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SECOND ORDER CONFORMAL COVARIANTS

THOMAS BRANSON

(Communicated by Palle E. T. Jorgensen)

Abstract. We complete the classification of second order, bundle valued dif-
ferential operator invariants of Riemannian and pseudo-Riemannian conformal
structure, by classifying such operators which pass between bundles associated
to different representations of the rotation or spin group.

1. Introduction

A conformal covariant is a universal formula which assigns to each n-dimensional
Riemannian manifold (M, g), n ≥ 3, a linear differential operator D : V → W, V
and W being natural vector bundles, which responds to local metric rescalings by

ḡ = Ω2g, 0 < Ω ∈ C∞(M) =⇒ D̄ϕ = Ω−bD(Ωaϕ),(1.1)

where ϕ ∈ C∞(M,V). Since this statement is local, D must be built locally from
the metric g. For oriented Riemannian or Riemannian spin manifolds, the definition
is the same, except that the volume form E and/or fundamental tensor-spinor γ
may enter in the formula for D, and should scale in a way compatible with the
scaling of g: Ē = ΩnE, γ̄ = Ω−1γ. The best-known conformal covariant is the
conformal Laplacian ∆ + (n − 2)K/4(n − 1) on ordinary functions, ∆ being the
Laplacian and K the scalar curvature of g. Many more examples are known [4],
[13], [5], [17], and important strides have been made in the direction of the general
classification problem [1], [2], [14].

To classify conformal covariants, it is clearly sufficient to classify those which act
between bundles which are irreducible under their structure group: O(n), SO(n),
or Spin(n). Since the problem is local, we may assume Spin(n) is the structure
group. Since Spin(n) is connected and simply connected, Spin(n) equivariance is
the same as so(n) (infinitesimal) equivariance. In [6, Sec. 5], we classified second
order conformal covariants whose source and target are the same irreducible Spin(n)
bundle. Here we complete the task by classifying second order conformal covariants
with different source and target bundles.

Since the finite dimensional representation theory of Spin(p, q), p+ q = n, is the
same (by the Weyl unitary trick) as that of Spin(n), we obtain, without further
effort, a classification of second order covariants of pseudo-Riemannian conformal
structure. The operators produced have the same expressions in invariant index
notation, since this is signature independent. For example, the conformal Laplacian
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is −∇i∇i +(n− 2)Rij
ij/4(n− 1), and the Dirac operator is γi∇i , regardless of the

metric signature. To avoid circumlocution, we shall work below in the Riemannian
(Spin(n)) case.

To dodge complicated trivialities, the following conventions are needed. Second
order will mean universally second order: to qualify as second order, an operator
needs to be second order for any choice of the metric g. Thus, for example, the
conformal Laplacian is second order, but K∆ is not (since K vanishes for some
choices of g). In addition, we shall work modulo actions of the Weyl conformal
curvature tensor C (see Remarks 2.4 and 3.1 below). If D : V → W is a second
order conformal covariant, it may well happen that one or more isomorphic copies
of W appear in C ⊗ V, C being the bundle of algebraic Weyl tensors. If α ∈
Homso(n)(C ⊗ V,W), then

ϕ→ Dϕ+ α(C ⊗ ϕ)(1.2)

is also a conformal covariant. Our convention will be to assemble the operators
(1.2), for fixed D, into one equivalence class, and count this class as one conformal
covariant.

To state the old and new results, we need a classification of the bundles involved.
Irreducible representations of Spin(n) are in one-to-one correspondence with dom-
inant weights: tuples λ in Z` ∪ (1

2 + Z)`, where ` = [n/2], with [15]

λ1 ≥ λ2 ≥ . . . λ` ≥ 0, n odd,

λ1 ≥ λ2 ≥ . . . |λ`|, n even.

The dominant weight λ is used to label the representation (λ, Vλ) with highest
weight λ. The representations which factor through SO(n) are exactly those with
integral highest weights.

If S is the bundle of spin frames, we may form the associated vector bundle
V(λ) := S ×λ Vλ . For example, the cotangent (or tangent) bundle is associated
with the defining representation of SO(n), and labelled by λ = (1, 0, . . . , 0). The
spinor bundle Σ is labelled by (1

2 , . . . ,
1
2 ) if n is odd, and is the direct sum of the

bundles labelled by (1
2 , . . . ,

1
2 ,± 1

2 ) if n is even. Since the spinor representation is
faithful, the set of Spin(n) bundles is the same as the set of irreducible summands of
tensor-spinor bundles (though a given bundle always has infinitely many different
tensor-spinor realizations). Thus our study of abstract Spin(n) bundles is equivalent
to the study of tensor-spinor bundles.

