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ON THE REDUCIBILITY
OF LINEAR DIFFERENTIAL EQUATIONS
WITH QUASIPERIODIC COEFFICIENTS
WHICH ARE DEGENERATE

XU JUNXIANG AND ZHENG QIN

(Communicated by Hal L. Smith)

ABSTRACT. This paper proves the reducibility of a class of linear differential
equations with quasiperiodic coefficients which are degenerate with respect to a
small perturbation parameter. Our results generalize some that were obtained
by Jorba and Simé.

1. INTRODUCTION AND MAIN RESULTS

Notation and definitions. The function f(t) is called a quasiperiodic function
of t with frequencies wy, wa, -+, wy, if there is a function F (61,02, - ,0:),
which is 27-periodic in all its arguments 6; (i = 1,2,---,7), such that f(t) =
F(wlt,wgt, te ,wrt). If F(G) = F(Gl, 92, cee ,GT) (9 = (91, 92, te ,GT)) is analytic
onastrip D, ={0 € C" | |Imb;| <p, j=1,2,---,r}, wesay that f(¢) is analytic
quasiperiodic in D,. Denote the sup-norm of f on D, by || f||, = supgep, [F(0)].

An n x n matrix Q(t) = (¢i;(t))1<i,j<n is called analytic quasiperiodic on D,
with frequencies wi,ws, - -+ ,wy if ¢;5 (4,7 = 1,2, - - -, n) are all analytic quasiperiodic
on D, with the frequencies wi,ws, -+ ,w,. Define a matrix norm of @ by ||Q], =
n x maxi<ij<n il It is easy to see that Q1 Qally < [Quly - 1Qall, If Q is
a constant matrix, set |Q|| = ||Q||, for simplicity. Write the avarage of Q(t) as
Q = (Gij)1<ij<n, Where G;; = limp_.o %fip gi; (t) dt; for the existence of the
limit, see [1]. Let A(¢) be an n x n quasiperiodic matrix. The differential equations
&= A(t)x, © € R"™, are called reducible if there exists a nonsingular quasiperiodic
change of variables z = ®(t)y such that ®(t) and ®~!(¢) are quasiperiodic and
bounded, and such that it changes the equations to y = By, where B is a constant
matrix.

Problems. In this paper we consider the reducibility of the following linear differ-
ential equations:

(1.1) t=(A+eQ(t)z, =€ R",
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where A is an n x n constant matrix with different eigenvalues A1, Ao, -+, Ay, Q(t)
is an n X n quasiperiodic matrix of time ¢ with frequencies wi,ws, - ,w, , and € is
a small perturbation parameter.

This problem was considered by Jorba and Simé in [2]. They proved that if

(12)  Jw, BT+ — A > ﬁ,vo A kEZT N =1,2, .,
and
d < < .
(1.3) 2c i€ = Aj(€))]e=0 # 0, i # .
where o > 0 and 7 > r — 1 are constants and \;(¢) (i = 1,2,--- ,n) are eigenvalues

of A+ €Q, then, for sufficiently small ¢y > 0, there exists a nonempty Cantor subset
E C (0, €p) such that for € € (0,¢p) the equations (1.1) are reducible.

The method used in [2] is a kind of KAM iteration. In the KAM iteration the
difficulty is caused by a small divisor (w, k) + A; — A;. The small divisor conditions
(1.2) are necessary to overcome the difficulty of the small divisor. Since the fre-
quencies w are invariant in the iteration, which is different from the usual KAM
iteration [4], one must adjust the small parameter € € (0, ¢p) to guarantee the small
divisor conditions. So Jorba and Simé needed the nondegeneracy conditions (1.3)
to guarantee existence of the nonempty Cantor subset F, on which all the small
divisor conditions in the KAM iterations hold.

If the nondegeneracy conditions (1.3) do not hold, we say X;(¢) — A;(e) are de-
generate. This degenerate case is mentioned in [2], but there is no any result given.
Like the motivation of [2], in this paper we want to consider this degenerate case.
We will prove a similar result under weaker nondegeneracy conditions. Moreover,
in the situation of the usual nondegeneracy conditions (1.3), our result is just the
same as that of [2], but the proof is simpler.

Main result.

