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EXAMPLES OF CHAIN DOMAINS
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(Communicated by Ken Goodearl)

Abstract. Let γ be a nonzero ordinal such that α + γ = γ for every ordinal
α < γ. A chain domain R (i.e. a domain with linearly ordered lattices of left
ideals and right ideals) is constructed such that R is isomorphic with all its
nonzero factor-rings and γ is the ordinal type of the set of proper ideals of R.
The construction provides answers to some open questions.

1. Introduction

In [6] Leavitt and van Leeuwen studied the class K of rings which are isomorphic
with all nonzero factor-rings. They proved that for every ring R ∈ K the set of
ideals of R is well-ordered and represented by a prime component ordinal γ (i.e.
γ > 0 and α+ γ = γ for every ordinal α < γ).

In this paper we show that the class K contains remarkable examples of rings.
Namely, for every prime component ordinal γ we construct a chain domain R (i.e.
a domain whose lattice of left ideals as well as the lattice of right ideals are linearly
ordered) such that R ∈ K and γ is the ordinal type of the set of proper ideals of R.
We begin the construction by selecting a semigroup that has properties analogous
to those we want R to possess (§2). The desired ring R is the Jacobson radical of
a localization of a semigroup ring of the selected semigroup with respect to an Ore
set (§3). In §4 we use the construction to get answers to five open questions.

All rings in the paper are associative, but do not necessarily have unity. A
domain is a ring without zero-divisors. To denote that I is an ideal of a ring or
a semigroup R we write I / R. An ideal I of R is called proper if I 6= R. The
Jacobson radical of a ring R is denoted by J(R). The sign ⊆ stands for inclusion
and ⊂ for strict inclusion. The minimal element of an ordered nonempty set S is
denoted by minS. If n is a positive integer, then Zn is the ring of integers modulo
n. When we write Zp, we mean that p is a prime.

2. Semigroups

A group G is left ordered if it is nontrivial and supplied with a linear ordering ≤
such that a ≤ b implies ca ≤ cb for all a, b, c ∈ G. If G is a left ordered group and
e is the identity of G, then the set G+ = {g ∈ G| e ≤ g} of nonnegative elements
of G is a subsemigroup of G and the lattice of left ideals as well as the lattice of
right ideals of G+ are linearly ordered. An ideal H of the semigroup G+ is called
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completely prime if G+\H is a subsemigroup of G+. The largest proper ideal of
G+ is equal to G+\{e} and denoted by J(G+).

Let G be a left ordered group with the identity e and let γ be a prime component
ordinal. The direct product of γ copies of the group G is denoted by Gγ (i.e.
Gγ =

∏
0≤α<γ G). If a ∈ Gγ , then for every α < γ the αth coordinate of a is

denoted by πα(a) and supp(a) = {α < γ|πα(a) 6= e} is the support of a. The group
Gγ is left ordered by the lexicographical ordering (i.e. a ∈ Gγ+ if and only if a is
the identity of Gγ or e < πα(a), where α = min supp(a)). If γ > 1, then for every
0 < α < γ we define Hα = {a ∈ Gγ+| ∃β<απβ(a) 6= e} (for γ = 1 there is no such
α).

Lemma 1. If γ > 1, then
a) Hα is a completely prime ideal of Gγ+, Hα ⊂ J(Gγ+) and Gγ+ ' Gγ+\Hα;
b) Every proper ideal H of J(Gγ+) is contained in Hα for some α.

Proof. a) Clearly, the set Hα is nonempty and strictly contained in J(Gγ+). Let
a ∈ Hα, b ∈ Gγ+ and µ = min(supp(a) ∪ supp(b)). Then πµ(a) ≥ e, πµ(b) ≥ e
and at least one of the inequalities is strict. Hence πµ(ab) = πµ(a)πµ(b) > e,
πµ(ba) > e and µ < α, which shows that Hα is an ideal of Gγ+. Since C = Gγ+\Hα =
{a ∈ Gγ+| ∀β<απβ(a) = e} is a subsemigroup of Gγ+, the ideal Hα is completely

prime. Since γ is a prime component ordinal, the map C 3 a
λ7→ aλ ∈ Gγ+, where

πβ(aλ) = πα+β(a) for all β < γ, is a semigroup isomorphism.
b) Since the set of ideals of J(Gγ+) is linearly ordered by inclusion, the result

follows from the equality J(Gγ+) =
⋃
α<γ Hα.