A further labelling of bundles is possible if we pay attention to the effect of
fiberwise dilation: enlarge the structure group to H := Spin(n)×R+; the irreducible
representations of H have the form

λr(m, a) := arλ(m), r ∈ C, m ∈ Spin(n), a ∈ R+ .

We shall call the associated vector bundle Vr(λ); r is called the conformal weight.
For example, Vr(0, . . . , 0) is the bundle of r/n-densities; the cotangent bundle is
V1(1, 0, . . . , 0), and the tangent bundle is V−1(1, 0, . . . , 0). If D : Vr(λ) → Vs(µ) is
conformally covariant of biweight (a, b) (i.e. (1.1) holds), an easy calculation shows
that we can get a conformal covariant of any other biweight (a′, b′) by forgetting
the extra structure to obtain D : V(λ) → V(µ), then reweighting to obtain D :

Vr−(a′−a)(λ) → Vs−(b′−b)(µ). In particular, by choosing the correct (a′, b′) we can
arrange for D to be conformally invariant: D̄ = D. In another direction, we can
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define the reduced conformal biweight of a conformal covariant to be its biweight as
an operator V0(λ) → V0(µ).

Fegan [9] made the important observation that the gradients introduced by Stein
and Weiss in [15] are conformally covariant. If∇ is the Riemannian spin connection,
then

∇ : V(λ) → T ∗M ⊗ V(λ) ∼=Spin(n) V(σ1)⊕ . . .⊕ V(σN ),

where N = Nλ . The decomposition into irreducibles on the right has multiplicity
one, and a given dominant weight σ appears among the σu if and only if

|σ − λ| = 1, or n is odd and σ = λ.(1.3)

Note that |σ − λ| = 1 if and only if σ = λ± ea, where ea is the ath standard basis
vector (0, . . . , 1, . . . , 0). The gradient Gu = Gλσu is the composition Projσu ◦∇.
Fegan showed that Gu has reduced conformal biweight (pu , pu + 1), where

pu = 1
2 (n− 1 + 〈λ+ σu + 2ρ, λ− σu〉).(1.4)

Here 2ρ = (n− 2, n− 4, . . . , n− 2`) is the sum of positive so(n) roots. By noticing
that the formal adjoint of a conformal covariant is a conformal covariant, or by
noticing that the formal adjoint of a gradient is a gradient, it is easy to show that
G∗u has reduced conformal biweight (n− 1− pu , n− pu).

Theorem 1.1 [6]. Up to a constant multiple, there is a unique second order con-
formal covariant Dλ : V(λ) → V(λ) when n is odd and λ` 6= 1

2 , and when n is even
and λ` = 0. Otherwise there is no second order conformal covariant V(λ) → V(λ).

Dλ :=
K

2(n− 1)
−

Nλ∑
u=1

(
pu − n− 2

2

)−1

G∗uGu(1.5)

unless n is even and λ` = 0 6= λ`−1 , in which case Dλ = G∗λ,λ±e`Gλ,λ±e` . The

reduced conformal biweight of Dλ is ((n− 2)/2, (n+ 2)/2).

In the case where n is odd and λ` ≥ 1, we were unable to prove in [6] that (1.5)
describes the second order conformal covariant whose existence is asserted in the
theorem’s first sentence. (What could go wrong, a priori, is that (1.5) might be the
zero operator, or have order zero.) This loose end was tied up in [7, Corollary 5.3].

The principal result of this paper is:

Theorem 1.2. Let λ and µ be distinct dominant Spin(n) weights. There is a
unique (up to a constant factor) second order conformal covariant Dλµ : V(λ) →
V(µ) if and only if µ = λ + 2εea for some ε ∈ {±1} and a ∈ {1, . . . , `}; otherwise
there is no second order conformal covariant V(λ) → V(µ).