Theorem. Suppose A = diag( i, A2, -+, An) with X\; # X; fori # 4,1 <4,j <mn,
and Q(t) = (qij(t))1<ij<n = Dopezr Qre"F ) s an analytic quasiperiodic matriz
on D, with frequencies wi,wsa,- - ,w,, where the Fourier coefficients Qi depend
analytically on the small parameter e. Let Q% = diag(qi1, Ga2,"* * »Gan), where Gi;
is the average of qi;(t). Suppose that for i # j, €(Gi; — Gj;) has one of the following
forms:

Mlell + O(Ell), /1426l2 + O(€l2)7 .. ’Mpelp + O(elp)7

where p; # 0,i=1,2,-++,p, 1 <y <l < -+ < lp, and o(€') is of order smaller
than €' as e — 0. Suppose
(1) (nonresonance conditions) A = (A1,Aa, -+, A\n) and w = (w1, wa, -+ ,w;)
satisfy
e

[(k,w) + X — Aj| >
T k|

NO£keZTV1<i,j<n,

where a« > 0, 7 >r — 1.
(2) Q is l, order continuously differentiable with respect to sufficiently small €
and

d'Q
HWHDP S Ml7 12071727"' 7lp7
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where Q = Q—Qg. Then, there exist N1, Na, --- , Np, N; depending on My, Ms,-- -,
My, o, 7,n,l, and pret +o(el), - pjeli + o(el), where l; < l; — 2, such that if
|pi| > Niyi =1,2,---,p, then for sufficiently small €9 > 0, there exists a nonempty
Cantor subset E C (0,€p) with positive Lebesque measure such that for e € E the
equations (1.1) are reducible, i.e., there exists a nonsingular quasiperiodic transfor-
mation © = ®(t)y that changes (1.1) to y = By, where B is a constant matriz. If
€o s small enough, the relative measure of E in (0, ¢€q) is close to 1. Moreover, the
quasiperiodic matriz ®(t) has the same frequencies as Q(t).

Remark 1. If I; = 1, we can choose N1 = 0. If €(g; — §;;) take only the form
e + o(e), this corresponds to the nondegenerate case of [2].

Remark 2. There are many w and A satisfying the nonresonance conditions in the
theorem. We refer to [2], [3] for detailed discussions about nonresonance conditions
or small divisor conditions.

2. PROOF OF THE MAIN RESULT

In this section we prove the theorem by the same idea of [2] with a little modi-
fication, which can simplify the proof in the nondegenerate case.

A. Outline of the proof. Write the equations (1.1) as
(2.1) i = (AT +eQ(t))z,

where At = diag(A\[, A, AF) = A+ €Q%,Q = Q(t) — eQ¢. From [2] we know
that under the change of variables x = (I + eP(t))y, where P satisfies

(2.2) P=AtP—PA* +Q,
the equations (2.1) are changed to
j= (A" + Q4 (t)P)y,

where Q4 = (I +€eP)~'QP. If the above process can go on, then the perturbation
term €2@ 4 (t) becomes smaller and smaller and the equations converge to constant
coeflicient equations.

The key to the iteration is to solve the equation (2.2) for P. Denote by P =
(pis () 1<ij<ns Q = (Gij(t))1<ij<n. Expanding them in Fourier series and substi-
tuting them into the equations (2.2), by comparing the coefficients of both sides of
the equations, we see formally that

0y

k r . .
v = ke Z" i —j| + |k| # 0.
Pig (k,w%/—l—i—)\:r—)\;r i =3+ 1K

If

|<w7k>\/ _1—"_)\?_ _)\;_| 2 |Z|—:MVO§£ ke ZT7Vi7j = 1,27'"71,

Wl}ere 7 = 37, then [pf;| < (|k|7,/a+)|cjfj|. Since Q is analytic on D,, we have
1@kl < [1QlIp,e™¥*. So
(2.3)
[kl(p—s) 1 |/€|Tl€_s|k| ~ c
1PllD,—. < Y |IPxlle <G+ Y T)HQ”DP < lQllo,,

a4 8sY
keZzr 0£keZ" +

>
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wherev=7"+r—-1,0<s< %p, § = min;z; |\F — )\j|, and ¢ depends on 7,7, n.
Thus , If € is sufficiently small that ||(I + eP)™!|[p,_, < 2, then

2c
e, -

2.4 <
(2.4 IR+lp, . < 5

B. Iteration step. Consider the following equations:

(2.5) im = (Am 4+ € Qum(t))Tm, m >0
where A,, = diag(AT*, A5, -+, A™), and @Q,,(t) is an analytic quasiperiodic matrix
on D, with the frequencies wi,ws, -+ ,w,. Let

