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GLOBAL ASYMPTOTIC BEHAVIOR OF SOLUTIONS

OF A SEMILINEAR PARABOLIC EQUATION

QI S. ZHANG AND Z. ZHAO

(Communicated by Jeffrey B. Rauch)

Abstract. We study the large time behavior of solutions for the semilinear
parabolic equation ∆u+V up−ut = 0. Under a general and natural condition
on V = V (x) and the initial value u0, we show that global positive solutions
of the parabolic equation converge pointwise to positive solutions of the cor-
responding elliptic equation. As a corollary of this, we recapture the global
existence results on semilinear elliptic equations obtained by Kenig and Ni and
by F.H. Lin and Z. Zhao. Our method depends on newly found global bounds

for fundamental solutions of certain linear parabolic equations.

1. Introduction

We shall study the large time behavior of solutions for the following semilinear
parabolic problem:{

∆u(x, t) + V (x) up(x, t)− ut(x, t) = 0, (x, t) ∈ Rn × (0,∞),

u(x, 0) = u0(x), x ∈ Rn, n ≥ 3.
(1.1)

Here ∆ is the Laplacian and V = V (x) is a Green-tight function in Rn, a notion
introduced by one of us in [Zhao1]. As pointed out in that paper, this class of
functions is a natural one to consider for semilinear elliptic problems. For the
reader’s convenience we recall the definition. We will present more properties and
examples in remarks 1.2 and 1.3 below while referring to [Zhao1] for further details.

Definition 1.1. A Borel measurable function U is called a Green-tight function in
Rn if

lim
r→0

[sup
x

∫
|x−y|≤r

|U(y)|
|x− y|n−2

dy] = lim
M→∞

[sup
x

∫
|y|≥M

|U(y)|
|x− y|n−2

dy] = 0.

As a motivation to our study, we give a short historic account. Both the parabolic
problem (1.1) and its elliptic counterpart (1.2) have been widely studied.

∆u(x) + V (x)up(x) = 0, x ∈ Rn.(1.2)

Ni [N] and Kenig and Ni [KN] proved existence of global positive solutions of the
elliptic problem (1.2) under the assumption that |V (x)| ≤ C/|x|2+ε for ε > 0
and when |x| is large. Lin [L] proved the existence theorem for (1.2) assuming
|V (x)| ≤ φ(|x|)/|x|2 for large |x|, where φ satisfies

∫∞
L

(φ(r)/r)dr < ∞ for large
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L > 0. Lin’s result is therefore a generalization of that of Ni and Kenig and Ni. In
the paper [Zhao1], one of us showed that (1.2) has infinitely many global positive
solutions when V is in the class of Green-tight functions, which encompasses all the
cases discussed by Kenig, Lin and Ni. Moreover, Zhao’s method is flexible enough
to deal with (1.2) when V is singular. Recently another of us [Zhang2] established
an essentially optimal condition on V = V (x, t) so that the parabolic problem (1.1)
(with time-dependent V ) has global positive solutions.

In this paper we will investigate the asymptotic behavior of the global solutions
of (1.1). Our main result, stated in Theorem A below, not only serves as a bridge
between the elliptic and parabolic problems but also recaptures those of Kenig, Lin,
Ni and Zhao mentioned earlier.

Theorem A. Suppose V is Green-tight and u0 ∈ C2(Rn). Then the following
conclusions are true.

(a) There exists a positive number α such that (1.1) has a global positive solution
whenever 0 < u0 ≤ α.

(b) If ∆u0 is Green-tight and 0 < β ≤ u0 ≤ α, then (1.1) has a global positive
solution which converges pointwise to a positive solution of ∆u+ V up = 0.

Remark 1.1. The existence part of Theorem A (part (a)) was proved as a special
case in [Zhang2]. For completeness we will write down the existence result in sec-
tion 2. The main task is then to prove part (b). Our method is based on newly
established global Gaussian upper bounds for fundamental solutions of certain lin-
ear parabolic equations. We emphasize that the parameters in the bounds, which
will be given in section 3, are independent of time. This fact is essential to the
proof of part (b), which will take place in section 4.