Dλµϕ = Gλ+εea ,µϕGλ,λ+εea + ProjV(µ) V ⊗ ϕ = ProjV(µ)(∇∇+ V⊗)ϕ,(1.6)

where

V :=
1

n− 2

(
Ric− Kg

2(n− 1)

)
,(1.7)

Ric being the Ricci tensor. The reduced conformal biweight of Dλµ is

(
1
2 (n− 2ε(µ+ ρ)a),

1
2 (n− 2ε(λ+ ρ)a)

)
.
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2. Proof of Theorem 1.2

Throughout this section, we assume that µ 6= λ. A first step is to classify
the H-equivariant second order differential operators V(λ) → V(µ); these form a
vector space. The dimension of the space of Spin(n)-invariant second order leading
symbols is bounded by

dim HomSpin(n)(T
∗M ⊗ T ∗M ⊗ V(λ),V(µ)).

This is in turn bounded by 2, since there are at most two paths λ→ σ → µ under
the selection rule (1.3). In fact, it will turn out that there is at most one linearly
independent Spin(n)-invariant second order leading symbol.

Lemma 2.1. h = hλµ := dim HomSpin(n)(T
∗M ⊗ T ∗M ⊗ V(λ),V(µ)) is nonzero

only in the following cases.
Case I. µ = λ± 2ea for some a. Then h = 1.
Case II. µ = λ± ea±′ eb (independent plus or minus signs), a < b. Then (case

IIa) h = 2 unless (case IIb) b = a + 1, λa = |λa+1|, and µa = |µa+1|, in which
case h = 1.

Case III. n is odd, µ = λ ± ea for some a, and λ`, µ` are not both zero. Then
(case IIIa) h = 2 unless (case IIIb) λ`µ` = 0, in which case h = 1.

Proof. This is immediate from the selection rule (1.3). In case II, the order in which
we add ±ea and ±′eb is important when one move is needed to “clear” the other;
that is, if b = a+ 1 and λa = |λb|, µa = |µb|. In case III, we get paths λ→ λ→ µ
if λ` 6= 0, and λ→ µ→ µ if µ` 6= 0.

Second order leading symbols are in one-to-one correspondence with

HomSpin(n)(S2M ⊗ V(λ),V(µ)),

where S2M is the bundle of covariant symmetric two-tensors. Thus only the part
of HomSpin(n)(T

∗M ⊗ T ∗M ⊗ V(λ),V(µ)) corresponding to the S2 summand in

T ∗M ⊗ T ∗M = S2M ⊕ Λ2M contributes to the symbol space.

Lemma 2.2. Let

s = sλµ := dim homSpin(n)(S2M ⊗ V(λ),V(µ)),

t = tλµ := dim homSpin(n)(Λ
2M ⊗ V(λ),V(µ)).

Then s+t = h; in particular, both s and t vanish except in cases I, II, III. In case I,
s = 1 and t = 0. In cases IIa and IIIa, s = t = 1. In cases IIb and IIIb, s = 0 and
t = 1. Thus the dimension of the space of Spin(n)-invariant second order leading
symbols V(λ) → V(µ) is 1 in cases I, IIa, IIIa, and 0 otherwise.

Proof. That s+ t = h is immediate from the decomposition T ∗M ⊗T ∗M = S2M ⊕
Λ2M . We shall complete the proof by computing s− t.

Given two irreducible representations τ and λ of a compact semisimple Lie alge-
bra k, Kostant’s formula [12] gives the decomposition into irreducibles of τ ⊗ λ in
terms of the highest weight of λ and (all) the weights of τ . In the case of interest
here, weights are tuples in Z` ∪ (1

2 + Z)`. Let W be the Weyl group of so(n), which
acts on weights by permutation and sign change of entries (arbitrarily many sign
changes if n is odd, an even number if n is even). The sign sgnw of w ∈ W is the
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sign of the permutation involved, times −1 to the number of sign changes. If α and
β are weights, let

Fβ(α) = Fα(β) :=
∑
w∈W

(sgnw)δαwβ .(2.1)

Let qτ (α) denote the multiplicity of α as a weight in τ , and let mµ(τ ⊗ λ) denote
the multiplicity of an irreducible µ as a summand in τ ⊗ λ. Then∑

α

qτ (α)Fρ+λ−α =
∑
µ

mµ(τ ⊗ λ)Fρ+µ .

Applying both sides of this equation to µ̃ := ρ+ µ for a given dominant weight µ,
we get

mµ(τ ⊗ λ) =
∑
α

qτ (α)Fρ+λ−α(µ̃) =
∑
α

qτ (α)Fµ̃(ρ+ λ− α),(2.2)

since the fact that µ̃ is strictly dominant, µ̃1 > . . . > µ̃`−1 > |µ̃`|, implies that only
the identity in W can fix µ̃. Both sides of (2.2) are additive in the σ argument, so
we can dispense with one of our irreducibility assumptions, and take σ to be in the
representation ring R(so(n)).

