fixed point subalgebra
consists of only scalars, so X oγ G is irreducible.

Assume that the centers Z(A) and Z(B) of A and B consist of only scalars. The
Hilbert C∗-bimodule of finite type X = AXB is called minimal if there exist two
positive constants C1 and C2 such that

C1

∑
i

A〈Tui, ui〉 = C2

∑
j

〈vj , T vj〉B

hold for T ∈ A EndB(X) [KW]. Let (X,A,B, γ, α, β,G) be a G-equivariant sys-
tem. X = AXB is called G-minimal if the above condition holds for only T ∈
A EndB(X)G.

Proposition 2.3. Under the above situation, let γ be free and X be G-minimal.
Then X oγ G is also minimal.

Proof. We show that the crossed product system satisfies the condition of mini-
mality. By the freeness of γ, AoαG EndAoβG(X oγ G) is isomorphic to the fixed
point subalgebras of A EndB(AXB) under the action ad(γg) of G. By this the above
condition is satisfied for the base {ui ⊗ I}i and {vj ⊗ I}j .

Let X be the conjugate bimodule of X as in [KW]. We define the conjugate

action γ of γ by γg(x) = γg(x) for x ∈ X .

Proposition 2.4. We have the following:

(1) If (X1, A,B, γ
X1 , αX1 , βX2 , G) and (X2, A,B, γ

X2 , αX2 , βX2 , G) are G-equi-
variant systems, then there exists an action γX1⊕X2 on X = X1 ⊕X2 such
that X oγX1⊕X2 G = (X1 oγ1 G)⊕ (X2 oγ2 G).

(2) X oγ G ' X oγ G.
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(3) If (X,A,B, γX , α, β,G) and (Y,B,C, γY , β, δ, G) are G-equivariant systems,
then there exists an action γX⊗Y on X ⊗B Y such that

(X ⊗B Y ) oγX⊗Y G ' (X oγX G)⊗BoβG (Y oγY G).

Proof. (1) is trivial. (2) We define a map ϕ from X oγ G to X oγ G by ϕ(xwg) =

γg−1(x)wg−1 . This ϕ gives the isomorphism.
(3) We define a map ϕ from (XoγX G)⊗BoβG (Y oγY G) to (X⊗B Y )oγX⊗Y G

by ϕ(xwg⊗ywg′) = (x⊗γYg (y))wgg′ . Then this ϕ intertwines two sided actions and
maps two sided inner products exactly. This ϕ gives the desired isomorphism.

Corollary. Let (X,A,B, γ, α, β) be a G-equivariant system and Y = X oγ G.

Consider an action γX⊗X⊗X··· on X ⊗X⊗X · · · by tensoring. Then Y ⊗Y ⊗Y ⊗
Y · · · is isomorphic to (X ⊗X ⊗X ⊗X · · · ) oγX⊗X⊗X··· G.

Definition 2.5. The action γ of G on X is strongly outer if all γX⊗X⊗X···’s are
free.

The above definition is a bimodule version of a strongly outer action in [CK].

Proposition 2.6. Under the same situation, if the action γ is strongly outer, then
the rule of the tensor power of Y is isomorphic to the G-ergodic fusion rule of the
tensor power of X.

Proof. This follows from Theorem 2.2 and Proposition 2.4.

The G-ergodic fusion rule is described as follows: We multiply minimal G-
invariant bimodules and decompose them into the direct sum of minimalG-invariant
bimodules.

3. Examples

In this section, we present some interesting examples of the crossed product
bimodules.

Example 1. Let M be a von Neumann algebra. Then X = M is obviously a
Hilbert M -M bimodule. Let G be a finite group, and α an action of G on M . Put
α = β = γ. Then (X,M,M,G, γ, α, β) is a G-equivariant system. We note that
M oγG−M oγG bimodule XoγG is irreducible if and only if M oγG is a factor.
And γ is free if and only if α is freely acting in the sense of Kallman. Furthermore,
γ is ergodic if and only if α is ergodic on the center of M . Therefore the assumption
in Theorem 2.2 corresponds with the usual condition which implies the factorness
of M oα G.

Example 2. Let G be a finite group, A be a unital C∗-algebra, δ be a properly
outer action of G on A and π be a unitary representation of G on Cn. Let X =
A⊗Cn. We make X into a Hilbert A-A bimodule as follows.

a′(a⊗ v) = (a′a)⊗ v, (a⊗ v)a′′ = (aa′′)⊗ v,

A〈a1 ⊗ v1, a2 ⊗ v2〉 = a1a2
∗〈v1, v2〉, 〈a1 ⊗ v1, a2 ⊗ v2〉A = a1

∗a2〈v2, v1〉.
We define the G actions on A and X as follows.

αg(a) = δg(a), βg(a) = δg(a), γg(a⊗ v) = δg(a)⊗ πg(v).

We denote this bimodule by V (π).
At first we state simple categorical properties.
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Lemma 3.1. Let π and ρ be two finite dimensional unitary representations of a
finite group G. We denote π as the conjugate representation of π. Then the follow-
ings hold.

