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ABSTRACT. Lyapunov proved that the range of n finite measures defined on
the same o-algebra is compact, and if each measure pu; also is atomless, then
the range is convex. Although both conclusions may fail for measures on
different o-algebras of the same set, they do hold if the o-algebras are nested,
which is exactly the setting of classical optimal stopping theory.

1. INTRODUCTION

In 1940, Lyapunov proved that the range of n finite measures on the same mea-
surable space (Q,.A) is compact and if the measures are atomless then the range
is also convex. There have been many extensions of Lyapunov’s convexity theo-
rem; for example see Dubins and Spanier [3] and Dvoretzky, Wald and Wolfowitz
[4]. This paper presents a new generalization of this theorem which is of special
interest in the theory of optimal stopping. The same conclusions hold under the
weakened assumptions of having adapted o-algebras F; C Fp C --- C F,, where
{(Q, Fi, i)}, is a finite collection of finite measure spaces on the same underly-
ing set Q. Convexity of the range for general (not necessarily nested) o-algebras
Fi,...,F, may fail (Example 2.3 in [6]).

Definition 1. Let F = (Fi,...,F,). Then the n-tuple A = (44,...,4,) C Q»
is called an (ordered) F-partition (of Q) if

(i) A; € F; for all 4,

(i) A4, NA; =0ifi#j, and

(i) U™, 4; = Q.

Note that if 71 = Fo = --- = F,, then A is simply an ordered Fj;-measurable
partition of ; i.e. each A; € Fy and (ii)—(iil) in Definition 1 hold.

Define the vector measure p, which maps the set of all F-partitions into R?,
where d = n(n 4+ 1)/2, as follows:

(1(A))ij = pi(4;), 1<j<i<n.
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Note that in this definition R? is identified with the set of all lower triangular n x n
matrices; similarly define the “diagonal” vector measure us of p by

(us(A)); = wi(4;),  i=1,...,n.
The main purpose of this paper is to prove the following theorem.

Theorem 2. For i =1,... ,n, let (Q,F;, u;) be finite measure spaces with Fy; C
.-+ C F,,. Then the set

(1) {1(A) : A is an F-partition }

is compact. Moreover, if u; is atomless on Fy for all i, then the set in (1) is also

CONvex.

The conclusions of Theorem 2 also hold for decreasing o-algebras F; O -+ - O F,,
with p; atomless on F,, instead of F1, and to avoid measurability problems pu(A)
replaced by fi(A) which is defined by (f1(A));; = pi(A;) for 1 <i < j < n. The
proof follows analogously.

Theorem 2 has the following immediate corollary which has many applications
in optimal stopping theory.

Corollary 3. For i =1,...,n let (Q,F;, u;) be finite measure spaces with F, C
-+ C F,,.. Then the set

(2) {ns(A) : A is an F-partition }

is compact. Moreover, if u; is atomless on Fy for all i, then the set in (2) is also
conver.

Proof. The linear map which assigns to each matrix its diagonal is continuous. O

2. A PRELIMINARY COMPACTNESS RESULT
Let {(Q%, F;, p1i)}i1 be as in Theorem 2. Define fi; = p; + ... + up and let
L>(v, A) be the A-measurable v-a.e. bounded functions. Define
Ly = L™ (1, F1) X -+ x L™ (fin, Frn)
and
T, : L, — R%, where d=n(n+1)/2
by

(Tn(9))ij = /gjdﬂi7 1<j<i<n, where g=1(91,--- ,0n)

First observe that since (X x Y)* is isometric to X* x Y* (see Exercise 4 in
[2] for an even more general result), L, is isometrically isometric to the dual of
LY(jiy, F1) x -+ X LY (fin, Fp,). Endow L, with the weak* topology, and note that
by Radon-Nikodym, T3, is a weak® continuous linear mapping.

Throughout this paper let B(h) and S(h) denote the following sets:

B(h)=Bu(h)={g€Ln:Y gi<h, gi>0, i=1,...,n}
=1
and

S(h):Sn(h):{geLn:Zgi:h, g:>0,i=1,... ,n}
i=1
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Lemma 4. For n € N and h € L*®(fi1,F1) the sets B(h) and S(h) are weak*
compact in Ly,. In particular, T, (B(h)) and T,,(S(h)) are compact.

Proof. To see that B(h) is weak™ compact, it suffices to show that

(3) B(h) is bounded

and hence, by Alaoglu’s theorem, contained in a weak®™ compact set and that
(4) B(h) is weak™ closed.