Example 2. Let R be the set of real numbers and G the set of all functions
f : R → R of the form f(x) = ax + b, where a, b are rational numbers and a > 0.
Then G is a group under composition of functions. Let ε be a positive irrational
number. Then the group G is left ordered with respect to the ordering: f1 ≤ f2 if
and only if f1(ε) ≤ f2(ε). In [4, p. 54] it was shown that the only ideal of J(G+)
is J(G+) itself. We will use this to show that ideals of the form Hα are the only
ideals of the semigroup Gγ+ strictly contained in J(Gγ+).

Let H ⊂ J(Gγ+) be an ideal of Gγ+. Then γ > 1 and thus, by Lemma 1 b),
there exists α > 0 such that H ⊆ Hα. Let α be the smallest ordinal for which this
inclusion holds. We will show that H = Hα. Suppose that H 6= Hα. Then α is not a
limit ordinal, say α = β+1, andHβ ⊂ H ⊂ Hα (in case α = 1 we setHβ = H0 = ∅).
Furthermore, H\Hβ /Hα\Hβ and consequently πβ(H\Hβ)/πβ(Hα\Hβ) = J(G+).
We know that J(G+) has no proper ideal and thus πβ(H\Hβ) = J(G+). By
assumption we can choose a ∈ Hα with a 6∈ H . Since πβ(a) ∈ J(G+) and J(G+) =
πβ(H\Hβ) has no minimal element (otherwise elements greater than the minimal
element would form a proper ideal of J(G+)), there exists h ∈ H\Hβ with πβ(h) <
πβ(a). Now we have h < a, and so h−1a ∈ Gγ+. Thus a = h(h−1a) ∈ HGγ+ ⊆ H
and this contradiction shows that H = Hα.

Let us observe that the set N of all functions f ∈ G of the form f(x) = x + b
is a normal subgroup of G, N is isomorphic with the additive group of rational
numbers and G/N is isomorphic with the multiplicative group of positive rational
numbers. Hence N and G/N are torsion-free abelian. From this it follows that Nγ

is a normal subgroup of Gγ such that Nγ and Gγ/Nγ are torsion-free abelian.
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3. Chain domains

Throughout this section F is a field and G is a left ordered group which has a
normal subgroup N such that N and G/N are torsion-free abelian. The semigroup
ring of G+ over F is denoted by F [G+], i.e. F [G+] consists of all functions r : G+ →
F with finite support supp(r) = {g ∈ G+| r(g) 6= 0}. Let S = {s ∈ F [G+]| e ∈
supp(s)}.
Lemma 3. If H / G+, r ∈ F [G+] and s ∈ S, then the following conditions are
equivalent :

i) supp(r) ⊆ H,
ii) supp(rs) ⊆ H,
iii) supp(sr) ⊆ H.

Proof. The case r = 0 is obvious, so we assume r 6= 0. Clearly i) implies ii). Now
assume ii) and let m = min supp(r). Since e ∈ supp(s), m = min supp(rs) and thus
m ∈ H . For every g ∈ supp(r) we have m ≤ g, and so g = m(m−1g) ∈ HG+ ⊆ H .
Hence supp(r) ⊆ H , i.e. i) holds. The equivalence i) ⇔ iii) can be proven similarly,
by replacing the left ordering ≤ by the ordering ≤′ defined as follows: a ≤′ b if and
only if b−1 ≤ a−1 (in this case a ≤′ b implies ac ≤′ bc for all a, b, c ∈ G).

By [1, Theorems 3.4, 3.6] the set S is a left and right Ore set in the domain
F [G+] and the left quotient ring of F [G+] relative to S exists. The quotient ring
will be denoted by F (G+); thus every element of F (G+) can be written as s−1r,
where s ∈ S and r ∈ F [G+]. Let us note that F [G+] and, in particular, F can be
regarded as subrings of F (G+), and G+ as a subsemigroup of F (G+).

Proposition 4. a) F (G+) is a chain domain and an F -algebra.
b) The map H 7→ IH = {s−1r ∈ F (G+)| supp(r) ⊆ H} defines an inclusion-

preserving bijection of the set of all ideals of the semigroup G+ with the set of all
nonzero ideals of the ring F (G+).

c) If H is a completely prime ideal of G+ and G+ ' G+\H, then F (G+) '
F (G+)/IH .

d) J(F (G+)) = {s−1r ∈ F (G+)| e 6∈ supp(r)} and F (G+)/J(F (G+)) ' F .