(1) V (π)⊗ V (ρ) ' V (π ⊗ ρ).

(2) V (π) ' V (π).

Proof. We omit the proofs.

Lemma 3.2. The action γ on V (π) is free.

Proof. AV (π)A is isomorphic to the finite direct sum of AAA and AV (π)gA is iso-
morphic to the finite direct sum of AAgA. They are disjoint since the action δ on
A is properly outer.

Proposition 3.3. Under the above situation, AoδG EndAoδG(V (π) oγ G) is iso-
morphic to the commutant algebra of π(G) in Mn(C). Moreover, if π is irreducible,
the action γ is free and ergodic.

Proof. A EndA(V (π)) is isomorphic to Mn(C) and ad(γg) on this C∗-algebra is
transformed into ad(πg). The fixed point algebra is exactly the commutant algebra
of π.

Proposition 3.4. Under the same situation, the fusion rule of X⊗X⊗X⊗X · · ·
is isomorphic to the decomposition rule of π ⊗ π ⊗ π ⊗ π · · · .
Proof. This follows from Lemma 3.1, Lemma 3.2 and Proposition 3.3.

Example 3. Let R be a hyperfinite II1 factor and Sn the symmetric group on n
letters. Put a = (1, 2, 3) ∈ S3, b = (1, 2) ∈ S2 ⊂ S3. Let A ' Z3 be the cyclic
group generated by a. Let µ : S3 → AutR be an outer action. Put P = Roµ S3 ⊃
Q = R oµ S2, and M = R oµ A ⊃ N = R. Since S3 = {anbm : n = 1, 2, 3, m =
1, 2} ' Ao Z2, there exists on outer automorphism σ on M such that σ(N) = N ,
σ2 = id and

P 'M oσ Z2 ⊃ Q ' N oσ Z2.

The principal graph of the inclusion N ⊂ M is the Dynkin diagram D4 and the
principal graph of the inclusion Q ⊂ P is A5.

We denote an element x ∈ R oµ S3 by x =
∑

g∈S3
xgλg (xg ∈ R). Put X =

Nλa⊕Nλa2 . Then X is the direct sum of two Hilbert N -N bimodules twisting the
right action and right inner product on N by the automorphisms µa and µa2 . Let
α = β = σ : Z2 → AutN and γ be given by γ(x1λa⊕x2λa2) = σ(x2)λa⊕σ(x1)λa2 .
Then (X,N,N,Z2, γ, α, β) is a Z2-equivariant system. We can check that the action
γ is free and ergodic. By Theorem 2.2, the crossed product XoγZ2 is an irreducible
Hilbert Q-Q bimodule, where Q = N oσ Z2. Moreover the Hilbert Q-Q bimodule
X oγ Z2 represents the middle vertex of the principal graph A5.

The Z2 action σ induces flipping the two tails of D4 and the restriction γ of σ
to the invariant bimodule X provides a good example of free and ergodic action in
the sense of this paper. The dual action σ̂ : Ẑ2 → Aut(P,Q) is the orbifold action
on A5. We have many similar interesting examples as follows.

Example 4. Kawahigashi [Kaw] introduced the orbifold construction for subfac-
tors to construct new subfactors as simultaneous fixed point algebras (or crossed
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products) by finite group actions. In particular, he considers a kind of duality be-
tween subfactors with the principal graphs of the Dynkin diagrams A4n−3 and D2n.
The automorphisms appearing in the orbifold construction are non-strongly outer
action of Choda-Kosaki [CK] or non-properly outer action of S. Popa [Po1].

Let N ⊂M be an inclusion of type II1 factors. Let α be an automorphism on M
and αM the M -M bimodule obtained by x·ξ·y = α(x)ξy. Even if M (Mn)M contains
αM , α does not necessarily preserve N globally. But if there exists β ∈ AutN such
that

M (αM ⊗M M)N ' M (M ⊗N βN)N

then there exists a unitary u ∈ M such that Adu ◦ α preserves N globally and
β = Adu ◦ α|N . Such automorphisms are studied and characterized by M. Izumi
[I1], [I2], H. Kosaki [Ko1], [Ko2], S. Goto [Go] and S. Yamagami [Y]. For example
suppose that the principal graph is the Dynkin diagram A4n−3. Let X0 − X1 −
X2 − · · · − X4n−4 be the M -M bimodules corresponding to the principal graph
A4n−3. We assume X0 = MMM represents ∗. Since dimX0 = dimX4n−4 = 1,
there exists an automorphism α ∈ AutM such that X4n−4 ' αM . They show that
we can choose α ∈ AutM such that α(N) = N and α2 = id. Thus we can consider
the simultaneous crossed products N oα Z2 ⊂ M oα Z2. To modify their results
to our setting, replace bimodules ML

2(M)M , L2(M) ⊗N L2(M), . . . by Hilbert
C∗-bimodules MMM , M (M ⊗N M)M , . . . . In fact they become self dual Hilbert
W∗-bimodules. Their argument holds without any change. Then the restriction of
the orbifold actions to invariant submodules provides many interesting examples of
actions on Hilbert C∗-bimodules.
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