We are interested in the situation in which τ = S2 	 Λ2. The weights of S2 and
Λ2 are easily computed:

weight α qS2(α) qΛ2(α) qS2	Λ2(α)
0 n− l l n− 2l
2ea 1 0 1
−2ea 1 0 1
ea − eb, a 6= b 1 1 0
ea + eb, a 6= b 1 1 0
−ea − eb, a 6= b 1 1 0
ea n− 2l n− 2l 0
−ea n− 2l n− 2l 0

As a result,

s− t =
∑̀
a=1

{Fµ̃(λ̃ + 2ea) + Fµ̃(λ̃− 2ea)}.(2.3)

We claim that at most one term in this sum is nonzero, and that for such a term
Fµ̃(λ̃± 2ea), exactly one term in the sum (2.1) defining F is nonzero.

Write α ∼ β if α and β are in the same W-orbit. Note that if α ∼ β and β
is strictly dominant, then {|αa| | 1 ≤ a ≤ `} = {|βa| | 1 ≤ a ≤ `} has ` distinct
elements.

If λ̃+ 2ea ∼ µ̃ ∼ λ̃− 2ea, we must have |λ̃a + 2| = |λ̃a − 2|, so λ̃a = 0, a = `, n
is even, and λ`−1 ≥ 2. But then

λ̃+ 2ea = (λ̃1, . . . , λ̃`−1, 2) 6∼ (λ̃1, . . . , λ̃`−1,−2) = λ̃− 2ea,

since the number of negative entries does not agree. If λ̃ ± 2ea ∼ µ̃ ∼ λ̃±′ 2eb for
a 6= b, then (|λ̃a ± 2|, |λ̃b|) is a permutation of (|λ̃a|, |λ̃b ±′ 2|). If this permutation

is the transposition, |λ̃a| = |λ̃b|, contradicting strict dominance. If the permutation

is the identity, |λ̃a| = |λ̃b| = 1, also a contradiction. Thus there is at most one
contribution to (2.3). But since µ̃ is strictly dominant, at most one term in (2.1)
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contributes to Fµ̃(σ) for any σ. This proves the claim. In particular, |s − t| ≤ 1,
so the lemma is proved in cases IIa, IIIa (where s+ t = h = 2). For the remaining
cases, we just need to find the unique nonzero contribution to (2.1) and determine
whether it is +1 or −1.

In case I, the identity in W implements λ̃± 2ea ∼ µ̃, so s− t = 1. In case IIb, if
µa = λa + 1, then

λ̃±′ 2ea+1 ∼ µ̃(2.4)

provided the ±′ sign is chosen so that |λ̃a+1 ±′ 2| = |λ̃a+1| + 2. The Weyl group
element implementing (2.4) is a transposition together with 0 or 2 sign changes,

so s − t = sgnw = −1. If µa = λa − 1, then λ̃a ≥ 2, and λ̃ − 2ea ∼ µ̃ is again
implemented by a transposition together with 0 or 2 sign changes; again s−t = −1.
Finally, in case IIIb, {λ`, µ`} = {0, 1}, so {λ̃`, µ̃h} = { 1

2 ,
3
2}, so λ̃ − 2e` ∼ µ̃ is

implemented by a sign change, and again s− t = −1.

This means that there are second order Spin(n)-operators in cases I, IIa, and
IIIa. Recall that we are in the process of proving that there is a conformal covariant
only in case I. The following lemma assures that one cannot form second-order con-
formal covariants for µ 6= λ by composing two gradients with compatible conformal
weights.

Lemma 2.3. Suppose that λ 6= µ and σ are dominant weights with λ → σ → µ
under the selection rule (1.3), and that the reduced conformal biweights of Gλµ, Gσµ

are (m,m + 1) and (m + 1,m + 2) respectively. Then we are in case IIb or IIIb,
and the (conformally covariant) composition GσµGλσ has vanishing second order
symbol.

