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ABSTRACT. We prove the existence of entire solutions to some abstract higher
order Cauchy problem for a dense subset of initial values.

Let X be a complex Banach space, and let A be a closed linear operator on X
with dense domain D(A). We study analytic properties of strong solutions of the
higher order Cauchy problem

) @) () = Ax(t), t € [0,00),
W) z@D0)=2;, 0<i<p—1, peN.
These questions were considered for the cases p = 1,2 and for uniformly well-posed
Cauchy problems in the papers [3, 6, 7] (and related topics in [1]). The special
properties of semigroups and cosine (sine) functions that correspond to such Cauchy
problems were used in the arguments. But in the case p > 3 the Cauchy problem
(1) is uniformly well-posed if and only if A is a bounded operator [3].

So it is natural to treat the problem (1) in its intrinsic terms and essentially

weaken well-posedness assumptions.

Let us consider a particular case of the problem (1):
@) @) (t) = Ax(t), t € [0,00),
z@(0)=0, 1<i<p—1,2(0) = zo.

Definition 1. We say that a closed densely defined linear operator A satisfies the
condition (G) if the set E = {zg € D(A)| there exists a solution z(¢,xq) of the
problem (2) such that

(3) |2 (t, 20)]] < Cet’, t>0
for some o = a(xg) > 0 and some C' > 0 } is dense in X.

Remark 1. If p =2 and A is a generator of the strongly continuous cosine function,
we can put E = D(A).

Remark 2. The inequality (3) implies that the solution z(¢, x¢) of (2) also satisfies
the inequalities

(4) max ||z®) (t,z0)|| < C1e”*" for some [ = B(zq) > 0.
0<k<p
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Indeed, (4) follows from the identity

t
1
m/(t— S)p_k_ll'(p)(s) dS, 0 S k Sp— 1.
p—Kk— :
0

M (1) =

The following two examples illustrate the condition (G).

Example 1. We shall show that the condition (G) is not too restrictive. Let A be
a closed densely defined operator satisfying the assumption:

there exist Cp >0, 0 < a < 1 and by such that R(z, A), the resolvent of
(G1) A, exists for Rez > max {bo, co | Im z|*}, and [|R(z, A)|| < M (1 + |z|V),
M >0, N >0, for these z.
Define

lella.e = sup(n)~%e"|[4"all, @ € C(4) = (] DA,

n=1

G(B,e) ={z € X :|z[|ge < oo}, =J G e).
e>0

Then, according to [1], G(8) = X, 8 > 1. So the set M = {x € C(A) |||A"z|| <
a"~Ip™P=1) n > 1, for some a = a(z) > 0} is dense in X. Moreover, for z € M
we have

oo

>

n:O

" (n 4 1))@

n!

SCZ (al )" =Ce? | ;= ay(x) > 0.
n=0

It is easy to see that the function

P
t fEO Z .TO, ZTo € M
= (
is a solution of the Cauchy problem (2) and
1P (¢, z0)|| = || Ax(t, z0)|| < Ce"".

Therefore, the condition (G7) is sufficient for (G). (But it is not necessary. See
example 2(b).)

Example 2(a). Now we shall demonstrate that the condition (G) indeed limits
the growth of solutions of (1). To this aim we modify an idea of the example from
[5] to higher order equations. Set

Xo = l.s.{sieZLO ags’ la, >0, e NU{0},

and note that X¢ = C([0,1]) in the max-norm.
Define the operator A in C([0,1]) as the closure of 42> on X. A is a closed linear
operator with dense domain. Next consider the Cauchy problem (2) in C([0,1]).
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Then the function z4(s) from X belongs to D(A) and y : [0,00) — C([0,1]), given
by

-1
1 p
(5) y(t) === m(wrt+s), t>0, se0,1],
P>
w being a p-th root of unity, is a strong solution of the problem (2). Indeed,
151 151
y P (1) = = Z wkpxép) (Wrt +5) = = Z xép)(wkt + )
Pi=0 P20

15
= 0% gttt s) = Ay(r), 120,
k=0
i 1 p—1 )
@?J(O—I—) = 5;wm$0(5) =0, 1<i<p-—1,9(0)==zo(s).
Moreover, by routine estimations one can prove that
Iy (O] = Cie"”,

C; >0, 0<i<p, a>0,forsufficiently large t. In a similar way we can indicate
a Cauchy problem of the form (2) for which some solutions grow faster then e’ as
t — oo (take, for instance,

X =1ls. {sieZ?QO a; s’ lagp >0, ieN U{0},
and the same operator A in C([0,1])).

Example 2(b). Next we give an example showing that the implication (G) =
(G1) is false. The construction is close to the preceding one. We describe it
briefly. Let X = C([0,1]), A the closure of %, defined on the functions {f €
C([0,1)|f® € C([0,1])}. The operator A satisfies condition (G) with the set

m

E={> a,s", s € [0,1], m € N is arbitrary }. Solutions of problem (2) can be
n=0

derived %y means of formula (5). On the other hand, the spectrum of A fills the
whole complex plane. So the condition (G7) is not satisfied.