Remark 1.2. We will frequently use the following fact proved in [Zhao1]. If V is
Green-tight in Rn, then

sup
x

∫
Rn

|V (y)|
|x− y|n−2

dy <∞.(1.3)

It is also noteworthy that Green-tight functions are allowed to have local singular-
ities as functions in the Kato class K loc

n , which contains Lploc, p > n/2.

Remark 1.3. As proven in [Zhao1], any bounded functions K(x) satisfying |K(x)| ≤
C/(1+ |x|(2+ε)) with ε > 0 are Green-tight functions in Rn; so are the functions K
in Lin’s paper [L].

2. Preliminaries

First we briefly describe the existence result in [Zhang2], which forms a basis of
part (a) of Theorem A in this paper.

Given h > 0, c > 0 and V = V (x, t), write

Nc,h(V ) =supx,t

∫ t

t−h

∫
B(x,h1/2)

|V (y, s)|Gc(x, t; y, s)dyds

+ supy,s

∫ s+h

s

∫
B(y,h1/2)

|V (x, t)|Gc(x, t; y, s)dxdt;

(2.1)

here and always Gc(x, t; y, s) ≡ 1
(t−s)n/2 exp(−c |x−y|2t−s ).
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Definition 2.1 ([Zhang2]). We say that a function V is in the class P∞ if

lim
h→0

Nc,h(V ) = 0, and Nc,∞(V ) ≡ lim
h→∞

Nc,h(V ) <∞, for all c > 0.(2.2)

The class P∞ is quite rich. In particular P∞ contains the class of Green-tight
functions, as we will prove in Proposition 2.1 below.

Theorem 2.1 ([Zhang2]). Suppose p > 1 and V = V (x, t) ∈ P∞. For any M > 1,
there is a constant b0 > 0, such that for each non-negative u0 ∈ C2(Rn) satisfying
||u0||L∞(Rn) ≤ b0, there exists a positive and continuous solution u of (1.1) such
that

M−1

∫
Rn

G0(x, t; y, 0)u0(y)dy ≤ u(x, t) ≤M

∫
Rn

G0(x, t; y, 0)u0(y)dy

for all (x, t) ∈ Rn×(0,∞). Here G0 is the fundamental solution of the heat equation
∆u− ut = 0.

Proposition 2.1. The class P∞ contains the class of Green-tight functions in Rn.

Moreover, if V = V (x), then Nc,∞(V ) ≤ C supx
∫
Rn

|V (y)|
|x−y|n−2dy, c > 0.

Proof. This was done in [Zhang2], so we will be brief. Suppose V = V (x) is a

Green-tight function in Rn; then V ∈ K loc
n and supx∈Rn

∫
Rn

|V (y)|
|x−y|n−2dy <∞ (see

[Zhao1]). Therefore

supx,t

∫ t

−∞

∫
Rn

|V (y)|Gc(x, t; y, s)dyds

= supx,t

∫
Rn

|V (y)|
∫ t

−∞
Gc(x, t; y, s)dsdy ≤ C sup

x

∫
Rn

|V (y)|
|x− y|n−2

dy <∞.

This shows that Nc,∞(V ) <∞ for all c > 0. q.e.d.

3. Global Gaussian upper bounds

In this section we establish global Gaussian upper bounds for the fundamental
solutions of certain linear parabolic equations. This result was proved in [Zhang3]
in a much more general context. Here we give a shorter and more direct proof.

Theorem 3.1. Let G be the fundamental solution of the equation

∆u(x, t)− ut(x, t) + V (x, t)u(x, t) = 0.

Suppose Nc,∞(V ) is sufficiently small for a suitable c > 0. Then there exist positive
constants a and C such that

G(x, t; y, 0) ≤ C

tn/2
exp(−a|x− y|2/t)

for all t > 0 and x, y ∈ Rn.

