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ABSTRACT. Let K be a field and a,b € K. The Dickson polynomial Dy (z,a)
is characterized by the equation Dp(z + (a/z),a) = ™ + (a/x)™. We prove
that Dp(z,a) + b € K|[z] is reducible if and only if there is a prime p|n such
that b = —Dy(c,a™?) for some ¢ € K, or n = 4k and b = 4¢* — 8a*¢? + 2a2F
for some ¢ € K. This result generalizes the well-known reducibility criterion
for binomials; and it provides a reducibility criterion for T, (z)+ ¢ where T}, (z)
denotes the Chebyshev polynomial of degree n.

INTRODUCTION

Let K be a field. For every positive integer n and every a € K there is a
unique polynomial D, (z,a) € Klz] such that D, (z + (a/z),a) = 2™ + (a/z)".
This polynomial is monic of degree n and the coeflicients are polynomials in a
independent of K (see 1.1). It is called the Dickson polynomial of degree n with
parameter a. Note that D, (x,0) = z™. The following theorem is the main result
of the present paper. (See 2.5; cf. 2.4 and 2.6.)

Theorem. The polynomial D, (x,a)+b € Klx] is reducible iff there is a prime p|n
such that b = —D,(c,a™P) for some c € K, or n = 4k and b = 4c* — 8a*c? + 2a2*.

In the case a = 0 the above theorem yields the well-known description of re-
ducible binomials (see 3.1). For finite fields (and a # 0) a reducibility criterion in
terms of the order (in the multiplicative group of K) of a zero of 2 + bx + a™ was
recently found by Gao and Mullen. In the final section we show how to deduce their
theorem from our results. The final section also contains a very simple condition
for the reducibility of D,,(x,a). It turns out that the answer does not depend on
a, provided that a # 0 and n > 2.

The Chebyshev polynomial T,,(z) (usually defined by the property T),(cos ) =
cosnyp) has integral coefficients and satisfies T}, ((z+z71)/2) = (2" +2~")/2. Hence
T, (xz) may be defined over every field K; and T, (x) = D, (2z,1)/2 if charK # 2.
Thus, if ¢ € K and charK # 2, T,,(x) + c is reducible over K iff D, (z,1) + 2c¢ is
reducible. In this situation the above theorem implies that T, (z) + ¢ is reducible
iff there is a prime p|n such that ¢ = —T,(d) for some d € K, or 4jn and ¢ =
2d* — 4d? + 1 for some d € K.
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The notation K will be reserved for fields. The multiplicative group and the
characteristic of K are denoted by K* and charkK, respectively; and K denotes
an algebraic closure of K. We always tacitly assume that k,m,n denote positive
integers. For every m we write K(™) = {a™ : a € K}. For an extension field L of
K of finite degree [L : K] we let N,k denote the norm map from L into K. The
greatest common divisor of k and m will be denoted by (k,m). An expression like
v+ a/7 is to be understood as v + (a/v). We abbreviate ‘if and only if’ by ‘iff’.

1. PRELIMINARIES

1.1 Remark. The main theorem on symmetric polynomials shows that for every n
there is a unique polynomial D, (z,y) € Z[z,y] such that D,(x+y,zy) = 2™ + y™.
Let K be a field and a € K. Then D, (x,a) € K|[z] is characterized by the property
D, (x+a/xz,a) = 2™+ (a/x)™. Moreover, it is clear that D,,(x,a) is monic and has
degree n. It follows that the Dickson polynomials (as described in the introduction)
exist.

The defining property yields D1(x,a) = x, Da(z,a) = 2% — 2a, and D, (z,a) =
2 Dp_1(x,a) — a Dyp_o(x,a) if n > 3. Conversely, the Dickson polynomials can be
defined recursively by this relation. One can prove that

Dn(x,a) = Y - n . (n ; k) (—a)kzn2",

k<n/2

This explicit formula is irrelevant for our purposes, however. (See [4] for more
information on Dickson polynomials.)