For (3) it must be shown that there exists a constant K (which does not depend
on g) such that

lgll <K Vge B(h),

where || - || is the usual sup norm on L,,.

n
ol = gzl < 3l < e < .

For (4) let g = (g1,... ,9n) € cl(B(h)) , so there exists a net (g,) in B(h)
such that g, converges weak™ to g. By definition of B(h), for each vy the function
9y = (Gy,15- -+ +Gy,n) for some {g,;} with 1"  g,, < h, and with g,; > 0 and
G~,i — g; weak™® in L>°(fi;, F;) for all i < n.

If > | gi > honaset A of ji;-positive measure, then weak* convergence implies

that for all ¢
/g%ilAdﬁi - /gilAdﬁia

where 14 € L(ji1, F1).
Then

/hlAdﬁl > Z/g'y,ilAd,al — Z/gilAdﬁl > /hlAdﬁl
=1 =1

which is a contradiction. The same argument shows that g; > 0 for all .
The compactness of T,,(B(h)) now follows from the weak™ continuity of 7,,. The
proof for S(h) is similar. O

3. COMPACTNESS FOR ATOMLESS MEASURES

A measurable set A € A is an atom for the measure v if v(A4) > 0 and if for
every B € A v(AN B) is either 0 or v(A). Note that f; is atomless on F if
and only if all u;, ¢ =1,...,n, are atomless ([3], Lemma 4.1). Notice also that if
i is atomless on Fj then it is also atomless on F;. (The converse is not true in
general: if Q = [0, 1], u = Lebesgue measure on [0, 1], F1 = {0, Q}, and F2 = Borel
o-algebra on [0, 1], then F; C F3, and p is atomless on Fz, but not on Fj.)

Lemma 5. Let jq,. .., puy, be finite measures on o-algebras F1 C --- C F,,, respec-
tively. Let i1 be atomless on Fi and let Ay be Fi-measurable and (Aa, ..., Ay) be
an (Fa, ... ,Fn)-partition. Then there exists an Fi-measurable set B with
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Proof. Without loss of generality p;(A; N A;) > 0 for all ¢ and j < i. Define a map
¢: F1 — R by
(0(B))ij = aijpus(B N A1 N Aj)
with a;; = 1/p;(A1 N A;). Observe that the map defined on F; by
C— a;jpi(CNAINA))

is a probability measure. Since each of these probability measures is atomless on F7,
the range of ¢ is convex by Lyapunov’s theorem. This implies the existence of a
set By € Fy with (¢(By))i; = 3 for all i and j < i, which satisfies (5). |

Recall that a point x in a convex set D is an extreme point of D if there is no
representation of the form x = Ay + (1 — Nz, A€ (0,1), y # z and y,z € D.

Proposition 6. Let u,...,u, be finite measures on o-algebras F; C ... C F,,
respectively, and let iy be atomless on Fi. Then for a € R? and h € L™ (fiy, F1),
the extreme points of

(6) 74 () N S(h)

are exactly those functions g in the set (6) for which there is an F-partition A with
gi=h-1a,, pi-ae, 1=1,... n

Proof. By induction on n. For n =1,
S(h) ={g € L>(,, F1) : 0 < g = h},

and the set (6) consists at most of one element, in which case the conclusion is
trivial.

Suppose the assertion holds for n — 1 and let a € R%. The set (6) is closed in
the weak* topology by Lemma 4; assume that it is not empty. Clearly the set (6)
is convex because T,; !(a) is an affine hyperplane. Notice that every function g of
the form g; = h - 14,, fi;-a.e., where (Ay, ..., A,) is an F-partition, is an extreme
point in the set (6). Now suppose that g is an extreme point in (6). It remains to
show that g has the required form. In particular, (go,... ,gn) is extremal in the set

M = {(fg, 7fn) S Loo(ﬂg,}—g) X ooee X Loo(ﬂn,}—n) :
Zfi:h—gl,fizo and /fjdui:/gjduiforQSjgign}.
i=2

Note that h — g1 € L*(fi1,F) and that fis is atomless on Fa. Therefore, by the
induction hypothesis there exists an (Fs, ... , F,)-partition (As, ..., A,) such that

gi = (h—g1)la, fori=2,...,n.

Define Fi-measurable set D = {w € Q : 0 < g1(w) < h(w)}. If 51(D) = 0, then
g1 = hlpe pi-a.e., and g has the required representation.

Now suppose, by way of contradiction, that f1(D) > 0.

