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ABSTRACT. Let ¢ be a one-to-one analytic function of the unit disk D into
itself, with ¢(0) = 0. The origin is an attracting fixed point for ¢, if ¢ is
not a rotation. In addition, there can be fixed points on 0D where ¢ has
a finite angular derivative. These boundary fixed points must be repelling
(abbreviated b.r.f.p.). The Kcenigs function of ¢ is a one-to-one analytic func-
tion o defined on D such that ¢ = o~1(\o), where A = ¢/(0). If ¢x is the
first iterate of ¢ that does have b.r.f.p., we compute the Hardy number of o,
h(oc) = sup{p > 0 : o € HP(D)}, in terms of the smallest angular deriva-
tive of ¢ at its b.r.f.p.. In the case when no iterate of ¢ has b.r.f.p., then
o€ ﬂp <oo HP, and vice versa. This has applications to composition opera-
tors, since o is a formal eigenfunction of the operator Cy(f) = f o ¢. When
Cy acts on H?(D), by a result of C. Cowen and B. MacCluer, the spectrum of
Cy is determined by X\ and the essential spectral radius of Cy, re(Cy). Also,
by a result of P. Bourdon and J. Shapiro, and our earlier work, r.(Cg) can be
computed in terms of k(o). Hence, our result implies that the spectrum of Cy
is determined by the derivative of ¢ at the fixed point 0 € D and the angular
derivatives at b.r.f.p. of ¢ or some iterate of ¢.

1. INTRODUCTION

Let ¢ be a one-to-one and analytic function of the unit disk I into itself, with
#(0) = 0, and which is not a rotation. Then 0 < |¢'(0)| < 1 and, by Schwarz’s
Lemma, the iterates of ¢ converge uniformly on compact subsets of D to 0. A
classical result of Keenigs yields a one-to-one analytic function o defined on D, with
image G = o(D), such that

gcop= Ao

where A = ¢'(0). Thus, A\G C G, and the action of ¢ on D is conjugated through
o to multiplication by A on G. For this reason, the set G is called a geometric
model. Koenigs’s theorem was introduced in the context of iteration theory to
study the iterates of ¢ near the fixed point 0. Here we will relate the growth of o
near JD and the geometry of the image region G to the dynamics of ¢ near JD.
We will write ¢,, to denote the nth iterate of ¢.
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Note that under our assumptions, the function ¢ does not need to extend, even
continuously, to dD. However, one can consider classical generalized notions of
limit and derivative at a point { € 9D, namely the notions of non-tangential limit
and angular derivative. In this article, we will examine points ( € 0D where ¢ has
non-tangential limit ¢, hence can be called fixed, and where ¢ has a finite angular
derivative, which we will call the multiplier at ¢ and write as ¢'(¢). It follows from
the Denjoy-Wolff theorem that ¢'({) > 1; see [9], p. 78, for a recent exposition. So,
following the classification of fixed points in the theory of the iteration of rational
maps, we can call such a point ¢ a boundary repelling fixed point (b.r.f.p.) for
0.

Recall that, for 0 < p < oo, the Hardy space HP(D) is the space of analytic
functions f on D such that

o0
sup / |f(re?)|[Pdo < co.
o<r<1Jo

Our starting point is a result of [10] which states that if a map ¢ as above has a
b.r.f.p., then the geometric model G = o(ID) contains a twisted sector (see Definition
4.1), and ¢ does not belong to H?(D) for p large. In [6] and [7], we completely
characterized the connection between the Hardy class of o, i.e. the p’s for which
o € HP(D), and the geometry of G = o(D).

The main purpose of this paper is to relate the b.r.f.p. of ¢ or iterates of ¢ to
the geometry of G = o(D) and to the “size” of the Kcenigs map o. Namely, we will
find an exact formula for the Hardy number of o (see Definition 2.1) in terms of
the multipliers at the b.r.f.p.. To do this we need to deal with a generalized notion
of “basin of attraction” near each b.r.f.p..

Our study has application to the spectral theory of the composition operator
Cy acting on the analytic functions f defined on D by Cy(f) = f o ¢. In fact,
we will show that the shape of the spectrum for the operator Cy acting on the
classical Hardy space H?(ID) is completely determined by ¢'(0) and the multipliers
at the b.r.f.p. This result is in agreement with the work of H. Kamowitz [4], who,
with entirely different techniques, analyzed the spectra of composition operators Cy
acting on HP(D), 1 < p < oo, under the assumptions that the symbol ¢ is analytic
in a neighborhood of D.