1.2 Lemma. The following properties hold for all a € K and all n.
(a) Da(x,a) = 22 — 2a, Dy(z,a) = 2* — 4ax® + 2a>.
(b) Dp(b+c,a) =b" 4+ ™ for all b,c € K with bc = a.
(¢) If n is odd (even) then D, (x,a) only contains odd (even) powers of x.
(d) D (,a) = Dy (Di(x,a),a”) for all k,m.

Proof. Parts (a) and (c) are clear from the recurrence relation in 1.1, (b) follows
from the definition, and (d) holds since both sides yield 2*™ + (a/x)¥™ when z is
replaced by x + a/z. O

1.3 Lemma. Leta,b € K.
(a) Let a € K be a zero of Dy (x,a%) +b. Then Dy, (z,a) + b is reducible over
K iff Dy (2,a") + b is reducible over K or Dy(x,a) — « is reducible over K(a).
(b) Let m > 1. Assume that Doy, (x,a)+b is reducible over K and D, (z,a?)+b
is irreducible. Then 2a™ + (—1)™b € K@\ {0}.

Proof. (a) Let £ € K be a zero of Dy,(z,a) —a. From 1.2(d) we see that Dy, (&, a)+
b = 0. Hence Dy (x,a) + b is reducible iff [K(§) : K] < km. The assertion easily
follows by making use of the equality [K () : K] = [K(€) : K(a)] [K(a) : K].

(b) Let a € K be a zero of D,,(x,a?)+band let L = K(a). From (a) we see that
Dy(z,a)—a is reducible over L, i.e., 2a+«a € L), Thus Ny k(2a+a) € K® . Note
that 2a+ « is a zero of the irreducible polynomial f(x) = D,,(x —2a,a?)+b. Hence
Np k(204 a) = (—1)"f(0) # 0. We have Dp,(—2a,a?) = 2(—a)™ (by 1.2(b)) and
hence f(0) = 2(—a)™ +b. Thus 2a™ + (—1)™b= Np,x(2a+a) € K@\ {0}. O
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1.4 Lemma. Let charK # 2, a,b € K, and f(x) = 2°> + ax +b. Then f(x?) is
reducible over K iff there exists c € K such that (i) 4b = a®>—c? or (ii) 4b = (a+c?)?.

In case (i) we have f(z?) = (22 + (a — ¢)/2)(2® + (a + ¢)/2) and in case (ii) we
have f(z%) = (22 + cx + (a + ¢2)/2)(2? — cx + (a + ¢?)/2).

Proof. Assume that f(z?) is reducible. If f(z) is reducible then a? — 4b = ¢? with
c € K. In the sequel we assume that f(z) is irreducible. For every zero a € K of
f(2?) we have [K(a) : K] = 2 since [K(a?) : K] = 2 and [K(«a) : K] < 4. Hence
f(2?) = g(z) h(x) where g(z),h(x) € K[z] are monic irreducible polynomials of
degree 2. Let g(x) = 2? + cx +d. If g(x) = g(—x) then ¢ = 0 and —d is a zero of
f(z), a contradiction. Since g(—z) is a monic irreducible factor of f(z?), we obtain
h(z) = g(—2) and thus f(2?) = 2%+ (2d — c®)2% +d?. Hence 4b = (2d)? = (a+c?).
The converse is clear. O

1.5 Lemma. Leta,b € K.

(a) Let Dy(x,a) + b be reducible. Then Do(x,a?) + b is reducible or b = 4c* —
8ac? + 2a? for somec <€ K.

(b) Suppose that b = 4c* — 8ac® + 2a® for some ¢ € K. Then Dy(z,a) +b =
(22 — 2cx + 2(c* — a))(2? + 2cz + 2(¢® — a)) is reducible and 26> +b € K@ ; and
Ds(z,a?) + b is irreducible iff ¢ € K* and 2a — > ¢ K?).

Proof. (a) Suppose that Dy(z,a?) + b is irreducible, i.e., 2a> —b & K. Tt follows
from 1.3(b) that charK # 2. Recall that Dy(z,a) = 2* — 4ax?® + 2a? (by 1.2(a)).
The assertion is obtained by applying 1.4 to f(r) = 22 — 4ax + 2a® + b.