Define a set D, :={w € N:0 < e < g1(w) < h(w) — €} for some € > 0 such that
f1(D) > 0. Since (Ag,...,A,) is an (Fa,... ,Fy,)-partition,

D, = LnJ A; N D..
=2
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Denote A; = D, and apply Lemma 5 to A; € F; and the partition (Asg, ..., Ap).
Choose an Fi-measurable set B with

Define g* = (¢7,... ,¢;f) and g~ = (g7, ,9,,) by
+

g7 = g1 +€lpna, —€lpena,,
91 =91 —€1lpna, +¢€1lpena;,
g = gi+€lpenaina, — € lpnanas,
9; = gi — € lpena;na, +€ 1pna,na;,

fori=2,... ,n.
By (7), g%, g~ € T,;'(a). By the definition of D, and

n n n
Yo=Y 9 =Y g.=hn
=1 =1 =1

it follows that g*, g= € S(h), so gT, g~ are in the set (6). But this contradicts
the extremality of g, since g = (g7 +¢7)/2 and g+ # g~. O

4. COMPACTNESS FOR GENERAL MEASURES

Theorem 7. Let u1,... ,u, be finite measures on the o-algebras F1 C -+ C F,.
Then T, (N) is compact, where

N={g€L,:gi=1a, fi;-a.e. for some F-partition A }.

Proof. Let {By}7r, be a sequence of disjoint atoms from F; with respect to fi1,
where m < co. Set B = J;., By and assume without loss of generality that f; is
atomless on B¢. Let N|A denote the set {g 14 : g € N}, and note that

g=91p-+ Y glg,.
k=1

Then

N = N|B“+ Y N|By,
k=1
and it will be shown

k=1
If m < oo, then the equality is trivial since T;, is linear. Suppose that m = oo
and recall that T, is weak® continuous. Then

T,(N) = To(N|B° + Y N|By) = T(N|B° + lim_ > N|By)
k=1 k=1

:w}@an(N|BC+ZN|Bk):W}Exloo(Tn(Nch)+Tn(ZN|Bk))
k=1 k=1

= Tu(N|B) + > T0(N|By).
k=1



774 ZUZANA KUHN AND UWE ROSLER

First it will be shown that the set T),(N|B¢) is compact. Suppose without loss of
generality that B¢ = . It is enough to show that T),(N|B¢) = T;,(S(1)) since the
latter set is compact by Lemma 4. Since N|B¢ C S(1), the inclusion T,,(N|B¢) C
T, (S(1)) is trivial. To obtain the opposite inclusion, pick a point o € R? such
that « is in the set T,,(S(1)). It remains to show that S(1) contains some I =
(14,s--.,14,) where A is an F-partition, for then a;; = [ 14,dp; and thus « lies
in the set T,,(N|B¢). The set (6) in Proposition 6 is weak* closed and non-empty.
By the Krein-Milman theorem this set is the closure of convex combination of the
extremal elements, so in particular, there exists an extremal element, which by
Proposition 6, has the required representation.

It will next be shown that each set T,,(N|By) is also compact.

Denote

Ta(g) = (Ru(9), Qn(9)) »

where R, (g) denotes the first column of T,(g) and @,(g) stands for the last
n — 1 columns, so @, involves only po, ..., u,, and R, deals only with the first
coordinate g1 of g. Since By is an F; atom,

R, (N|By)={ac€R":a;=0o0ra; = /1Bkdui, Vi},

so R, can take only finitely many values, i.e.
R.(N|By) = {a(1),... ,a(D)}.

Without loss of generality, assume that a(1), ... , a(l) are distinct vectors, and define
forall j=1,...,1

Dj ={g € N|By,: Ru(9) = a(j)} = R, (a(j)).
Then N|By, = J/_, D; and

l l
To(N|By) = |J Tu(D)) = | (a(4), Qn(D;)) -
j=1 j=1

Since D; is a pre-image of a closed set under the weak® continuous map R,, it is
weak* closed. Also note that D; is contained in S(1), which by Lemma 4 is weak*
compact. Therefore, D; is weak* compact, and since @), is weak® continuous,
Qn(D;) is compact. This implies that 7, (N |By) is compact.

By Tychonov’s theorem (using the continuity of addition and boundedness of
T.(N)), T,(N) is compact. |

The following lemma gives another description of T;,(N).