Remark 3. Thus introduction of the condition (G) allows us to treat the Cauchy
problem (2), for which the resolvent set of the operator A is empty.

The next theorem partially generalizes the main statements of [1, 2, 7] and is
proved following the general idea of [2].

Theorem 1. Let the operator A satisfy the condition (G), p > 2. Then the set
{zo € X| the solution x(t,xo) of (2) exists and

can be extended to an entire function z(z) : C — X}

is dense in X.

The proof of the theorem depends on the following result.
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Lemma 1. Let f : RT — X be a strongly measurable function satisfying the con-
dition

If@)] < Ce®™, t>0, a>0, C>0.
Then for every b > a

1/n

00( e f(t) d =0(n’™"), n— oo
Hb/e t tH n n 00

Proof. Observe that the next representation is true for every m € N and b = 1:

m

(6) (€)M = e N " ay

=T

where 7y, = 2 if 2+ € Noand 7, = [%} + 1 otherwise. Then from (6)

(7) (e—tp)(m-i-l):e—tp Z ai,m-‘rltip_m_l?

i:T7n+1

and, on the other hand,

(e—tp)(m—H) _ Z (—p&i_1,m + ai,m(ip _ m))tip—m—l
(8) T=Tm4+1

t Gy (TP = @t (FDIPTL
Let’s constitute the recurrent relations for am—,m, 0 < k < m —r,,. We have
(9) m—km41 = —DUm—k—1,m + Gm—k,m[(Mm —k)p —m], k<m—ry,.
If % ¢ N, then 7,11 = 7, and
(10) Qrppiymtl = Gppy (TP — M),
(Note that |r,p —m| < p.) In the opposite case ry,+1 = + 1 and

(11) Ay ,m+1 = p(arm+1,m — Qr,,m)-

Further, we shall prove the following inequalities:

mo,2k

(12) | @ — ke, | gp@]:;” , m>1, 0<k<m—rp,
m -1 2(m—rpy—1)

(13) ary ] < A= D) "2,

2(m — 7 — 1)1 7 -

where (2n)!!:=2-4-6-...-2n,n € N. Proceed by induction on m. The inequalities
(12), (13) are obviously true for m = 1, 2. Suppose that they hold for every m < my
and every 0 < k < m — ry,. For the next reasoning one has to consider two cases.
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1. If @mg+1—k,mo+1 has the form Ar o 1,m0+1 (k=mo+1—7pm,+1), we use the
relations (10), (11) for the estimates. For 2 ¢ N we get from (13)

(mO _ 1)2(mg—rmO—1)+1
[2(mg — rme — N
2((m0+1)—rmO+1—l)

< mo+1 0 .
=P 2 (mo + 1) — Fmger — DI

mo+1

|aTm0+1,mo+1| < |a’1”m0,m0 |p <p

If 20 € N, then similarly from (12), (13)

|aTm0+1,mo+1| < p(|a1”m0+1,mo| + |a1”m0,m0|)

2(mo—rm0 -1)

< mo 0 mo -1
- p(p [2(mo — Ty — 1)) +pme(mo —1)

(mO _ 1)2(m0—rm0—1)
[2(mo — rme — 1N )

2((mo+1)—7rm —1
m(( o+1) o+1—1)

[2((m2 +1) = g1 — D!

< p™otlimg

2. Now suppose k < mg + 1 — rper1. If k=0, then am11.me+1 = (—p)™0L.

Thus (12) is satisfied. For fixed mg we use induction again. Assume that (12) holds
for some ko and pass from kg to kg + 1. From (9)

a(mg+1)—(k50+l),mg+1 = amo—ko,mo-‘rl = _pa‘mo—ko—l,mo
+am0—k0,m0((m0 - ko)p - mO) = amo—kmmo((mO - kO)p - mO))
(14) _pamg—ko—l,mo—l X ((mo - k() - 1)p — My + 1)
+p2amo—k0—l,mo—l =
mop—sS . . .
= > (=p)'@me—ko—i,mo—i((mo — ko — i)p —mo + 1)
i=0
+(=p)mo—stla, o s—rs=ky+1.
By the induction hypothesis amy—ko—i;mo—i, 0 < @ < mg — s, and a,, s can be

estimated according to (12), (13). Note also that |(mo—ko—i)p—mo+i| < (mo—1i)p.
So from (14), (12) and (13) we get

mo—s N2k
i(mO - z) ° Mo —1 .
|G (mo+1)— (ko+1),mo+1] < Z D Wp °(mo —1)p
prd I

(s — 1)2k0+1 mo—s+1 2ko+1

mo—s+1,.s — ,mo+1 (mo—l)
P T T ; ko)

< pmott io: T < pmotl (mg 4 1)2(o+D) )
= 2 @ko)l! = 20k + 1!