(b) The first part holds since 2a% + b = 4(c? — a)? and Dy(z,a) + b = z* —
4ax? +4(c® — a)?. The second part follows from 2a? — b = 4c?(2a — ¢?). (Note that
2a — ¢? ¢ K® implies that charK # 2.) O

2. THE MAIN RESULTS

2.1 Proposition. Let a € KX, b € K, and n > 2. Let 3 € K be a zero of
22 + bx + a™.

(a) Let n be odd. Then D, (x,a) + b is reducible over K iff ™ — [3 is reducible
over K(f).

(b) Assume that 8 € K. Then Dy (z,a)+ b is reducible iff ™ — [ is reducible or
b? = 4a™.

Proof. Let v € K be a zero of 2" — 3, @ = v+ a/v, and L = K(a). Note that
Dy(a,a) =+ a™/8 =—b. Hence D,(z,a) + b is reducible iff [L : K| # n.

(a) Let ny = [K(y) : K(8)] and ny = [L : K]. Tt remains to prove that n; # n
iff ng # n. We have [K(v) : K] = nymy with my = [K(8) : K] < 2, and
[K(y) : K] = mang with mg = [K(y) : L] < 2. The assertion follows since
ni,ne < n and n is odd.

(b) Note that b = 4a™ holds iff 8 = a™/3; 2™ — 3 is reducible iff [K (v) : K| # n.
We have L C K(v) and v is a zero of f(z) = (x —v)(x —a/y) € L{z]. If B #a™/8
then « and a/~ are not conjugate over L. In this case it follows that v € L and
L = K(v); and thus the assertion holds. Now suppose that 8 = a™/8. Assume that
[L : K] =n. Then it follows that L = K(v), v # a/~ (since n > 2), and 2™ — (3 is
irreducible. Since a/7 is a zero of ™ — 3, there exists a K-embedding o : K(y) — K
with o(y) = a/v. Then o(a) = « and thus o is trivial on L. Hence L # K (v) since
o(y) # 7. This contradiction proves that [L : K] # n. The assertion follows. O



968 GERHARD TURNWALD

2.2 Proposition. Let a,b € K. Let 3 € K be a zero of x> + bx +a*. Assume that
L= K(B) # K and Dy(x,a?) + b is irreducible.

(a) Dy(z,a) + b is reducible iff there exists n € L such that 3 = —4n* and
2N /Kk(n) = a.

(b) Suppose that (> = —1, B = —4n*, and 2a*> +b = ec® with {,n € L, ¢ = *1,
and ¢ € K. Then Dy(z,a) + b is reducible, ( € K, and —4 € K@),

Proof. (a) Suppose that D4(z,a) + b is reducible. By 1.5 there is ¢ € K* such
that b = 4¢* — 8ac? + 2a® and 2a — 2 ¢ K@, It follows that charK # 2 and
2 #a. Let £ = (8—a?)/(a—c?). Then £ € L, €2 = —43, and & = (2a + £)?/4c%.
Hence 3 = —4n* with n = (2a + €)/4c. From &2 + 4(a — ¢®)¢ + 4a® = 0 we obtain
n? —cn+a/2 = 0; and thus N/ (n) = a/2.

Conversely, suppose that f = —4n* and Nz/k(n) = a/2. Let o denote the
nontrivial K-automorphism of L. Then ¢ = n+ o(n) € K, no(n) = a/2, and
—b = B+ o(B). Hence b/4 = n* + o(n)* = D4(c,a/2) = c* — 2ac? + a?/2 and
Dy(z,a) + b is reducible according to 1.5(b).

(b) Note that ¢ # 0 since otherwise 8 = a? € K. Let £ = (3 — a®)/c. Then
€2 = —gf and €2 +ecf+ea® = 0. We have —4 = (2¢)? = (1+¢)* and hence § € L™,
Suppose that ¢ = —1. Then ¢2 € L™ and hence ¢ € L?) (since —1 € L®?)). Thus
—a? = Ny /x(€) € K@ and —1 € K®. Hence without loss of generality we may
restrict to the case e = 1. Note that charK # 2 (since § # 0).