Corollary 3.1. If V = V (x) is Green-tight and
∫
Rn

|V (y)|
|x−y|n−2dy is small, then the

conclusion of Theorem 3.1 holds.

Proof of the Theorem. Without any loss of generality we assume that V is bounded
and supported in Rn × [0, T ], where T is a positive number. This is because the
general case can be covered by an easy limiting argument. What is important is to
make sure all constants are independent of T .
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We pick a number a such that 0 < a < 1/4 and let B be the smallest positive
number such that

G(x, t; y, s) ≤ BGa(x, t; y, s) ≡ B
1

tn/2
exp(−a|x− y|2/t)(3.1)

for all x, y ∈ Rn and s < t. We claim that such a B does exist by our extra
assumption that V (x, t) = 0 if t > T . The claim can be checked easily by using the
reproducing formula G(x, t; y, 0) =

∫
Rn G(x, t; z, T )G(z, T ; y, 0)dz, t > T, and

the fact that G(x, t; z, T ) = G0(x, t; z, T ) for t > T , where G0 = C0G1/4 is the
fundamental solution of the heat operator ∆− ∂t. The main task is to show that
B depends on V only in the form of Nc,∞(V ).

By Duhamel’s principle, we have

G(x, t; y, s) = G0(x, t; y, s) +

∫ t

s

∫
Rn

G(x, t; z, τ) |V (z, τ)| G0(z, τ ; y, s)dzdτ,

G(x, t; y, s) ≤ G0(x, t; y, s)

+BC0

∫ t

s

∫
Rn

Ga(x, t; z, τ) |V (z, τ)| G1/4(z, τ ; y, s)dzdτ,

where x, y ∈ Rn and s < t. Lemma 5.1 in the appendix with b = 1/4 then implies

G(x, t; y, s) ≤ C0G1/4(x, t; y, s) +BC0Ca,bNc,∞(V ) Ga(x, t; y, s)(3.2)

for all x, y ∈ Rn and s < t. Since a < 1/4, we know that

G(x, t; y, s) ≤ [C0 +BC0Ca,bNc,∞(V )] Ga(x, t; y, s)(3.3)

for all x, y ∈ Rn and s < t. Hence, by the definition of B, we obtain

B ≤ C0 +BC0Ca,bNc,∞(V ).(3.4)

When C0Ca,bNc,∞(V ) < 1/2 we have

B ≤ 2C0. q.e.d.

4. Proof of the theorem

Proof of Theorem A. Step 1. First we recall the conditions imposed on the initial
function u0:

u0 ∈ C2(Rn), 0 < β ≤ u0 ≤ α, sup
x

∫
Rn

|∆u0(y)|/|x− y|n−2dy <∞,(4.1)

where α is a small number so that (1.1) has global positive solutions by Theorem
2.1. The reason to impose a positive lower bound β for u0 is to guarantee that the
equilibrium solution is non-trivial. As pointed out in Remark 1.3, the condition on
∆u0 is satisfied if |∆u0(y)| ≤ C/(1 + |y|q) with q > 2. Since V is also Green-tight
by assumption, we have, by Remark 1.2,

sup
x

∫
Rn

[|∆u0(y)|+ |V (y)|]/|x− y|n−2dy <∞.(4.2)

Step 2. We temporally assume that V is smooth. Let us write w = ut. Differen-
tiating the equation in (1.1), we have that w solves

{
∆w(x, t) − wt(x, t) + pV (x)up−1(x, t)w(x, t) = 0, (x, t) ∈ Rn × (0,∞),

w(x, 0) = ∆u0(x) + V (x)up0(x).

(4.3)
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Let V1 ≡ pV up−1 and let G1 be the fundamental solution of the operator ∆−∂t+V1.
Then

w(x, t) =

∫
Rn

G1(x, t; y, 0)[∆u0(y) + V (y)up0(y)]dy.(4.4)

When u0 is small, we know by Theorem 2.1 that u is small, and so by Proposition
2.1

Nc,∞(V1) ≤ Cp sup |u|p−1Nc,∞(V ) ≤ Cp sup |u|p−1 sup
x

∫
Rn

|V (y)|
|x− y|n−2

dy

is small. By Theorem 3.1 (global Gaussian upper bound), there exist positive
constants a, C independent of t, x and y such that

G1(x, t; y, 0) ≤ C

tn/2
exp(−a|x− y|2/t).