Thus the required estimates (12), (13) are proved. (Observe that we shall not
succeed if we substitute (12) directly in (14).)
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Further, let m = np. Then r,, = r,, =n and

np
|(e—btp)(np)| S e—btp max (17 bnp) Z |ai,np|tip_np
=n

< e max (1,6")n(p — 1) Jmax a0 >0,

where a; np,n < i < np, are defined by (6). So using (12), (13) we obtain

|(e—btp)(np)| < e_btp max (1, bnp)n(p - 1)

2k, np
R )

t(np—k)p—np
0<k<n(p—1) 2Fk!
By the last inequality

T.= H]O(e—bt’))w) 10 dtH
0

< C’/ (et P)| 9" dt < C'max (1,6 )n(p — 1)
0

( p)2kpnp e o
1 {—L (a=b)t? y(np—k)p—np }
(15) X ngglsm();_l) R Tl e t dt

0
2k
= Cmax (1, 0")n(p — 1 (np)

np—1
ogkglr?();—l) 2k k! P
~ 1 e—zznp—k—n—1+1/p dz
(b _ a)np—k—n+1/p :
0
Then (15) implies
T <Cy

max {%{Cg—l—/e_zz”p k
0<k<n(p—1) L 2w (kl)w ,

2k
nn
<(C3 max

A
0<k<n(p-1) (k!)= [(np =k —n)]
n

< (4

k
n
max - =C4
0<k<n(p—1) k=

N\n ,_
max (—) nP~ L,
0<k<n(p—1)\k

k

Since the function z+ is bounded for z > 0, (%
Tw < CenP~!. The lemma is proved.

); <5 0<k<np—mnand
Proof of Theorem 1. Let

|

B - {/e‘“tpx(t,xo)dt | 2(t, o)

0

is a solution to (2), a > a(xg), xo € E},
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oo

T = cg/e_tp/ax(t,xo) dt, c. = pa_l/pl"(
0

1\-1 1
—) . — > a(zo).
D €
The following estimates demonstrate that the elements of E' can be approximated
by the elements of Fj.
For arbitrary zp € E,

oo

o —eoll < e [ et a0) ol
0
o0
< s ) = oll [ (ol +
Ostse tSe

Using the continuity of z(¢,z¢) at 0, we have z. — xp, € — 0. The last state-
ment and condition (G) imply that F; is dense in X. Further, condition (G) and
integration by parts yield for y € E; that y € D(A) and

o0

Ay = (—1)? /(e_atp)(p)a:(t,:zro) dt.

By induction,

By Lemma 1,
(16) |A™y||7F = o(n),  n — oc.

tPmoA™

o]
Thus the function &(¢,y) = > (;)T)!y is entire. Moreover, Z(t,y) is a solution of
n=0

the problem (2). |

Remark 4. Tt follows from (16) that the function z(¢,y) = Y % is also entire
n=0

for y € E;. Observe that #((t;...t,)"/?,y) is the strong solution of the Goursat
problem

oPx

(17) oty...0t,

= Az, x(ﬁ) =y, p

v
N

So the following corollary is true.

Corollary 1. Under the condition (G) on the operator A there is a dense subset
Eq in X such that for every y € Ey the Goursat problem (17) has a strong solution.

(Concerning the existence of strong solutions to abstract Goursat problems, see
[7, 4, 8]).

The next corollary modifies the statement of Theorem 1 for Cauchy problems of
the form (1).
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Corollary 2. Let the operator A satisfy the condition (G), p > 2. Then the set

8

Ty

{# = (3:1-)’;:—01 the solution x(t,Zy) of (1) exists and can be
extended to an entire function x(z) : C — X}
dense in @Y_, X.
The result follows immediately from the representation

p—1 oo tnp+k

x(t, @o) = —— A"z,
0 ;; (pn + k)!

eE,0<i<p-—1.
ACKNOWLEDGMENT

The authors would like to thank the referees for their helpful suggestions and

remarks.

il
2
3
[4
5
6
7

8

REFERENCES

| R. Beals, Semigroups and abstract Gevrey spaces, J. Funct. Anal. 10, (1972), 300-308. MR
50:14355

| I. Cioranescu, U. Neumann, Stielties vectors of cosine functions generators, Studia Math.87,
(1987), 1-7. MR 89d:47087

| H. O. Fattorini, Ordinary differential equations in linear topological spaces I, J. of Diff. Eq.
5, (1969), 72-105. MR 43:3593

] H. O. Fattorini, The abstract Goursat problem, Pacific. J. Math. 37, (1971), 51-83. MR
46:9793

] Yu. I. Lyubich, The classical and local Laplace transform in the abstract Cauchy problem,
Russian Math. Surveys 21, (1966), no. 3, 1-52. MR 33:7889

| S. Nelson, R. Triggiani, Analytic properties of cosine operators, Proc. Amer. Math. Soc. 74,
(1979), 101-104. MR 80h:47051

] J. Spellmann, Concerning the infinite differentiability of semigroup motions, Pacific. J. Math.
30 (1969), 519-523. MR 40:3360

] W. Roth, Goursat problem for u,s = Lu, Indiana Univ. Math. J. 22, (1973), 779-788. MR
46:9568

DEPARTMENT OF MATHEMATICS, KIEV UNIVERSITY, 64 VLADIMIRSKAYA STR., KIEV 252601,

UKRAINE

E-mail address: mishura@math.carrier.kiev.ua

E-mail address: tomilov@math.carrier.kiev.ua