Assume that ¢ ¢ K. Then there are A\, € K such that (A + pB3)? = —1
and p # 0. It follows that 32 + 2 =18 + (A2 +1)/u? = 0. Hence 2\/u = b,
(N2 +1)/p? = a*, and 4a* — b> = 4/p? € K@ \ {0}. We obtain 2a> — b € K2
since 2a% + b € K. This contradicts the irreducibility of Da(z,a?) + b. Thus we
conclude that ¢ € K.

From &% = —3 = 4n* we get £ = £2n*. Hence a® = N k(&) = 4Ny /x(n)>.
It follows that N,k (n) = +a/2. Note that Np,(¢) = ¢* and N, x(¢n) =
— Ny K (n). Possibly replacing n by (7, we may thus assume that 3 = —4n* and
Ny k(n) = a/2. Then D4(x,a) + b is reducible according to (a) and the proof is
finished. |

We will use the following part (for odd degree) of the well-known reducibility
criterion for binomials (see 3.1). A proof may be found in [3, p.297], [5, p.662], and
7, p.91].

2.3 Lemma. Let n be odd and a € K. Then z™ — a is reducible (over K) iff for
some prime p|n we have a € K@),

2.4 Theorem. Let a,b € K. If D,(x,a) +b is irreducible then D,,(x,a™™) +b is
irreducible for every m|n. If Dy(z,a) + b is reducible over K then Dp(z,a™?) 4+ b
is reducible for some prime p|n, or n = 4k and Dy(x,a”) + b is reducible.

Proof. The first part holds by 1.3(a). By induction we may assume that the second
part is valid (for all K and all a,b € K) if n is replaced by 1,... ,n — 1. Suppose
that D, (z,a) + b is reducible. First we assume that n is odd. If a = 0 then the
assertion follows from 2.3 since D,,(z,0) = 2™. If a # 0 then, according to 2.1(a),
™ — (3 is reducible over K(3) and we have to show that 2P — (3 is reducible over
K (B) for some prime p|n. Again, the assertion follows by making use of 2.3.

In the sequel we suppose that n = 2m. The proof is finished if Dy(z,a™) 4 b is
reducible. Thus we assume that Dy (z,a™) + b is irreducible. Let v € K be a zero
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of Da(z,a™) + b (ie., 2 = 2a™ — b). From 1.3(a) we obtain that D,,(z,a) — v
is reducible over L = K (v). By induction, Dy (z,a™/?) — ~ is reducible over L for
some prime p|m, or 4|m and Dy4(z,a™/*) — ~ is reducible over L.

If 2lm and Do(z,a™/?) — 7 is reducible then there are A\, € K such that
202 + v = (A + py)?. We obtain 2a™/? = X2 + (2a™ — b)p? and 1 = 2\pu.
Thus b = (A2 — 2a™/?) =2 + 2a™ = 4\* — 8a™/?\? 4 2a™ and 1.5(b) implies that
Dy(z,a™*) 4 b is reducible.

Now suppose that p is an odd prime such that p|m and D,,(a:,a,m/ Py — v is
reducible over L. According to 1.3(a), Day(x,a™/?) + b is reducible over K. Hence
1.3(b) implies that D, (z,a™?) + b is reducible (since 2a™ — b ¢ K(?)).

Finally we suppose that 4|m, Dy(x,a™/*) — v is reducible, and Do(x,a™/?) —~
is irreducible over L. It follows from 1.3(b) that 2a™/2 — v € L \ {0}. Note that
20"/ 4~ ¢ L® (since Do(x,a™/?)—r is irreducible). Hence 2a™ +b = 4a™ —~> ¢
L®?). Thus 1.3(b) yields that D,,(z,a?) + b is reducible and our assertion follows
by induction. O

2.5 Theorem. Let a,b € K andn be a positive integer. Then Dy(x,a)+b € K|x]
is reducible iff there is a prime p|n such that b= —D,/(c, a”/p) for some c € K, or
n =4k and b = 4c¢* — 8a*c? + 2a%* for some c € K.