Proof. a) F (G+) is a chain domain by [1, Corollary 3.7]. Since F is contained in
the center of F (G+), the ring F (G+) is an algebra over F .

b) Let H be an ideal of G+. Assume that s−1r = s−1
1 r1 ∈ F (G+) and supp(r) ⊆

H . Then ar = br1 for some a, b ∈ S and consequently, by Lemma 3, supp(r1) ⊆ H .
This shows that the set IH is well defined.

Now we show that IH is a nonzero ideal of F (G+). Since I = {r ∈ F [G+]| supp(r)
⊆ H} is a nonzero ideal of F [G+], it follows that IH = {s−1r ∈ F (G+)| r ∈ I} =
F (G+)I is a nonzero left ideal of F (G+). To show that IH is a right ideal of F (G+),
let r ∈ I and s ∈ S. Since S is a left Ore set in F [G+], there exist r1 ∈ F [G+] and
s1 ∈ S such that s1r = r1s. By Lemma 3, supp(r1) ⊆ H and thus r1 ∈ I. Now,
using rs−1 = s−1

1 r1, we establish that IH = F (G+)I is a right ideal of F (G+).
We show that the map H 7→ IH is injective. Let H1, H2 be ideals of G+ with

IH1 = IH2 and let g ∈ H1. Then g ∈ IH2 , and so g = s−1r for some s ∈ S and
r ∈ F [G+] with supp(r) ⊆ H2. Hence g ∈ supp(sg) = supp(r) ⊆ H2. This shows
that H1 ⊆ H2 and analogous arguments give the opposite inclusion.

We show that the map H 7→ IH is surjective. Let I be a nonzero ideal of F (G+)
and let H = I∩G+. Since the set H is nonempty (we will see this in a moment) and
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G+ is a subsemigroup of F (G+) and I is an ideal of the multiplicative semigroup
F (G+), it follows that H is an ideal of G+. Now we prove that I = IH . Let
0 6= s−1r ∈ I and let m = min supp(r). Then r = ms1 for some s1 ∈ S and so
m = s(s−1r)s−1

1 ∈ I. Hence m ∈ H (in particular, H 6= ∅) and consequently
supp(r) ⊆ H . Thus s−1r ∈ IH , which shows that I ⊆ IH . To get the opposite
inclusion, let s−1r ∈ IH . Then supp(r) ⊆ H = I ∩ G+, and thus r ∈ I. Hence
s−1r ∈ F (G+)I ⊆ I, so IH ⊆ I.

c) Let H be a completely prime ideal of G+ and let φ : G+ → G+\H be a
semigroup isomorphism. Recall that F [G+] consists of all functions r : G+ → F
with finite support. For every r ∈ F [G+] we put ψ(r) = r ◦ φ, the composition of
φ and r. Then ψ : F [G+] → F [G+] is a ring epimorphism and ψ(S) = S. Hence,
putting η(s−1r) = ψ(s)−1ψ(r), we get a ring epimorphism η : F (G+) → F (G+).
Moreover, η(s−1r) = 0 if and only if ψ(r) = r ◦ φ = 0. The latter is equivalent to
supp(r) ⊆ H . Hence ker η = IH and therefore F (G+) ' F (G+)/IH .

d) By a) F (G+) is a chain domain and thus J(F (G+)) is the largest proper ideal
of F (G+). Hence, by b), J(F (G+)) corresponds to J(G+) = G+\{e}, which proves
the first part of d). Since the map ϕ : F (G+) → F , ϕ(s−1r) = s(e)−1r(e), is a ring
epimorphism and kerϕ = J(F (G+)), we get the second part of d).

Lemma 5. Let A be a ring with unity and R be an ideal of A such that A/R ' Zn
for some positive integer n. If L is a left ideal of R, then L is a left ideal of A.

Proof. Let a ∈ A. Since A/R ' Zn, a = m · 1 + r for some positive integer m and
r ∈ R. Hence

aL = (m · 1 + r)L ⊆ mL+ rL ⊆ L.

Thus L is a left ideal of A.