Therefore

|ut(x, t)| ≤
∫
Rn

C

tn/2
exp(−a|x− y|2/t)[|∆u0(y)|+ |V (y)up0(y)|]dy.(4.5)

For any t > 0, on integrating the above inequality from t to ∞ we obtain, via
Fubini’s Theorem and (4.2),∫ ∞

t

|us(x, s)|ds ≤ C

∫
Rn

1

|x− y|n−2
[|∆u0(y)|+ |V (y)up0(y)|]dy <∞.(4.6)

Here we have used the fact that∫ ∞

t

1

sn/2
exp(−a|x− y|2/s)ds ≤ C

|x− y|n−2
.

Now we have the pointwise convergence

u∞(x) ≡ lim
t→∞u(x, t).(4.7)

We claim that the rate of convergence in (4.7) depends only on x and the rate
of convergence of the following limit:

lim
M→∞

sup
x

∫
|y|≥M

|∆u0(y)|+ |V (y)|
|x− y|n−2

dy = 0,

which appears in Definition 1.1 of Green-tight functions. Here is a proof of the
claim. Since ∆u0 and V are Green-tight, we can find, for a fixed x and any ε > 0,
an M > 0 such that ∫

|x−y|≥M

|∆u0(y)|+ |V (y)|
|x− y|n−2

dy < ε/2.
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From (4.5), we have

|u(x, t)− u∞(x)| ≤
∫ ∞

t

|us(x, s)|ds

≤ C

∫ ∞

t

∫
Rn

1

sn/2
exp(−a|x− y|2/s)[|∆u0(y)|+ |V (y)|]dy

= C

∫ ∞

t

∫
|x−y|≤M

1

sn/2
exp(−a|x− y|2/s)[|∆u0(y)|+ |V (y)|]dy

+ C

∫ ∞

t

∫
|x−y|≥M

1

sn/2
exp(−a|x− y|2/s)[|∆u0(y)|+ |V (y)|]dy

≤ C

∫ ∞

t

∫
|x−y|≤M

1

sn/2
Mn−2

|x− y|n−2
[|∆u0(y)|+ |V (y)|]dy

+ C

∫
|x−y|≥M

1

|x− y|n−2
[|∆u0(y)|+ |V (y)|]dy

≤ C

t(n−2)/2
Mn−2 + ε/2 < ε,

when t is sufficiently large. This proves the claim.
If we use the obvious inequality 1

t(n−2)/2 exp(−a|x − y|2/t) ≤ C/|x − y|n−2 on
(4.5), we obtain a pointwise estimate on |ut|:

|ut(x, t)| ≤ C
1

t

∫
Rn

1

|x− y|n−2
[|∆u0(y)|+ |V (y)up0(y)|]dy.(4.8)

It remains to prove that u = u∞(x) is a non-trivial positive solution of the elliptic
equation. But this is straightforward. Given any φ ∈ C∞0 (Rn), we have∫

Rn

u(x, t)∆φ(x)dx −
∫
Rn

ut(x, t)φ(x)dx +

∫
Rn

V (x)up(x, t)φ(x)dx = 0.

Using (4.7), (4.8), the boundedness of u and the dominated convergence theorem,
we obtain ∫

Rn

u∞(x)∆φ(x)dx +

∫
Rn

V (x)up∞(x)φ(x)dx = 0.

Since, by Theorem 2.1, u = u(x, t) is bounded away from zero when u0 ≥ β > 0,
we know that u∞ is a positive solution of the elliptic equation.