Am+1 = diag(/vln—i_la A72n+17 Tty /\:In—i-l)’

where A" T1 = A" 2" @ i = 1,2, ,n, with @ being the average of ¢/ (t). Let

Qum(t) = Qu(t) — € diag(qi}, @5,  Tny)-
If

(2.6) [(w, B)V/=T + AP L) > |Z|’;j

then by the above discussions we have an analytic quasiperiodic matrix F,, on

D, s, with the frequencies wi,wy, - - ,wy, such that under the change of variables

Ty = (I +€" Pp)xmy1, the equations (2.5) are changed to

Qm+1(t)Tmt1-

. 27n+1
Tm41 = (Am-i-l + €

Moreover, we have

(2'7) ||Pm||mefsm S

c
< 1Qul,,

If € is sufficiently small that ||(I +€2" P,,)~Y|p, _. <2, we have

2c
1QmlB,, -

am Sy,

(2.8) |Qm+1llD <

Pm—sm

Now we prove this iteration is convergent. At the first step, let Ag = A, Qo(t) =
Q(t),ao = 04/2,[)0 =P80 = p/4,D0 = DP07F0 = (GHQOHDO)/(O‘O‘Sg)' At the mth

step we choose am, = ag/(1 +m)2, Sm = Sm-1/2, Pmi1 = Pm — Sm,Dm =
Dy, , Fin = (62 1Qml|p,.)/(amsy,). If
(2.9) (I + € Po) " lpyy <2,Vm >0,

then by (2.8) we have F,, 11 < éF2, where ¢ = 2¥*lc. So ¢Fy,41 < (¢F,)2. If

[cFy| < %, then ¢F,, < (3)*". By (2.7) it follows that || Py|/p,. ., < ¢Fp <
(3)%". So, we have

I+ € ) oy <1+ 3 1€ Pl < 2.
=1
Let €, > 0 be so small that ¢Fy < § for € € (0,€1). Thus, for € € (0,€1) satisfying
all the small divisor conditions (2.6), all the above estimates hold.

Let Dy = (_y Dony, P = (I4+€2" Py)(I+€¥" Py_1)- - (I+€Pp). Obviously,
D1, C D, and P™ is convergent as m — oo under the norm |- |p,. Let ® =
lim, 00 P™

From the above discussion, it follows that ||A,, — Apm_1]| < € |QmlIp,,- S0, Am
is also convergent. Let lim,,_ o 4,, = B. Obviously, lim,, . ||e2QO||Dlp = 0.

2
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Thus, if € € (0, €1) satisfy the small divisor conditions (2.6) for all m > 0, then, un-
der the change of variables x = ®y, the equations (1.1) become § = By. Moreover,
® is an analytic quasiperiodic matrix on D 1p with the frequencies wy,ws, -, w;.

To finish the proof of the theorem, it remains to prove that there exist N1, Na, - - -,
N, such that if |u;| > N; (i = 1,2,---,p), then there exist 0 < ¢y < €1 and a
nonempty Cantor subset E C (0, ¢p) such that for € € E, the small divisor condi-
tions (2.6) hold for all m > 0. Now we first prove that there exist N1, Na,--- , N,
such that if |u;| > N;yéi = 1,2,--- ,p, then for all m > 0 and i # j, there exist
le{l,la,---,l,} such that the lth derivative of )\;”H — )\;”H with respect to € at
€ = 0 does not vanish.

Suppose that A} — )\} = p1elt + o(eh). Let Ny > 0 be an integer such that

2N < [ < 2N+l et

dll_ZiQi

M= ||
delr =2

2

e=0

D,,

i

Then M} (i =1,2,---,Ny) only depends on 7,n, a, p, and My, My, -+, My, _o:. By
the construction of the transformation, M} should depend on all derivatives up to
the Iy — 2-th of A} (e) — X, (¢) with respect to € at € = 0. But these derivatives
only depend on My, My, -, M;, _o: and are independent of jiq, pto, -+ - , ftp. Let

M+ My + -+ My,
Ny = o :

If |p1| > N1, we have at e =0

dl1(/\;’ﬂ+l _ /\;n-i-l) B B
> 11!|/1*1| — (M1 4+ M, +"'+MN1) > 0.