Proof. According to 2.4 and 1.5, we may restrict to the case where n = p is a prime.
We have to prove that the reducibility of D,(z, a)+ b implies that there is a zero in
K. The assertion is evident if p = 2. Thus we assume that p is odd. If @ = 0 then 2.3
applies (since D,(z,0) = 2P). In the sequel we suppose a # 0. Choose 3 € K such
that 32 +b3+a? = 0. It follows from 2.1(a) that 2P — 3 is reducible over L = K (3).
Hence (by 2.3) 8 = ~? for suitable v € L. From D,(y + a/y,a) = 8+ aP/3 = —b
we see that it is sufficient to show that v + a/v € K for suitably chosen ~.

If L = K then we are done. Hence we assume L # K. Then [L : K] = 2 and
Np/k(8) = aP. From Np,x(v)? = Np/k(B) we get Np/x(7) = (a where ¢ € K
and (P = 1. Let ¢ = (~*D/2. Then Ny x(c) =c® = ("' and Ny g(cy) = a
Hence replacing v by ¢y we may assume Np x(v) = a and then it follows that
v+a/veK. |

2.6 Remark. (a) The condition b = 4c* —8a*c? +2a?* may be expressed in the form
b= D4(v/2¢,a*). In this case Dy(z,a*) + b is the product of Do(x — ¢, a*) + ¢? and
Dy(x + ¢,a”) + c? (cf. 1.5(b)).

(b) If b = 4c¢* — 8a¥c? + 2a%F, then 2a%F + b = 4(a* — ¢®)? and 2a%% — b =
4c*(2aF — ¢). If Dy(x,a*) + b is irreducible then 2a?* — b ¢ K and hence
charK # 2, ¢ # 0, 2a" — ¢ ¢ K®), and 2a®* +b # 0 (since otherwise 2a* — ¢? = ¢?).
Thus these conditions may be added in the formulation of Theorem 2.5.

(¢) The condition b = 4c* — 8a¥c? + 2a2* holds iff there is a square root d € K
of 2a?* + b such that a* +d/2 € K®.

(d) Theorem 2.4 follows from 2.5.

3. SPECIAL CASES

The following result is well-known. It is sometimes called the Vahlen-Capelli
theorem. For odd n it was quoted as Lemma 2.3.

3.1 Theorem. Leta € K. Then ™ — a is reducible over K iff for some prime p|n
we have a € K®), or 4|n and a € —4K®.
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Proof. This follows from 2.5 since D,,(z,0) = a™. |

3.2 Theorem. Let n > 2 and a € K*. Then D,(x,a) is irreducible iff n is a
power of 2 and 2 ¢ K.

Proof. Suppose D,,(x,a) is irreducible. If m is odd then (by 1.2(c)) Dy, (z,a™™) is
divisible by 2. Hence 1.3(a) (or 2.5) shows that n is a power of 2 and Dy(z,a™/?)
is irreducible, i.e., 2a™/2 ¢ K. Thus 2 ¢ K. Conversely, suppose that n is a
power of 2 and 2 ¢ K. Then 2a™/? ¢ K® and hence 1.3(b) (or 2.5) implies that
Dy(z,a™*) is irreducible. From 2.5 we conclude that D, (z,a) is irreducible. [

3.3 Remark. In the case |K| < oo the factorization of D, (x,a) has been found
recently by Chou [1]. In the case where K is the field of rational numbers the
factorization of Chebyshev polynomials is known (see [6, p.228]).