Let γ be a prime component ordinal and F = Zp. Our assumptions about G (see
the beginning of this section) imply that the group Gγ =

∏
0≤α<γ G is left ordered

by the lexicographical ordering and Gγ has a normal subgroup Nγ with Gγ/Nγ

and Nγ torsion-free abelian. Hence, by Proposition 4 a), F (Gγ+) is a chain domain.
Let R = J(F (Gγ+)). Since by Proposition 4 d) F (Gγ+)/R ' Zp, Lemma 5 implies
that R is a chain domain. Moreover, by Lemma 5, the set of ideals of R coincides
with the set of those ideals of F (Gγ+) which are contained in J(F (Gγ+)). Hence, if
I is a nonzero proper ideal of R, then by Proposition 4 b) and d), there exists a
proper ideal H of the semigroup J(Gγ+) such that I = IH . Assume in addition that
γ > 1. Then, by Lemma 1 b), H ⊆ Hα for some α < γ. We know from Lemma 1
a) that Gγ+ ' Gγ+\Hα and thus by Proposition 4 c), F (Gγ+) ' F (Gγ+)/IHα . Since

R is the Jacobson radical of F (Gγ+), it follows that R ' R/IHα and consequently

R/I can be homomorphically mapped onto R, because I = IH ⊆ IHα . We have
proved

Corollary 6. Let γ be a prime component ordinal, F = Zp and R = J(F (Gγ+)).
Then

a) R is a chain domain and every nonzero proper ideal of R has the form IH for
some proper ideal H of J(Gγ+);

b) If γ > 1, then R/IHα ' R for every nonzero ordinal α < γ, and every nonzero
homomorphic image of R can be homomorphically mapped onto R.
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4. Applications

We will use the above construction to get answers to some open questions.
In [6] Leavitt and van Leeuwen studied the class K of all rings R such that R/I

is isomorphic with R for every proper ideal I of R. They proved that if R ∈ K,
then for some prime component ordinal γ the set of all ideals of R can be written
as {Iα}0≤α≤γ , where Iα ⊂ Iβ if and only if 0 ≤ α < β ≤ γ.

Leavitt and van Leeuwen ([6, Remark 3]) asked the following question: Does
there exist a ring R ∈ K with R = Iγ for some γ > ω? We will show that for every
prime component ordinal γ there exists a chain domain R ∈ K with R = Iγ . In
particular, we will get a positive answer to the above question.

Example 7. Let γ be a prime component ordinal, G be the group described in
Example 2 and F = Zp. Then the ideals Hα, where 0 < α < γ, are the only proper
ideals of J(Gγ+). Now Corollary 6 shows that R = J(F (Gγ+)) is a chain domain,
R ∈ K and γ is the order type of the set of proper ideals of R.

In [11] Watters asked the following question (Question 1, p. 181): Does there
exist a Jacobson radical F -algebra R over a field F such that R does not satisfy
the maximum condition on F -ideals, but each proper F -ideal of R satisfies the
maximum condition on F -ideals? Here F -ideal means both F -module and ideal in
the ring-theoretic sense. We will show that the answer to the question is positive.

Let R be the ring constructed in Example 7 for γ = ω. Then R is an F -algebra,
all ideals of R are F -ideals and they form a chain

0 = I0 ⊂ I1 ⊂ · · · ⊂ In ⊂ · · · ⊂ Iω = R.

Hence R is a Jacobson radical F -algebra that does not satisfy the maximum condi-
tion on F -ideals. Now, if I is a proper ideal of R, then I = In for some nonnegative
integer n. Since for every α < γ, R/Iα ' R is a domain, it follows that all ideals of
R are prime. Thus Andrunakievich’s lemma (if K / I / R and T is the ideal of R
generated by K, then T 3 ⊆ K) implies that the only ideals of I are I0, I1, . . . , In.
Hence every proper ideal of R satisfies the maximum condition on ideals.

Now we pass to questions connected with atoms of lattices of radicals. The
lattice of all radicals will be denoted by L and the lattice of left strong radicals by
Ls. Recall ([9]) that a nonzero radical P is an atom of L (Ls) if and only if for every
0 6= R ∈ P , P = lR (P = lsR), where lR (lsR) denotes the lower (lower left strong)
radical determined by R. If R is a nonzero idempotent ring, then A ∈ lR (A ∈ lsR)
if and only if every nonzero homomorphic image of A contains a nonzero ideal (left
ideal) which is a homomorphic image of R. Basic facts about radicals can be found
in [2] and about their lattices in [10].

We will show that the ring constructed in Example 7 generates atoms of L and
Ls. We will need the following

Lemma 8. Suppose R is a chain domain and the characteristic of R is a prime p.
If R is a left ideal of a Jacobson radical ring A, then R is a homomorphic image of
A.

