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ABSTRACT. A selector theorem for non-convex orientor fields on closed man-
ifolds is given and the Lefschetz fixed point theorem is used to establish an
existence result for these ones.

1. INTRODUCTION

In this note we give an existence theorem for the initial value problem associated
with the following differential inclusion

(1) i(t) € F(t,x)

where F': [a,b] x M™ — T M™ is a multivalued map such that for every real number
t from an interval [a,b] and for every point p from a manifold M™ (modeled on
Euclidean space R™) F'(t,p) is a non-empty and closed subset in the fibre T, M™.
The existence problem for differential inclusions in Euclidean space (M™ = R")
with convex-valued right-hand side has a long history ( see [9] for details). In the
case when F': [a,b] x R" — R" is a multivalued map, not necessarily a convex-
valued one, some existence theorems have been given by Filippov [4] for F' con-
tinuous with respect to Hausdorfl distance and Kaczyniski and Olech [7] (see also
Olech [9]) for F satisfying hypotheses of Carathéodory type. The solutions have
been obtained by using some approximate techniques there.

A useful tool for differential inclusions turned out to be the selector theorems
given by Antosiewicz and Cellina [1], Lojasiewicz (Jr) [8] and far-reaching of their
generalizations due to Fryszkowski [5] and Bressan and Colombo [2]. These theo-
rems enable us to apply the Schauder fixed point theorem to establish some exis-
tence results for non-convex differential inclusions with right-hand side satisfying
hypotheses of Carathéodory type in Euclidean space [1] or with a lower semicon-
tinuous one [8]. Moreover the selector theorems enable us to apply the topological
degree methods to differential boundary value problems for non-convex differential
inclusions [10]. In this note we prove a selector theorem for non-convex orientor
fields from the product [a,b] x M™ into the tangent bundle TM™ that are lower
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semicontinuous or satisfy Carathéodory conditions. Then using the Lefschetz fixed
point theorem for ANR’s ( cf. [6] ) we obtain as a consequence a solution of (1).

2. DEFINITIONS AND THEOREM

Let A= {(U1,1),...,(Uk, or)} be an atlas on a closed C?-manifold M™ and let
A= {(U1,$1), ..., Uk, p)} be an atlas on the tangent bundle TM™ with diffeomor-
phisms 3 U; — oi(Un) xR (i = 1,...., k) given by @i([1]) = (o(p), (1) (1)) for
[l] € TM™, p € U; where \!: R" — T,M" is a linear isomorphism such that for ev-
ery Cl-path I: (—e,e) — M™ with [(0) = p we have X[(p;01)'(0)] = [1] ( (piol)’(0)
is the gradient of (p; ol): (—¢,6) — R™ at the point 0 € (—¢,¢) ). For a map
x: [a,b] — M™ we accept

w(t) = A Vl(poz) ()] in te(ab)

provided z(t) € U; and (p; o x): [a,b] — R™ is a differentiable map at the point ¢.
A multivalued map F': [a,b] x M™ — TM™ we call an orientor field if for every
(t,p) € [a,b] x M™ the set F(t,p) C T,M™ is nonempty and closed in T,M™. The
map F: [a,b] x M™ — TM™ is lower semicontinuous (l.s.c.) if for every closed
set X C TM" the counterimage F~1(X) = {(t,p) : F(t,p) C X} is closed in
[a,b] x M™. We say that F: [a,b] x M™ — T M™ satisfies Carathéodory conditions
if for each ¢t € [a,b] the map F(t,-): M™ — TM" is continuous and for each
p € M™ the map F(-,p): [a,b] — TM™ is measurable ( i.e. the set {t € [a,]] :
F(t,p) NU # 0} is measurable for any open set U C TM™). An orientor field
F:la,b] x M™ — TM™ is integrable bounded if there exists an integrable function
n: [a,b] — R such that [(AD)71(F(t,p))| < n(t) for each (t,p) € [a,b] x U; and
i=1,...,k (JY| denotes the Hausdorff distance of the sets Y C R™ and {0} C R"™).
For an orientor field F': [a,b] x M™ — T M™ we formulate an initial value problem

{x(t) € F(t,z(t)) a.e. on [a,b],

z(a) = p.

(1)

A solution of (1) we call a continuous function z: [a,b] — M™ such that the corre-
spondence [a,b] > t — #(t) € TM™ is defined a.e. on [a,b] and it is a measurable
map.

Theorem 1. Suppose an integrable bounded orientor field F': [a,b] x M™ — TM™"
satisfies the Carathéodory conditions or it is an l.s.c. map. Then there exists at
least one solution of problem (1).