Proof. By Fegan’s result (1.4), we must have

m = 1
2{n− 1 + 〈λ̃+ σ̃, λ̃− σ̃〉} = 1

2{n− 1 + 〈σ̃ + µ̃, σ̃ − µ̃〉} − 1,

so

1 = 1
2{〈σ̃ + µ̃, σ̃ − µ̃〉 − 〈λ̃ + σ̃, λ̃− σ̃〉}.(2.5)

Suppose first that λ 6= σ 6= µ; then σ = λ± ea, µ = σ±′ eb for some a, b. (2.5) then
becomes

1 = ±σ̃a ∓′ σ̃b.
If ±′ = ±, then |a − b| = |σ̃a − σ̃b| = 1, σa = σb, and we are in case IIb, where
by Lemma 2.2, there are no second order so(n)-operators. If ±′ = ∓, then 1 =
±(σ̃a + σ̃b), so {a, b} ⊂ {` − 1, `}; but µ 6= λ implies a 6= b, so {a, b} = {` − 1, `}.
Thus n is even and σ` = −σ`−1 ≤ 0. But then we are in case IIb again.

It remains to consider the cases σ = λ and σ = µ (in which n must be odd).
These cases are dual: (Gλσ , Gσµ) is a pair of the type we seek if and only if
(Gµσ , Gσλ) ∼=so(n) (G∗σµ, G

∗
λσ) is. Thus we need only treat the case λ = σ 6= µ; say

µ = σ ± ea. But then (2.5) gives 1 = ∓(2σ̃a ± 1)/2, i.e. σ̃a = ∓ 3
2 . Thus ± = −

and a is ` − 1 or `. If a = ` − 1, then σ`−1 = σ` = 0, contradicting σ → σ (or
µ = σ − e`). If a = `, then σ` = 1 and µ` = 0, and we are in case IIIb, where by
Lemma 2.2, there are no second order so(n)-operators.

Remark 2.4. In any tensor-spinor realization, Weyl’s invariant theory [16] shows
that the operator D = GσµGλσ considered in Lemma 2.3 is polynomial in the
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covariant derivative ∇, the Riemann tensor R, the metric tensor g and its inverse,
the volume form E, and the fundamental tensor-spinor γ. The dilational behavior
g′ = A2g, A ∈ R+ ⇒D′ = A−2D shows that each monomial term in this polynomial
has k∇+2kR = 2, where k∇ is the number of explicit occurrences of∇, and similarly
for kR . This, together with the vanishing of the second order symbol of D, shows
that ordD = 0. Now the Weyl conformal curvature tensor is

Ci
jkl = Ri

jkl + Vjkδ
i
l − Vjlδ

i
k + V i

lgjk − V i
kgjl ,

where V is the normalized Ricci tensor of (1.7). C is conformally invariant, and
the conformal behavior of V is as follows: if gεω = e2εωg0 is a conformal curve of
metrics, ε running through a real interval about 0 and ω being a C∞ function, then

(d/dε)|ε=0V = −∇∇ω.(2.6)

Since the operator D studied in Lemma 2.3 is conformally covariant, it must be an
action of C: it has the form ϕ 7→ α(C ⊗ ϕ), where α ∈ Homso(n)(C ⊗ V(λ),V(µ)).

In view of Remark 2.4, our only chance to get a conformal covariant V(λ) → V(µ)
is as follows. In cases where Homso(n)(S2M ⊗ V(λ),V(µ)) is 1-dimensional, we
attempt to make a “curvature correction” to the operator ProjV(µ)(∇∇) on V(λ).
By the conformal covariance of C, only corrections by actions of V can alter the
operator’s conformal behavior. Such an action has the form ϕ 7→ β(V ⊗ ϕ), where
β ∈ Homso(n)(S2M ⊗V(λ),V(µ)), since V is a section of S2M . By Lemma 2.2, this
Hom space has dimension at most 1, so our prospective conformal covariant must
have the form

ProjV(µ)(∇∇+ cV⊗), c ∈ R.(2.7)

We need to show that there is a unique c for which (2.7) is conformally covariant
in Case I, and no such c in Cases IIa and IIIa. To handle Case I, first note that
the conformal covariance condition (1.1) is equivalent to its infinitesimal form [5,
Proposition 1.12]

(d/dε)|ε=0D = −(b− a)ωD + a[D,mult(ω)],

where (d/dε)|ε=0 is the conformal variation described in Remark 2.4, and “mult”
means “multiplication by”.

In case I, λ → σ := λ + εea → µ is the only selection rule path from λ to µ.
Thus

ProjV(µ)∇∇
∣∣∣
V(λ)

= GσµGλσ .

