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SPECTRAL AVERAGING AND THE KREIN SPECTRAL SHIFT

BARRY SIMON

(Communicated by Palle E. T. Jorgensen)

Abstract. We provide a new proof of a theorem of Birman and Solomyak that
if A(s) = A0 + sB with B ≥ 0 trace class and dµs(·) = Tr(B1/2EA(s)(·)B1/2),

then
∫ 1
0 [dµs(λ)] ds = ξ(λ) dλ, where ξ is the Krein spectral shift from A(0)

to A(1). Our main point is that this is a simple consequence of the formula
d
ds

Tr(f(A(s)) = Tr(Bf ′(A(s))).

Let A and C = A+B be bounded self-adjoint operators, and suppose that B ≥ 0
and B is trace class.. Then it is a fundamental result of Krein [5], [6], [7] that there
is an L1 function ξA,C(λ) so that for any C1 function f (and, in particular, for all
f ∈ C∞0 (R)),

Tr(f(C) − f(A)) =

∫
f ′(λ)ξA,C(λ) dλ.(1)

Here ξ ≥ 0 and is uniquely determined by (1) and the condition that ξ is L1. This
ξ has compact support (if A,C are bounded). Moreover, if B is finite rank, then

0 ≤ ξA,C(λ) ≤ rank(B)(2)

and

lim
s→∞

[
ξA,A+sB(λ)− ξA,A−sB(λ)

]
= rank(B).(3)

In 1971, Javrjan [3] proved a remarkable formula for rank(B) = 1: Let B =
(ϕ, · )ϕ and define dµs(λ) by

∫
eiλtdµs(λ) = (ϕ, eit(A+sB)ϕ) and

dη(λ) =

∫ s1

s0

[dµs(·)] ds,

the average of the spectral measures for A + sB. Then, Javrjan’s formula is

dη(λ) = ξA+s0B,A+s1B(λ) dλ.(4)

In particular, by (3) we have ∫ ∞

−∞
[dµs(λ)] ds = dλ.(5)

Javrjan only proved this for the special case of boundary condition variation of
half-line Sturm-Liouville operators, but it easily extends to any rank one situation
[9]. (5) in various guises has been repeatedly rediscovered by workers in the theory of
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random Hamiltonians; most notably, Wegner’s estimates on the integrated density
of states [10] and Kotani’s formula on spectral averaging [4] are essentially (5).

Our main goal in this note is to provide a generalization of (4) to general positive
trace class perturbations with a proof that is essentially trivial and provides a simple
approach even for the rank one case. The extension is not new—it appears in a
paper of Birman-Solomyak [1] which seems not to be widely known. I decided
to write this note partly to advertise their result, but also because my proof is
transparent while their proof relies on an elaborate mechanism of Stieltjes double
operator integrals.

A key realization of our approach is that the spectral averaging is a consequence
of the formula

d

ds
Tr(f(A(s))) = Tr(A′(s)f ′(A(s))).(6)

This trace class chain rule is formally evident, and is discussed, for example, in [2].
We will prove the version we need below.

For our most basic result, let A(s) be a family of bounded self-adjoint operators
for s ∈ [s0, s1] so that:

(1) The weak derivative B(s) = dA
ds exists.

(2) B(s) is trace class and positive.
(3) s 7→ B(s) is continuous in trace norm.

Let Es(∆) be the spectral projections for A(s) and define

dµs(λ) = Tr(B(s)1/2 dEs(λ)B(s)1/2)(7a)

and

dη(·) =

∫ s1

s0

[dµs(·)] ds.(7b)

Our main result is:

Theorem 1. Under the hypotheses (1)–(3), A(s1)−A(s0) is trace class. Moreover,

dη(λ) = ξA(s0),A(s1)(λ) dλ,(8)

where ξA(s0),A(s1) is the Krein spectral shift.

Remarks. 1. If Ran(B(s)) is cyclic for A(s), then dµs(λ) is a complete spectral
measure in that for any measurable ∆ ⊂ R, Es(∆) = 0 if and only if µs(∆) = 0.

2. We will get (8) via (9) below and then appeal to (1). That the measure
defined by (1) is absolutely continuous with respect to Lebesgue measure is Krein’s
deep result. We assume it here.

3. That B(s) ≥ 0 isn’t essential for the theorem to hold, since we can take
dµs(λ) = Tr(sgn(B)|B|1/2 dEA(s)(λ)|B|1/2); but dµs(λ) is then not positive, and so

control of
∫
dµs(λ)ds does not tell one much about the individual dµs(λ).