3. INTEGRABLE SELECTORS

Let C([a,b], M™) be a space of all continuous functions (paths) z: [a,b] — M™
with the supremum metric, let M([a, b], TM™) be a space of all measurable single-
valued functions y: [a,b] — TM™ and let {W;}¥_, be an open cover of M" such
that W; ¢ W; c U; (i = 1,...,k). We define operators A;: M([a,b],TM") —
M([a, b], R™) given by

AT w@)Bi(r(y(1) i y(t) € Wi,

(3.1) Ai(y)(t)z{0 £ (0) & W, (i=1,....k)
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where {3;}¥_, is a partition of unity on M™ such that supp 8; C W; and 7: TM™ —
M" is the canonical projection such that «[l] = p for [I] € T,M™ and W; =
57 (@(Wi) x R).

In what follows for an orientor field F': [a,b] x M™ — TM™ and for a path
x: [a,b] — TM™ we say a function y € M([a,b], TM™) is an integrable selector of
Fo(id®x): [a,b] — TM™ iff y(t) € F(t,x(t)) a.e. on [a,b] and A;(y) is integrable
for each i = 1,..., k. The integrable selector y of F o (id ® ) we will denote by
y € Fo(id®x).

Lemma 1. Assume F: [a,b] x M™ — TM™ is an integrable bounded orientor field
that satisfies the Carathéodory conditions or it is l.s.c.. Then there exists a single-
valued map f: C([a,b], M™) — M([a,b],TM™) such that f(x) € F o (id ® x) for
every x € C([a,b], M™) and the compositions (A;of): C([a,b], M™) — L*([a,b],R™)
are continuous for each i =1,... k.

Proof. Let us notice that without loss of generality we can assume that the atlas
A = {(Ui,¢i) : i=1,...,k} on M™ satisfies conditions ¢;(U;) C B(i, 1) for
i=1,....,k with B(i,%) = {v € R" : |[v—i|] < 1}. Let x: [a,b] — M" be a
continuous map. We say a system D* = (DY,...,D¥) of measurable subsets of
[a,b] is a decomposition of the interval [a,b] with respect to x iff the Lebesgue

k
measure pu(|J Df) = b—a, Df N D} =0 for i # j and (D) C W; for each

=1
i=1,...,k With every y € M([a,b],TM™) we will associate a measurable map
z(y,D*,-): [a,b] — R™ x R™ given by z(y, D*,t) = &;(y(¢t)) for t € D¥ where
D* = (D7,...,D}) is a decomposition of [a,b] with respect to the function = €

C(la,b], M™). Now we can give a sketch of the proof.
1) The multivalued map ®: C([a, b], M™) — L'([a,b],R™ x R™) given by

O(z) ={2(y,D%): ye€Fo(id®z) and D?isa decomposition of [a,d]}

is 1.s.c. with decomposable values ®(z) for each x € C([a, b], M™).

2) By virtue of the selection theorem, due to Bressan-Colombo [2], there exists
a continuous single-valued map g: C([a,b], M™) — L'([a,b],R" x R") such that
g(z) € ®(x) for each x € C([a,b], M™).

3) Finally the single-valued map f: C([a,b], M™) — M([a,b],TM™) given by
f@)(t) = (@7 ") (g(x)(t)) for t € DF (i =1,... k), is the desired one.

First of all we notice that ®(z) # (). Indeed for a sequence of points a = tg <
t1 < ... <ty = b together with a function 7: {1,... ,m} — {1,...,k} for that
z([tj_1,t;] C W, there are measurable maps y;: [tj_1,t;] — UT(J-) c TM™
such that y;(t) € F(t,z(t)) a.e. on [tj_i,t;] (j = 1,...,m). Let y: [a,b] —

TM™ be a measurable function defined by y;,_, ) = vy; a.e. on [tj_1,t;] for

j=1,...,mand let D* = (D7,...,D}) be a decomposition of [a,b] given by

Dy = U l[tj-1,t;) for i#7(m)and D7y = U [tj-1,t;) U {tm}. Then
T(§)=i 7(§)=7(m)

we have z(y, D*,-) € ®(x). Next we show the lower semicontinuity of ®. Let = be
a limit in C([a,b], M™) of a sequence {z;} C ®~!(K) where K is a closed subset
in L'([a,b], R" x R") and let v € ®(x). We have to show that v € K. By defini-
tion of ® we see that v = z(y, D”,-) with a decomposition D* = (D7,...,D})
and y € F o (id ® z) such that v(t) = @;(y(t)) for t € D¥ (i = 1,...,k).
For every integer p € N there exist subsets BY C D? (i = 1,...,k) that are
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closed in [a, b] and pu(DF\BY) < %. Without loss of generality we can assume that
zp(BY) C W; for each p € N and @ = 1,... k. Let z(yp, E®?,-) € ®(x,) with a
decomposition E*» = (E{”,... ,E."), let D¥ = (Di”,...,D;") be another de-
composition with respect to z, given by D;* = BY U (CP N E;?) (i = 1,...,k)

k
where C? = [a,b]\ |J BY, and let d,(t) be the distance of the point v(t) to the set
i=1