Step 3. Now we assume that V is an arbitary Green-tight function. We claim
that there exists a sequence of smooth functions {Vm} such that Vm → V a.e. when
m→∞ and, for any domain D ⊂ Rn,

sup
x∈Rn

∫
D

|Vm(y)|
|x− y|n−2

dy ≤ sup
x∈Rn

∫
D

|V (y)|
|x− y|n−2

dy.(4.9)

The proof of the claim is as follows. Let ρ be the standard mollifier. Define
Vm(y) =

∫
|z|≤1 ρ(z)V (y − z

m )dz; then we only need to check (4.9). Clearly∫
D

|Vm(y)|
|x− y|n−2

dy ≤
∫
D

1

|x− y|n−2

∫
|z|≤1

ρ(z)|V (y − z

m
)|dzdy

=

∫
|z|≤1

ρ(z)

∫
D

|V (y − z
m )|

|x− y|n−2
dydz =

∫
|z|≤1

ρ(z)

∫
D

|V (y)|
|x− z

m − y|n−2
dydz.
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Hence

sup
x∈Rn

∫
D

|Vm(y)|
|x− y|n−2

dy ≤ supx∈Rn

∫
D

|V (y)|
|x− y|n−2

dy

∫
|z|≤1

ρ(z)dz.

This proves the claim.
By step 2, for each m, there is a global positive solution um of (1.1) when V

is replaced by the smooth function Vm. Moreover, limt→∞ um(x, t) = um,∞(x)
pointwise. The claim about the rate of convergence of (4.7) in step 2 and (4.9)
show that the convergence is uniform with respect to m. Theorem C in [Zhang2]
also shows that {um} is equicontinuous and bounded. Therefore, a subsequence,
still called {um}, converges uniformly to a function u(x, t) in any compact subset
of Rn × (0,∞). Following the argument at the end of step 2, we know that u is a
positive solution of (1.1) and u = u(x, t) converges pointwise (as t → ∞) to a u∞
which is a positive solution of (1.2). q.e.d.

5. Appendix

The objective of the section is to prove the inequality that was used to obtain
(3.2) in section 3. This inequality was first proved in [Zhang2]. Since that paper
has yet to appear, we give the proof here for completeness.

Lemma 5.1. Suppose 0 < a < b. Then there exist positive constants Ca,b and c
depending only on a and b such that

(i).

∫ t

s

∫
Rn

Ga(x, t; z, τ) |V (z, τ)| Gb(z, τ ; y, s)dzdτ ≤ Ca,b Nc,∞(V )Ga(x, t; y, s);

(ii).

∫ t

s

∫
Rn

Gb(x, t; z, τ) |V (z, τ)| Ga(z, τ ; y, s)dzdτ ≤ Ca,b Nc,∞(V )Ga(x, t; y, s).

Remark 5.1. The condition a < b is indispensable for Lemma 5.1.

Proof of the Lemma. We will only give a proof of (i), since the proof of (ii) is similar.
For simplicity we write

J(x, t; y, s) =

∫ t

s

∫
Rn

Ga(x, t; z, τ) |V (z, τ)| Gb(z, τ ; y, s)dzdτ.(5.1)

Clearly we can assume that s = 0, and hence we only need to show that

J(x, t; y, 0) ≤ CNc,∞(V )Ga(x, t; y, 0).(5.2)

For some ρ ∈ (0, 1) to be chosen later, we have

J(x, t; y, 0) =

∫ ρt

0

∫
Rn

Ga |V | Gbdzdτ +

∫ t

ρt

∫
Rn

...dzdτ

≡ J1 + J2.

(5.3)

We will estimate J1 first. To this end let us recall the inequality

|x− z|2
t− τ

+
|z − y|2
τ − s

≥ |x− y|2
t− s

, 0 < s < τ < t.(5.4)
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By (5.3) we know that

J1 =

∫ ρt

0

∫
Rn

exp(−a |x−z|2t−τ )

(t− τ)n/2
|V (z, τ)| exp(−b |z−y|2τ )

(τ)n/2
dzdτ

=

∫ ρt

0

∫
Rn

exp(−a[ |x−z|2t−τ + |z−y|2
τ ])

(t− τ)n/2
|V (z, τ)| exp(−(b− a) |z−y|

2

τ )

(τ)n/2
dzdτ.

