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REMARKS ON THE RESULTS BY KOSKELA CONCERNING
THE RADIAL UNIQUENESS FOR SOBOLEV FUNCTIONS

YOSHIHIRO MIZUTA

(Communicated by Albert Baernstein II)

ABSTRACT. In this note we aim to complete the results by Koskela concerning
the radial uniqueness for Sobolev functions.

Let ¢ be a positive nonincreasing function on the interval (0,00), and let
B denote the unit ball of R™. Consider a p-precise function v on B such that

/ |[Vu(z)|Pde < ePy(e) for any € > 0,
U(e)

where U(e) = {z € B : |u(z)| < €}. We give conditions on ¢ which assure
that © = 0 whenever u has vanishing fine boundary limits on a set of positive
p-capacity.

We are also concerned with the sharpness.

1. STATEMENT OF RESULTS

For 1 < p < oo and an open set G C R", we denote by W?(G) the Sobolev
space of all functions v on G such that

/ |Vu(z)|Pdx < oo,
G
where V denotes the gradient. For a set £ C G, we define
Cp(E;G) = inf/ |Vu(z)|Pd,
€]
where the infimum is taken over all u € WP (R") such that u = 0 outside G and
/|:c — " Vu(y)|dy > 1 for every x € E

(see [2], [7] and [9]). We write C,(E) = 0 if C,(E N G;G) = 0 for every bounded
open set G.

Let B denote the unit ball in R™. For each u € W1?(B), we can find an extension
u* € WHP(R™) with compact support such that

u=u" for almost every x € B
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and u* is p-precise in the sense of Ziemer [10]. In view of [4], [5], we note further
that u* can be written as

u*(a:)zc/ S - Vu*(y)dy

|z —y|™

with a constant ¢, where “ - ” denotes the usual inner product and the integrals are

absolutely convergent p-q.e. (quasi everywhere) on R™, that is, for every x € R*—F
with Cp(E) = 0. This implies that u € W?(B) has a fine boundary limit u* (&)
for p-q.e. £ € OB (see [3], [7] and [11]).

Our aim in this note is to show the following theorem.

Theorem 1. Let ¢ be a positive nonincreasing function on the interval (0,00)
satisfying

(1) A7 p(r) < p(r?) < Ap(r) for everyr >0

with a positive constant A and
(2) /Ol[tp(r)]_l/(p_l)r_ldr = 00, 1<p<oo.
Let u be a Sobolev function in WP (B) such that
(3) /U( : |[Vu(z)Pde < ePy(e) for any € > 0,
E
where U(e) = {x € B : |u(x)| < e}. If there exists E C OB such that C,(E) > 0

and the p-precise extension u* vanishes on E, then u = 0.

Remark. P. Koskela [1] has recently treated the case where
p(r) = [log(1/r)]"~",  [log(1/r)]"~"loglog(1/r)]"~",
[log(1/r)}"~" [log log(1/r)]"~* log loglog(1/7)P ™, - -

for small r; these functions clearly satisfy (2).
Next we show that our result is sharp in the following sense.
Theorem 2. Let ¢ be a positive nonincreasing function on the interval (0,00)
satisfying (1) and
1
(4) / [@(T)]_l/(p_l)r_ldr < 00, 1 <p<oo.
0

Then there exists a continuous function u on R™ such that u € WHP(R™), u satisfies
(3), u >0 on B and u = 0 outside B.

2. PROOF OF THEOREM 1
We use the notation B(z,r) to denote the open ball centered at x with radius r;
hence B = B(0, 1).
Let us begin with the following lemma, which is an easy consequence of the
definition of C).

Lemma 1. Let 1 < p < oo. For f € LP(R"™), set

Ef={xeR”:/ & — 7| £ (y)dy = oo}

B(z,1)
Then Cp(Ef) =0 (see e.g. [7, Proposition 5.1.1 and Theorem 6.8.2]).
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Next we prepare the following technical lemma.

Lemma 2. Let ¢ be as in Theorem 1. Then there exists a positive nondecreasing
function a on (0,00) satisfying (1) and such that

(5) /01 a(r)yr~tdr = oo

(6) /0 a(r)Pp(r)r—tdr < co.

In fact, it suffices to consider

a(r) = [p(r) /@D ( / Q[so@)rl/@—”t—ldt)

T

-1

for r < 1; set a(r) = a(l) for r > 1.

Throughout this note, let M denote various constants independent of the vari-
ables in question.

Now we are ready to prove Theorem 1. For this purpose, we may assume that
u = 0 a.e. on B. We suppose that {x € B : u(x) > 0} has positive measure, and
obtain a contradiction.

For functions f and g, define

[T (2) = max{f(z),0}
and
fAg(z) =min{f(z),g(x)}.

For each positive integer j, set
uj(z) = 27[(u—277)" A 277
and

v= Zajuj with a; = a(277)

for the function @ in Lemma 2. Note that
|Vu;| = 27|Vl ae. on Gj = {z:277 <u(zr) <277t}
and
|Vu;| =0 a.e. outside Gj.
Hence it follows from (3), (1) and (6) that

/|Vv|pdx Zaﬂj / |VulPdz

< [a;27P 1277 Pp(279HY)
j=1

< MZaJ 0(277)

< M/ r~ldr < oo.
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Consider p-precise extensions u*, v* € WHP(R™) with compact support such that
u=u and v=0

for almost every z € B. If £ € 0B and

/ € — [V ()] dy < oo,

then u*(z + r(§ — x)) is absolutely continuous on (0, 00) for almost every z € B
(see [4, p.725] and [8]).

If u*(x) >0, u*(§) =0 and f(r) = v*(x + r(§ — x)) is absolutely continuous on
[0,1], then the line L(z,§) = {z + (€ — ) : r € [0,1]} meets with G; = {z € B :
277 < wu*(x) < 2791} for large j, say j = jo, so that

2—Jo

zﬁﬂMWZZ%ZMA a(r)r=tdr = oo

JZdo

because of (5). This implies that

/B € — g |V (y)dy = oo,

which gives a contradiction by Lemma 1, since C,(E) > 0 and v* is p-precise on
R™.

3. PROOF OF THEOREM 2

Suppose

/Ol[go(r)]_l/(p_l)r_ldr < 00
and set
r= 1= 4 [ o005
for a positive constant A. Note here that if b > 0, then
(7) s%p(s) < M(b)t%p(t) whenever ¢t > s > 0

with a positive constant M (b) (see e.g. [6, (p5)]).
We now consider the inverse function ¢t = f~1(r) and define

u(e) = f7H(1 ~|al)

for z € B; define u = 0 outside B. In what follows we determine A for which u
satisfies (3).
For small € > 0, find 6 > 0 such that

e=f71).
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Then we have by (7)

/ Vu(@)Pde < M / r)|Pdr
{zeB:|u(z)|<e}
€ —(p—1)
- M/ dr dt
0
= A" PM/ 1y
< Al- PMePy

Hence it suffices to take A such that A'=PM = 1.
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