By (1.4), Gλσ has reduced conformal biweight (m+1,m+2), wherem = 1
2 (n−2εµ̃a),

and Gσµ has conformal biweight (m,m + 1). Thus the conformal variation of
GσµGλσ, viewed as an operator from Vm(λ) to Vm+2(µ), is

(d/dε)|ε=0(GσµGλσ) = Gσµ(d/dε)|ε=0Gλσ + ((d/dε)|ε=0Gσµ)Gλσ

= Gσµ[Gλσ ,mult(ω)]− [Gσµ ,mult(ω)]Gλσ

= Gσµζλσ(dω)− ζσµ(dω)Gλσ

= ProjV(µ)[∇, τ(dω)]
∣∣∣
V(λ)

,
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where, for a one-form η, τ(η)ϕ := η ⊗ ϕ, and

ζλσ(ν) := ProjV(σ) τ(η)
∣∣∣
V(λ)

.

But [∇, τ(η)]ϕ = (∇η) ⊗ ϕ, whence

((d/dε)|ε=0(GσµGλσ))ϕ = ProjV(µ)(∇∇ω)⊗ ϕ.

By this, (2.6), and the conformal invariance of ProjV(µ) , the operatorDλµ described

in the statement of Theorem 1.2 is the unique conformal covariant V(λ) → V(µ) of
reduced biweight (m,m+ 2).

For uniqueness, we still have to prove that no operator D of the form (2.7) has
a different reduced conformal biweight (m′,m′ + 2). Viewing D as an operator
Vm(λ) → Vm+2(µ), we get

((d/dε)|ε=0D)ϕ = ((d/dε)|ε=0(D −Dλµ))ϕ = (c− 1)(∇∇ω)⊗ ϕ.(2.8)

But the putative conformal behavior of D gives

(d/dε)|ε=0D = (m′ −m)[D,mult(ω)] = ProjV(µ)[∇∇,mult(ω)],

an operator with nonvanishing first order leading symbol for nonconstant ω. This
contradicts (2.8).

In cases IIa and IIIa, there are dominant weights σ and τ for which

σ
p−−−−→ µ

m

x xm
λ −−−−→

p
τ

(2.9)

is the complete list of second order paths from λ to µ. Here m and p are distinct,
Gλσ and Gτµ both have reduced conformal biweight (m,m+ 1), and Gσµ and Gλτ

both have reduced conformal biweight (p, p + 1). sλµ = tλµ = 1 in both cases, so
ord(aGσµGλσ + bGτµGλτ ) = 0 for some (0, 0) 6= (a, b) ∈ R2. In particular,

ord ((d/dε)|ε=0(aGσµGλσ + bGτµGλτ )) = 0(2.10)

whenever the operator aGσµGλσ+bGτµGλτ is viewed as carrying Vq(λ) to Vq+2(µ),
for any q. Suppose, to obtain a contradiction, that there is a second order conformal
covariant D : V(λ) → V(µ); let its reduced biweight be (q0 , q0 + 2). D must have
the same leading symbol as αGσµGλσ + βGτµGλτ for some (α, β) ∈ R2 linearly
independent of (a, b). Viewing our operators as carrying Vq0(λ) → Vq0+2(µ), we
have (2.10) with α, β in place of a, b. Since

√−1ζλσ is the leading symbol of Gλσ ,

0 = σ1 ((d/dε)|ε=0(GσµGλσ)) (ξ)

=
√−1{ζσµ(ξ)(q0 −m)[Gλσ ,mult(ω)] + (q0 + 1− p)[Gσµ ,mult(ω)]ζλσ(ξ)}

=
√−1

{
(q0 + 1

2 (1−m− p))(ζσµ(ξ)ζλσ(dω) + ζσµ(dω)ζλσ(ξ))

+ 1
2 (p−m− 1)(ζσµ(ξ)ζλσ(dω)− ζσµ(dω)ζλσ(ξ))

}
.

Similarly,

0 = σ1 ((d/dε)|ε=0(GτµGλτ )) (ξ)

=
√−1

{
(q0 + 1

2 (1− p−m))(ζτµ(ξ)ζλτ (dω) + ζτµ(dω)ζλτ (ξ))

+ 1
2 (m− p− 1)(ζτµ(ξ)ζλτ (dω)− ζτµ(dω)ζλτ (ξ))

}
.
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To avoid contradicting tλµ = 1, we must have p = m ± 1; but by Lemma 2.3 and
(2.9), this can only happen in cases IIb and IIIb. Thus there can be no conformal
covariant in cases IIa and IIIa; this completes the proof of Theorem 1.2.