(5.5)

By (5.4),

exp(−a[ |x− z|2
t− τ

+
|z − y|2

τ
]) ≤ exp(−a |x− y|2

t
).

Moreover, t− τ ≥ (1 − ρ)t for τ ∈ (0, ρt). Therefore (5.5) implies

J1 ≤
exp(−a |x−y|2t )

((1− ρ)t)n/2

∫ ρt

0

∫
Rn

|V (z, τ)| exp(−(b− a) |z−y|
2

τ )

(τ)n/2
dzdτ,

which means that

J1 ≤ (1− ρ)−n/2Nb−a,∞(V )Ga(x, t; y, 0).(5.6)

Next we estimate J2. From (3.3) we have

J2 =

∫ t

ρt

∫
Rn

exp(−a |x−z|2t−τ )

(t− τ)n/2
|V (z, τ)| exp(−b |z−y|2τ )

(τ)n/2
dzdτ

=

∫ t

ρt

∫
|z−y|≥|x−y|(a/b)1/2

...dzdτ +

∫ t

ρt

∫
|z−y|≤|x−y|(a/b)1/2

...dzdτ

≡ J21 + J22.

(5.7)

When |z − y| ≥ |x− y|(a/b)1/2 and τ ∈ (ρt, t), then

exp(−b |z−y|2τ )

(τ)n/2
≤ exp(−a |x−y|2t )

(ρt)n/2
.

Therefore

J21 ≤
exp(−a |x−y|2t )

(ρt)n/2

∫ t

ρt

∫
|z−y|≥|x−y|(a/b)1/2

exp(−a |x−z|2t−τ )

(t− τ)n/2
|V (z, τ)|dzdτ,

which gives

J21 ≤ (ρ)−n/2Na,∞(V )Ga(x, t; y, 0).(5.8)

Finally we will estimate J22. From (3.7), we have

J22 ≤ (ρt)−n/2
∫ t

ρt

∫
|z−y|≤|x−y|(a/b)1/2

exp(−a |x−z|2t−τ )

(t− τ)n/2
|V (z, τ)|dzdτ.(5.9)

If |z − y| ≤ |x− y|(a/b)1/2, then

|x− z| ≥ |x− y| − |z − y| ≥ |x− y| (1− (a/b)1/2).
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Hence

exp(−a |x− z|2
t− τ

) = exp(−a |x− z|2
2(t− τ)

) exp(−a |x− z|2
2(t− τ)

)

≤ exp(−a |x− z|2
2(t− τ)

) exp(−a |x− y|2
2(t− τ)

(1− (a/b)1/2)2)

≤ exp(−a |x− z|2
2(t− τ)

) exp(−a |x− y|2
2(1− ρ)t

(1− (a/b)1/2)2).

Here we have used the fact that 0 < t− τ ≤ (1− ρ)t. Now taking ρ so that

(1− (a/b)1/2)2

2(1− ρ)
= 1,(5.10)

we obtain,

exp(−a |x− z|2
t− τ

) ≤ exp(−a |x− z|2
2(t− τ)

) exp(−a |x− y|2
t

).(5.11)

Substituting (5.11) in (5.9), we have

J22 ≤
exp(−a |x−y|2t )

(ρt)n/2

∫ t

ρt

∫
|z−y|≤|x−y|(a/b)1/2

exp(−a |x−z|22(t−τ))

(t− τ)n/2
|V (z, τ)|dzdτ,

which yields

J22 ≤ (ρ)−n/2Na/2,∞(V )Ga(x, t; y, 0).(5.12)

Combining (5.8) and (5.12), we have

J2 ≤ 2(ρ)−n/2Na/2,∞(V )Ga(x, t; y, 0).(5.13)

Inequalities (5.6) and (5.13) imply (5.2) with c = min{b− a, a/2} and the lemma.
q.e.d.
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