Gi(F(t,xpy(t))) fort € D;*i=1,... ,k and p € N.
For every p € N the map F,: [a,b] — R™ x R" given by

B(v(t),2d,(t)) N @ (F(t,zp(t))) if dp(t) >0 and te€ D;?,
v(t) if dy(t)=0 or t¢ ij D{v,

is measurable and so there exists a sequence {v, } of measurable functions v, : [a, b] —
R"™ x R"™ such that v,(t) € @;(F(t,z,(t))) a.e. on D" (i = 1,...,k) and v, €
®(xp) C K. Moreover ||v, — v|| — 0 because F': [a,b] x M™ — TM™ is integrable
bounded and satisfies Carathéodory conditions or it is L.s.c.. Therefore v € ®.

Now let us see that for any two functions z(yi, D*,-),22(y2,C%,:) € ®(x)
we have 21 - xa + 22 - x4 € ®(x) where x4 is the characteristic function of
a measurable set A C [a,b] and A’ = [a,b]\A. Indeed for the decompositions
D* = (D¥,...,D¥),C% = (C¥,...,C%) and B® = (BY,... BY) with BY =
(DFNA)U(CFNA") and for y € Fo (id ® x) given by

N = yi1(t) forte A,
v = ya(t) forte A,

we obtain z1-xa+22-xa = z(y, B, -) € ®(x) where x4 is the characteristic function
of A. Therefore for each x € C([a, b], M™) the set ®(z) is decomposable. Finally we
prove that for a single-valued continuous map g: C([a, b], M"™) — L([a,b], R*xR")
given in (2) the single-valued maps (A; o f): C([a, b], M™) — L'([a, b], R™), where
f is given in (3) for the map g are continuous for each ¢ = 1,... , k. For this let
{z,} be a sequence convergent to z in C([a,b], M") and let Q = = (U;). Then

/ IAvo flam)(t) — Aso f(2)(1)] dt
[a,b]

= Xk: A7) 7185 (@) (£) Bi(@m (1))
o ? J

QND;™ND¥
= (AT (g () (1) (1)) |t
+)° / 2(t)dt.
I#sQnpim Dz
Since by the continuity of g
k

S [ leson) - oulat)ide - o;

SJ:lD;mng
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hence the measures u(D7™ N DY) — 0 for s # j because [p;(x(t)) — ps(x(?))| > 1
for s # j. Now again the continuity of g together with the above inequality implies

/ [Aio f(xm)(®t) — Ao f(z)(t)| dt —0 for i=1,... k.
[a,b]

The proof is completed. O

4. THE PROOF OF THEOREM 1

Let n: [a,b] — R be an integrable function such that [(AY)~1(F(t,p))| < n(t)
for every (t,p) € [a,b] x U;, i =1,... ,k, and let j: M™ — R?"**! be the Whitney
imbedding. With every point ¢ € M™ and positive real number K > 0 we associate
a subspace Cy x C C([a,b], M™) of all functions z: [a,b] — M™ such that z(a) = p

7
and [j(z(t)) — j(z(t))] < K [ n(s)ds for every t,t € [a,b]. On the other hand let

t
f: C(la,b], M™) — M([a,b],TM™) be an integrable selector with respect to the
cover {W;}*_, given by Lemma 1 for the orientor field F and {3;}*_, be a partition
of the unity on M™ the same as in (3.1). We define a single-valued map ¢: Cy x —
C([a,b], M™) such that for every function = € C, i the value ¢ (z) is the unique
solution of the following initial value problem:

{u(t) = fa(t,u(t)),
u(a) = q,

(2)x

k
where fz(t,p) = Z_:lfzz(tvp)a

Fr(p) = Qi) ast@®) A o (T T F@)O) i p e Wi and f()(0) € T,
i \U 0 if ngz or f(d?)(t) ¢U1 P

and

2

k
o = i - [Z@Q]
i=1

By virtue of (3.1), (5.2) and (5.4) respectively in [3] we obtain the following:

(i) the definition of v is correct;

(ii) the space Cy i is a compact ANR;

(iii) there exists a real number K > 0 such that /(Cy x) C Cg k-

Moreover by using both Lemma 1 and the continuous dependence of solutions
of (2), on the vector fields f, the map 1 is continuous. Now by the Lefschetz
fixed-point theorem there exists a function z € Cy x such that = ¥(x).

Finally we can see that the fixed point x of i) satisfies

{x(t) = f(x)(t) a.e. on [a,b],
z(a) = ¢,

and so we have a solution of (1). The proof is completed.
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