3. Remarks and examples

Remark 3.1. Recall that in Theorem 1.1 and Theorem 1.2, we work modulo ac-
tions of the Weyl tensor, summands as in formula (1.2) arising from elements α of
Homso(n)(C ⊗ V(λ),V(µ)). Using formulas of Freudenthal [10] and of Brauer [8],
it is straightforward to count such actions; i.e. to determine dim Homso(n)(C ⊗
V(λ),V(µ)). (Note that the question makes sense only for n ≥ 4, since there is no
Weyl tensor in dimension 3.) In [3], we count the Weyl tensor actions in the case
µ = λ. Let c(λ) := dim Homso(n)(C ⊗ V(λ),V(λ)). Let h = h(λ) be the number of
steep drops in λ, i.e. indices a with λa > |λa+1|+ 1; let r = r(λ) be the number of
distinct entries in the `-tuple λ, and let s = s(λ) be the number of distinct entries
appearing at least twice in λ. Then if λ` ≥ 0,

c(λ) =


(r − 1)2 + s+ h− rδ

(λ`−1 ,λ`)

(0,0) − δ
(λ`−1 ,λ`)

( 1
2 ,

1
2 )

, n ≥ 4 even,

r(r − 1) + s+ h− 2(r − 1)δλ`0 − δ
(λ`−1 ,λ`)

(0,0) − (r − 1)δλ`1/2 − δ
(λ`−1 ,λ`)

( 1
2 , 12 )

,

n ≥ 5 odd.

If λ` < 0, then c(λ) = c(λ1 , . . . , λ`−1 ,−λ`). When n = 4, we can distinguish the
contributions of C±, the self- and anti-self-dual parts of C. If λ2 ≥ 0, then

c+(λ) = 1− rδ
(λ1,λ2)
(0,0) − δ

(λ1,λ2)

( 1
2 ,

1
2 )

, c−(λ) = h.

(Note that (r − 1)2 + s = 1 in this case, since (r, s) is either (2, 0) or (1, 1).) If
λ2 < 0, then c±(λ) = c∓(λ1,−λ2).

Remark 3.2. The conformal covariants Dλ,λ+2ea and Dλ+2ea ,λ (for λ, λ+ 2ea both
dominant) are formal adjoints of each other.

Remark 3.3. The operator (1.6) is unchanged upon replacing V with its trace free
part B = V − Jg/n (where J = V i

i = K/2(n− 1)), since S2 splits as TFS2⊕Λ0,
where TFS2 is the bundle of trace free symmetric two-tensors. Since Λ0 ⊗ V(λ) =
V(λ), we “cannot reach” V(µ) by tensoring with the Λ0 summand when µ 6= λ.

Example 3.4. In [4], the following conformal covariant on the k-form bundle Λk

was introduced: let s = (n− 2k)/2; then

Dk = (s+ 1)δd+ (s− 1)dδ + (s+ 1)(s− 1)(J − 2V ·),(3.2)

where V · is the natural (derivation) action of the 2-tensor V on the Grassmann
algebra. D0 is the conformal Laplacian, and D(n−2)/2 = δd is the Maxwell operator
on vector potentials for n even. For k 6= n/2, this operator is a special case of that
given in Theorem 1.1. (The Ricci tensor action apparent in (3.2) is hidden in the
peculiar combination of gradients in (1.5); see [6, Example 5.7]. When n is even
and k = n/2, we have two operators of the type described in Theorem 1.2. Indeed,
(3.2) anticommutes with the Hodge ? operator:

?Dk = −Dn−k ? .
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As a result, Dn/2 interchanges the two eigenbundles V(1, . . . , 1,±1) of ? on middle-

forms. Choose a complex unit v with square (−1)n/2, and denote by Λ
n/2
± the ±v

eigenbundle of ?. Then the D± : Λ`
± → Λ`

∓ are

D± = G∗∓G± +Bijζ∓(dxi)∗ζ±(dxj),

where G± is the gradient with target V(1`−1), and
√−1ζ± is its leading symbol.

We first claim that the copy X± of the bundle V(1`−1) which is involved is cut out
of Λ`+1 ⊕ Λ`−1 by the condition

ProjΛ`−1 ψ = ∓v ? ProjΛ`+1 ψ.