Lemma 8. Under the assumptions of Theorem 7, Tp(N) = Ty, (N), where

N={gcL,: Zgi =1, g; >0, g; has value 0 or 1 on atoms of F; fi;-a.e.}.
i=1
Proof. The inclusion T},(N) C T, (N) is trivial since N C N. It remains to show
that T,,(N) C T,(N). Decompose v = v, + V., where v, is purely atomic and v, is
atomless. The argument for v, follows by Proposition 6 applied to Q \ { Atoms }.
The argument for v, is trivial since N CN. O
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5. PROOF OF MAIN THEOREM

Proof of Theorem 2. By Theorem 7, T),(N) = {u(A) : A is an F-partition } is
compact.
Further T,,(N) = T;,(N) by Lemma 8. If fi; is atomless, then N is convex and
so is T(N). O
Note that in general the set T}, (N) may not be convex, since if F; = Fo = {0, Q}
and g1 = pgo are probability measures on Fi, then To(N) = {(1,1,0),(0,0,1)}.
The next example shows that it is not enough to consider only Fj-measurable
partitions (41, ..., A;) since the range in this case is different from the set (2).

Example 9. Let Q = [0,1] x [0, 1]. Denote by B[0, 1] the Borel o-algebra on [0, 1]
and let F; = B[0,1] x {0,[0,1]}. Let F» = F3 be the usual Borel o-algebras
on €2. Denote by A Lebesgue measure on B([0, 1]) and by 6y 1 Dirichlet measure
on {(,[0,1]}. Define u1,p2 and ps for all B = By x Bg in F1, Fa, F3 respectively
by

,ul(B) = /\(Bl) X 6[0)1] (BQ) forall Be Fi,
p2(B) =2X(B1) x A([0,3) N By)  forall B e P,
p3(B) =2X(B1) x A([3,1) N By)  forall Be Fs.

Then
(0,1,1) ¢ {us(A) : A is an ordered partition of Q such that A; € Fi},
and for A = (0 x 0,(0,1] x [0, 3),[0, 1] x [3, 1)),
(0,1,1) € {us(A) : A is an F-partition }.

6. APPLICATIONS

Throughout this section X7, ... , X,, is a sequence of random variables defined on
the same probability space (2, F, P). Recall that a stopping time ¢ for X,... , X,
is a random variable with values in {1,... ,n} such that {t =i} € F; for all i < n,
where F; = o(X1,...,X;). Let

wF) = [ X,
F
for all i <n and all F € F;, and
R(X) = {( Xi,..., Xp,) : t is a stopping time for Xi,...,X,}.
t=1 t=n

Note that the sets (2) and R(X) are identical. To see that R(X) is contained in
the set (2), let ¢ be an arbitrary stopping time. Denote A4; = {t = i}, for all
i = 1,...,n, and notice that A; € F;, A;iNA; =0 if i # j and U A, = Q.
The opposite inclusion follows also easily. Let A be an F-partition such that
(u1(A1)y ..., un(Ay)) is in the set (2), and define the stopping time ¢ by {t =i} =
A;.

This gives an equivalent formulation of Corollary 3 in the language of optimal
stopping of random variables.

Corollary 3'. If X1,..., X, are integrable, then the set R()Z) is a compact subset
of R™.
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A well known fact from optimal stopping theory (cf. [1]) which is proven by
backward induction is that if X;,...,X,, are integrable, then

sup{EX; : t is a stopping time for Xi,...,X,}

is attained. This also follows immediately from Corollary 3’, which yields much
more general result.

Corollary 10. Let ¢ : R™ — R be a continuous function and Xi,...,X, be
integrable random variables on (Q, F, P). Then

{&( Xi,..., X,) it is a stopping time for Xq,... , X}

t=1 t=n

is a compact subset of R.

Setting ¢1(z1,...,2,) = > ; x; in Corollary 10 gives the existence of an opti-
mal stopping rule ¢ which maximizes EXy, since EX;y = [,_, X1+...4+ [,_ X, and
since addition is a continuous function. Other examples of typical objective func-
tions ¢ satisfying these hypothesis are ¢(Z) = mini<;<, i, ¢(Z) = medi<i<nzi,
or ¢(Z) =[], i. (See [6] for more details.)

Corollary 3’ may be applied to the ranges of randomized stopping times. Define
a random stopping time as a random variable with values in {1,...,n} such that
{t =i} € o(X1,Un,...,Xn,Uy), where Uy, ... U, are i.i.d. U0, 1] random vari-
ables that are independent of X1, ..., X,. Let 7; denote the set of all randomized
stopping times and

Go(X)={(] Xui,..., X,):teT}

t=1 t=n

denote the randomized stopping time range. Letting F; = (X1, Y1, ..., Xi, Yi)
and p;(F) = [ X; for all i, Corollary 3" implies the compactness of G, (X), proving
a conjecture of Gouweleeuw [5].
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