We will prove Theorem 1 from

Proposition 2. Under the hypotheses (1)–(3) for any s, A(s)−A(s0) is trace class,
and for any f ∈ C∞0 (R), f(A(s))− f(A(s0)) is trace class. Moreover,

s 7→ Tr(f(A(s)) − f(A(s0)) ≡ g(s)

is C1 and
dg

ds
= Tr(B(s)f ′(A(s))).(9)
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Proof of Theorem 1 given Proposition 2. The definition of dµs(λ) and the spectral
theorem imply that for any s and h ∈ C∞0 (R),

Tr(B(s)h(A(s))) =

∫
h(λ) dµs(λ).

Thus, ∫
f ′(λ)dη(λ) =

∫ s1

s0

ds

∫
f ′(λ) dµs(λ)

=

∫ s1

s0

dg

ds
ds by (9)

= g(s1)

= Tr(f(A(s1))− f(A(s0)))

=

∫
f ′(λ)ξA(s0),A(s1)(λ) dλ.

(10)

Since f is an arbitrary C∞0 function, we conclude that, for a constant c,

dη(λ) = (ξ(λ) + c) dλ.

But dη and ξ have compact support, so c = 0.

Proof of Proposition 2. By the weak differentiability,

A(s)−A(t) =

∫ s

t

B(u) du,(11)

where the function is a weak integral (i.e., (11) holds if matrix elements are taken
inside the integral). But by the hypothesis on B, the trace norm Riemann integral
exists, and so (11) must hold in that sense. This implies that A(s) − A(t) is trace
class and

A(s + δ)−A(s)

δ
→ B(s)

in trace norm.
Fix u ∈ R. Then DuHamel’s formula

eiuA(s) − eiuA(t) = iu

∫ 1

0

eiθA(t)(A(s)−A(t))ei(1−θ)A(s) dθ

holds initially weakly, but as above in trace norm sense. It follows that

d(eiuA(s) − eiuA(s0))

ds
= iu

∫ 1

0

eiθA(s)B(s)ei(1−θ)A(s) dθ(12)

in trace class sense. Thus,

d

ds
Tr(eiuA(s) − eiuA(s0)) = iuTr(eiuA(s)B(s)),

and this implies

Tr(eiuA(s) − eiuA(s0)) = iu

∫ s

s0

Tr(eiuA(t)B(t)) dt.(13)

Moreover, (12) implies that

‖eiuA(s) − eiuA(s0)‖1 ≤ |u|
∫ s

s0

‖B(t)‖ dt.(14)
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Let f̂ be the Fourier transform of f , so that, by the functional calculus,

f(A(s)) = (2π)−1/2

∫
f̂(u)eiuA(s) du.(15)

Since f ∈ C∞0 ,
∫ |u| |f̂(u)| du <∞ and thus (14), (15) imply that f(A(s))−f(A(s0))

is trace class, and by (14), (13)

g(s) =

∫
iu

(∫ s

s0

Tr(eiuA(t)B(t)) dt

)
f̂(u) du

=

∫ s

s0

Tr(f ′(A(t))B(t)) dt,

since it is easy to justify the interchange of integrals, and (15) holds for f ′ and

f̂ ′(u) = iuf̂(u).

For potential applications of spectral averaging to random Schrödinger operators,
one wants to allow unbounded A’s and B’s with some kind of relative trace class
condition. While one can allow general B’s, we will consider the case A(s) =
A0 + sB. The following is an immediate consequence of the spectral mapping
theorem, Theorem 1, and

d

ds
(A0 + sB + 1)−1 = (A0 + sB + 1)−1B(A0 + sB + 1)−1.

Theorem 3. Let A0 ≥ 0 be a positive self-adjoint operator. Let b be a positive
quadratic form so that (A0 + 1)1/2b(A0 + 1)−1/2 is trace class. Define A(s) by
A(s) = A0 + sb, and dµs(λ) and dη(λ) by (7). Then (A(s0) + 1)−1− (A(s1) + 1)−1

is trace class and (8) holds.

Remark. We used the fact that the Krein spectral shift ξA,C can be defined (via
spectral mapping) if (C + 1)−1 − (A + 1)−1 is trace class.

By using modified Fourier transforms based on eiuλ with Imu = constant > 0,
one can prove the following extension:

Theorem 4. Let A0 ≥ 0, B ≥ 0 with B a form bounded perturbation of A0 with
relative bound zero. Define A(s) = A0 + sB and suppose that for all s ∈ [s0, s1]
and ε > 0, Be−εA(s) is trace class and s 7→ Be−εA(s) is continuous in the trace
norm. Then for any ε > 0, e−εA(s1) − e−εA(s0) is trace class, so we can define a
Krein spectral shift ξA(s0),A(s1)(λ) in the usual way. Define dµs(λ) and dη(λ) by (7)

(since Be−εA(s) is trace class, Tr(B1/2EA(s)(∆)B1/2) makes sense for any bounded
∆). Then (8) holds.

As an application, one can take A0 = −∆ + V0 and B = V1, where V0, V1 are
suitable potentials (e.g., both uniformly Kato class and V1 ∈ `1(L

2); see [8]).
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