3.4 Lemma. Let |[K| < oo and a,b € K. Let 8 € K be a zero of % + bx + a*.
Assume that L = K(3) # K. Then Dy(x,a) + b is reducible iff 2a> —b € K2 or
BeL®,

Proof. 1f q is even then Dy (z,a)+b = x*+b is reducible and L™ = L. In the sequel
we assume that ¢ is odd. Note that —1 € L), If (2 = —1 then (1 4 ¢)* = —4.
Hence —4 € L™,

Let Dy(x,a)+b be reducible. Then, according to 2.2(a), Da(z, a?)+b is reducible
or B € —4L®W. Thus 242 —b € K@ or g € L. Conversely, suppose that
20> —b € K® or g € LW, If 24> — b € K@ then Dy(z,a?) + b is reducible
and hence Dy(z,a) + b is reducible (by 1.3(a)). Note that b*> — 4a* ¢ K since
6 ¢ K. Hence if 2a%> —b ¢ K® then —2a® —b € K and then 2.2(b) implies that
Dy(z,a) + b is reducible since § € —4L®. O

3.5 Lemma. Let |K| =g < oo and let e denote the order of a € K*.
(a) a € KO iff (g — 1,m)| (g — 1)/e.
(b) Let p be a prime. Then a ¢ K® iff ple and p)(q—1)/e.
(c) Let a ¢ K®. Then a & —4K® iff 4|q — 1.

Proof. Part (a) is a simple consequence of the fact that K* is a cyclic group of
order ¢ — 1. Assertion (b) follows from (a) (since e |q—1). Now let a ¢ K(?). Note
that ¢ is odd. If4/q—1then —1 ¢ K® and hence —a/4 € K®). From (4,q—1) = 2
we obtain K = K* and hence —a/4 € K®. Conversely, —a/4 € K implies
that —1 ¢ K and hence 4 /¢ — 1. Thus (c) is proved. O

The following result is, in a weaker form, due to Gao and Mullen [2]. (Remark
3.7 shows that their result follows from 3.6. In [2] it is also required that conditions
similar to those given below hold for every e which is the order of a zero of x> +
br + a".)

3.6 Theorem. Let |[K| =g <oo andn>2. Leta € K* andb € K. Let e denote
the order (in K*) of some zero of x? 4 bx + a™. Then Dy (x,a) + b is irreducible
iff the following conditions hold:

(i) Every odd prime factor of n divides e but does not divide (¢*> —1)/e.

(i) If n is even and e|q—1 then b2 # 4a™, 2|e, 2efq—1, and if 4|n then 4| q—1.

(iii) If n is even and efq — 1 then 2a™? —b & K@) and if 4|n then 4efq® — 1.
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Proof. If e| g — 1 then for every odd prime ple we have (p,q + 1) = 1. Hence in
(i) we may replace (¢> — 1)/e by (¢ — 1)/e if e|qg — 1. Let 3 € K be a zero of
22 + bz + a™ with order e. Note that 3 € K iff e|q— 1. Let L = K(3).

First we suppose that n is odd. Then 2.1(a) shows that D, (x, a)+b is irreducible
iff 27 — 8 is irreducible over L. The latter condition holds (by 2.3) iff 3 ¢ L) for
every prime p|n. The assertion thus follows from 3.5(b).

Let n = 2m. If e| ¢ — 1 then the assertion follows from 2.1(b) by making use of
3.1 and 3.5. In the sequel we assume that e /¢ — 1. Note that Dy(z,a™) + b is
irreducible iff 2a™ —b ¢ K. If 4 Jn then the assertion follows from 2.4 by making
use of what we have already proved. If 4|n then, in addition, we employ 3.4. The
assertion follows since 2a™ — b ¢ K(® implies that ¢ is odd and hence 3 € L™
holds iff e| (¢* — 1)/4 (by 3.5(a)). O

3.7 Remark. We have e|¢®> — 1. If e|q — 1 then b> — 4a™ € K?). If e /q — 1 then
b2 —4a™ ¢ K@ or qis even and b # 0.

If (ii) or (iii) holds then ¢ is odd. If (iii) holds then b — 4a™ ¢ K and
2a"/? —b ¢ K. Then it follows that —2a™/? — b = ¢ with ¢ € K* and hence
from (3% 4 bB + a™ = 0 we obtain § = (8 —a™/?)?/c® € L®. Thus (iii) implies that
2¢ | g* — 1; and if 4|n then it follows that 2|e (since 4|¢* — 1).
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