Proof. Let 0 6= r ∈ R. Since A = J(A), r 6∈ Ar and thus Rr + Zpr * Ar. Since
all left ideals of R form a chain, we get Ar ⊆ Rr + Zpr. Let a ∈ A be arbitrary.
Then ar = sr + nr for some s ∈ R and n ∈ Zp. But nr = 0 (if not, then n 6= 0, so
n is invertible in Zp and we get r ∈ Ar, a contradiction), and thus ar = sr. Since
R is a domain, s is uniquely determined; denote this element by f(a). Clearly,
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the map A 3 a
f7→ f(a) ∈ R is an epimorphism of additive groups. We claim

that f(a1a2) = f(a1)f(a2). This is obvious if a2r = 0, so we assume a2r 6= 0.
Since right ideals of R are linearly ordered by inclusion, we have a2rR ⊆ rR or
rR ⊆ a2rR. In both cases there exist t, w ∈ R\{0} such that a2rt = rw. Since
(f(a1a2)− f(a1)f(a2))rt = 0 and rt 6= 0, f(a1a2)− f(a1)f(a2) = 0 and this proves
our claim. Thus R is a homomorphic image of A.

Let R be the ring constructed in Example 7. We claim that lsR is an atom of
Ls. Let 0 6= A ∈ lsR. Then A contains a nonzero left ideal isomorphic to R. Since
A ∈ lsR and R = J(R), it follows that A = J(A) and thus, by Lemma 8, R is
a homomorphic image of A. Hence R ∈ lsA, which proves the claim. Analogous
arguments show that lR is an atom of L.

In [8] Puczy lowski and Roszkowska asked the following question (Question 3):
Does there exist a simple ring without unity such that lsR is an atom of the lattice
Ls? Since for γ = 1 the ring R from Example 7 is a simple ring without unity and,
by the preceding paragraph, lsR is an atom of Ls, we get a positive answer to this
question.

In [5] Gardner introduced the following property of an idempotent simple ring
P :

if P is an ideal of a ring Q and Q/P ' P , then Q ' P ⊕ P.(ρ)

Gardner proved that if an idempotent simple ring P satisfies (ρ), then lP is an atom
of L.

Puczy lowski and Roszkowska asked the question ([8, Question 1]): Does there
exist a simple domain (without unity) not satisfying (ρ)? Here we answer this
question in the affirmative. Namely, let R be the ring constructed in Example 7 for
γ > 1. Then all ideals of R form a chain 0 = I0 ⊂ I1 ⊂ I2 ⊂ · · · ⊂ Iγ = R. Since
R is isomorphic with all its nonzero factor-rings, lR ⊆ lI1 . Since R is a domain,
the Andrunakievich lemma shows that I1 is a simple domain. Clearly, I1 ∈ lI1\IR.
Thus lR ⊂ lI1 , so lI1 is not an atom of L and consequently, by Gardner’s result, I1
does not satisfy (ρ).

Let R be a commutative and idempotent chain ring (a commutative ring is
a chain ring provided its ideals are linearly ordered by inclusion). In [9] it was
proved that lR is an atom of L if and only if every nonzero homomorphic image
of R can be homomorphically mapped onto R. All known examples of rings of
this type not being fields were nil rings. Thus Puczy lowski asked the question ([7,
Question 6]): Does there exist a commutative and idempotent chain ring R which
is neither nil nor a field and such that every nonzero homomorphic image of R can
be homomorphically mapped onto R?

We show the answer to the question is positive. Let G be an abelian ordered
group, γ > 1 be a prime component ordinal and F = Zp. Then clearly R =
J(F (Gγ+)) is not a field. Moreover, by Corollary 6, R is a commutative chain
domain such that every nonzero homomorphic image of R can be homomorphically
mapped onto R.

Remarks. 1) For γ = 1 and p = 2 the ring R from Example 7 is the simple Jacobson
radical chain domain constructed by Dubrovin in [4].

2) All previously known examples of atoms of L or Ls have contained a sim-
ple ring or a commutative ring. Let us note that if R is the ring constructed in
Example 7 for γ > 1, then the atoms lR and lsR do not have this property.
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3) To get a commutative chain ring which has properties described in the question
of Puczy lowski, one can also start with an abelian ordered group G, apply the
Malcev-Neumann construction ([3]) to the group Gγ (γ > 1) and the field Zp, and
take the Jacobson radical of the resulting ring.
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