For if η is a one-form and ϕ a section of Λ`± , calculations like those in [6, Example
5.7] give

ProjΛ`+1⊕Λ`−1(η ⊗ ϕ) = (` + 1)−1(ε(η)− ι(η))ϕ,

where ε and i are exterior and interior multiplication. But ι(η)ϕ = ?ε(η) ? ϕ =
v ? ε(η)ϕ. (The evenness of n is used in the identity ι = ?ε?.) The complementary
projections P± of Λ`+1 ⊕ Λ`−1 onto X± are thus

P±ψ = 1
2 (ψ ∓ v ? ψ).

The bundle maps

I± = 2 ProjΛ`−1 : X± → Λ`−1

are natural isometries with Λ`−1, which we may view as a “standard realization” of
V(1`−1). Using calculations from [6, Example 5.7] to set normalizations, we have

D± = (δ + d)P∓I±(` + 1)−1(δ + d) +Bij(ι− ε)(dxi)P∓I±(`+ 1)−1(ε− ι)(dxj)

= (`+ 1)−1{(δ + d)(δ ± v ? δ)−Bij(ι− ε)(dxi)(ι± v ? ι)(dxj)}.
But v ?δϕ = −v ??d(±vϕ) = ∓dϕ and v ? ι(dxj)ϕ = v ??ε(dxj)(±v)ϕ = ±ε(dxj)ϕ,
so

−(`+ 1)D± = −(δ + d)(δ − d) +Bij(ι − ε)(dxi)(ι + ε)(dxj)

= δd− dδ − 2Bijε(dx
i)ι(dxj)

= δd− dδ − 2B· ,
since ε(dxi)ε(dxj) = ι(dxi)ι(dxj) = 0 and ι(dxi)ε(dxj) + ε(dxj)ι(dxi) = gij . Since
B = V − Jg/n and g · |Λk = k, this is exactly the operator δd − dδ − 2V · +J of
(3.2).

Example 3.5. The bundle TFSp of trace free symmetric p-tensors is V(p, 0, . . . , 0).
To get a tensor realization of the conformal covariant carrying V(p, 0, . . . , 0) to
V(p+ 2, 0, . . . , 0), note first that a formula for ProjTFSp+1 : Λ1 ⊗ TFSp → TFSp+1

is given by

(ProjTFSp+1 ϕ)i1...ip+1 = ϕ(i1...ip+1) − aϕll(i1...ip−1
gipip+1) ,(3.2)

where a is a constant, and the indices in parentheses are to be symmetrized over.
To make the i1i2 trace (and thus all traces) vanish, we need

a = p/(n+ 2p− 2).(3.3)



SECOND ORDER CONFORMAL COVARIANTS 1041

Iterating (3.2) and (3.3), we find that ProjTFSp+2 : Λ1 ⊗ Λ1 ⊗ TFSp → TFSp+2 is
given by

(ProjTFSp+2 ϕ)i1...ip+2 = ϕ(i1...ip+2) −
p

n+ 2p
Symm(ϕli1li2...ip + ϕi1

l
li2...ip)gip+1ip+2

− 1

n+ 2p
ϕll(i1...ipgip+1ip+2)+

p(p− 1)

(n+ 2p)(n+ 2p− 2)
ϕlmlm(i1...ip−2

gip−1ipgip+1ip+2) ,

where “Symm” is symmetrization over i1 . . . ip+2. If ϕ is a section of TFS2⊗TFSp,
this simplifies somewhat:

(ProjTFSp+2 ϕ)i1...ip+2 = ϕ(i1...ip+2) −
2p

n+ 2p
Symm ϕli1li2...ipgip+1ip+2

+
p(p− 1)

(n+ 2p)(n+ 2p− 2)
ϕlmlm(i1...ip−2

gip−1ipgip+1ip+2) .

(3.4)

Let Dij = 1
2 (∇i∇j+∇j∇i)− 1

ngij∇l∇l . By (1.6) and (3.4), our conformal covariant
is

Pp : = (D +B)(i1i2ϕi3...ip+2) −
2p

n+ 2p
Symm(D +B)li1ϕli2...ipgip+1ip+2

+
p(p− 1)

(n+ 2p)(n+ 2p− 2)
(D +B)lmϕlm(i1...ip−2

gip−1ipgip+1ip+2) .

Taking formal adjoints,

(P ∗pψ)i1...ip = (D +B)lmψlmi1...ip = (∇l∇m + V lm)ψlmi1...ip .

The Pp and P ∗p were first introduced, in an ad hoc calculation that applies only to
the TFSp bundles, in [11, §3].
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