del

Similarly, let Ny > Ny be an integer such that N2 <l < oN2+1 et

_ dl2—27‘Q_
] [2 _ 3
C | dele—2

7 |e:0

D,,

i

Then Mf (1=1,2,--- 7Ng) only depends on 7,n, o, p, Mo, My, --- , M, o and the
I-th order derivatives of et + o(e'*) with respect to €, where [ < Iy — 2.
Let

MP + M3+ -+ Mg,
lo! '

2 =

If [p12] > Na, then, when A} — A} = o€’z +o(e'2), for all m > 0, the lo-th derivative
of A"t — AT+ with respect to € at € = 0 does not vanish. From the above
we see that Ny may depend on Nj, but N; is independent of N,. In the same
way we can obtain Np, which depends on 7,7, a, p, Mg, My, -+ , M, 2 and the [-th
derivatives of €'t + o(€?) with respect to €, i =1,2,--- ,p— 1, where [ < [, — 2. If
[ip| > Np, then, when A} — X} consists of pye'», for all m > 0, the [,-th derivative

of A1 — A7 with respect to € at € = 0 is not zero. It is easy to see that N,
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may depend on Ny, No, -+, Np_1. Thus, if A} — )\jl = p;el 4 o(€'?), then
db ()\;n-‘rl _ /\;n-i-l)
deli
From the above iteration we see that the first step can only be done for all
e € Ey C (0,¢0), where Ej is the set on which the small divisor conditions of the
first step hold . Let E,,_1 be the set on which the small divisor conditions of the
m-th step hold. Then the m-th step can only be done for e € EgNE1N---NEp_1.
Thus, the above iteration can only be convegent on the set E = ﬂfnozo E,,. Since
the small divisor conditions hold on a Cantor subset, in all the iteration steps
the differentiations with respect to € are understood in Whitney’s sense [5]. By
the Whitney extension theorem in [5], all differentiable functions on a closed set in
Whitney’s sense can be extended to the usual differentiable function on (—oo, +00)
and the differentiation in Whitney’s sense can be treated as the usual differentiation.
Thus all the functions in the iteration step can be regarded as regular differentiable
functions on (—oo,+00), and so all the estimates can be obtained without any
difficulty . However, the iteration makes sense only for € € F.
Now we prove E is a nonempty set. For this we prove that for most sufficiently
small ¢, the small divisor conditions (2.6) hold for all m > 0. Let \"™! — )\}”4‘1 =
el + o(el), where I < 1,. Tt is easy to see that the term jy€' is unvariant when

m > N,. So there exists a sufficiently small ¢y > 0 such that if |e] < ¢, then

m+1__ jn+1
AP A < 9yl and | EAZATT ) s Ly et for all m> 0,

Let f(e) = (w, k) + )\;n-H — /\;’H_l, i # j, and
Am
ijm ={e€(0,e0) | [f(e)l < |k|3r}'

Since A) — XY # 0, Vi # j, we choose €y so small that if [¢] < e, [A7TH — ATH!| >
@ > 0 holds for all i # j and m > 1. So we only consider k # 0. Since

[(w, kY + AP = XY > [(w, k) =14 A) = A9] — 2u€,

|E:0 75 O,Vm 2 0.

by the nonresonance conditions of the theorem, if 1/|k|™ > 4u€! /ap, then |f(€)| >
ao/2|k|" > apm /|k[*T.
Suppose ag/4u|k|” < € < €. Since
df (¢)
de

by the differentiation mean value theorem, we have

1
> §|Ml|€l_1,

I+1 I+1
meas(Ok 20, 2 €o 4| < 8|,ul|€0

A < .
) = KT et =t~ [kI7(m+1)? a0~ a(m+1)2[k["

So

8n? P 1 1
meas((J | Ol < ML Y Lo Y
2] 0£keZT o oz (m+1) O;ékGZT' |

where ¢ depends on n, 7, and ;. Let E be the subset of (0, ¢y) where the small
divisor conditions (2.6) hold for all m > 0. Then E = (0,€0) — U, ; ; 1 ijm. Thus
meas(E) > eg — ce3 = eo(1 — cep). If € is so small that 1 — ceg > 0. then E is a
nonempty set with positive Lebesgue measure. Noticing that {% |0£ ke Z}is
dense on the unit ball of R", we conclude that E is a Cantor set.
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