2. PRELIMINARIES

We first need to recall some notations that we introduced in [6] and [7]. In
[6], Lemma 3.2, we considered the set V' = int([),,~, A"G) C G, which we called
the invariant set of G. Since V is open, we write V = | ; Vj, where Vj are
the connected components of V. The invariant set V satisfies AV = V = A7V,
Moreover, if V; is a component of V, then AV; = V} is another component of
V. Hence, given a component Vj, its orbit {\*V;}T% is either wandering, i.e.
MV, NV, =0 for all k # 0, or periodic, i.e. there is a smallest integer K > 1 such
that AXV; =V, and we called K the period of V;.

In [7], Lemma 6.8, we showed that when V has some periodic components they
all have the same period. Moreover, since for each periodic component V; of period
K > 1 multiplication by AX is an automorphism of Vj, there is a conformal map
1o of the upper half-plane H onto V5 and a number ¢y € (0, 1) such that g (toz) =
M90(2) ([7], Lemma 6.8). We say that 1)y is the model of Vj, and ¢, is the step
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of Vh. Also we call Ty = ¢o({yi : y > 0}) the axis of Vj. Note that Ty is the
only geodesic in the hyperbolic metric of V{ that is invariant under multiplication
by AX: in particular, I'y connects 0 to infinity.

Definition 2.1. If ¢ is an analytic function on D, we let h(¢)) = sup{0 < p < 00 :
Y € HP(D)} € [0, 00] be the Hardy number of .

Recall that H?(D) ¢ H? (D) if p > p/. So the Hardy class of ¢ is an interval:
either (0, k() or (0, h(¥)]. If Q is a simply connected set, then given any pair of
one-to-one and analytic maps of D onto ©Q, ¢ and ¢, we have ¢ € HP (D) if and
only if ¢ € H?(D). So in this case we can write that Q € HP(D). Likewise, we set
h(2) =sup{0 <p <oo: Qe HP(D)}.

In [7], we showed that the Hardy number of the Kcenigs map o can be computed
in terms of the invariant set V of G:

(2.1) h(c) = min h(V;)

ranging over all the components V; of V. Also, we showed that for every wandering
component we have h(V;) = oo, and that for a periodic component V; with period
K and step to we have h(Vy) = log(to)/log(|A|%). So (2.1) means that either V has
no periodic components in which case h(c) = oo, or there is a periodic component
Vo such that h(o) = h(Vp) = log(to)/log(|\|¥) < oo.

Recall that a composition operator with symbol ¢ is defined by Cy(f) = f o ¢,
and is bounded on the Hardy spaces HP(D), 0 < p < oo. In [7], together with
some recent results of P. Bourdon and J. Shapiro, we obtained a formula, in terms
of h(o), for the essential spectral radius, r.(Cy), of the composition operator Cy
acting on H?(D):

(2.2) re(Cy) = [A[M/2,

The case r.(Cy) = 0 corresponds to h(c) = oo, and therefore to the case when the
invariant set V' does not have periodic components. When r.(Cy) > 0, then V has
periodic components, say of period K > 1, and there exists a periodic component
Vo with step to such that r.(Cy) = [\|"(V0)/2 = ¢[<.

Now let Vy be a periodic component of the invariant set V' of period K > 1,
and let 'y be its axis. Note that o cannot be constant on an arc of dD, because,
being one-to-one, o € HP(D) for p € (0,1/2) (Theorem 3.16 of [3]). Thus, c=1(Ty)
is a curve in D tending to a unique point ((V5) on dD. Hence, the correspondence
Vo — ((Vp), from periodic components of V' to points of D, is well-defined. Our
main theorem will show that this correspondence is injective and that its range
consists of all the b.r.f.p. of ¢x. We call W = o7 1(V) = int(),,5¢ #n(D)) the
invariant set of ¢. Note that Wy = o~1(1f) is a connected component of W
such that ¢x(Wy) = Wy = (;5[_(1(W0)7 i.e. ¢g is an automorphism of Wy. Also,
0 and ((Vp) are in OWy. The curve o~ *(T), which connects 0 to ((Vp), is the
unique geodesic in the hyperbolic metric of W, that is fixed by ¢x. We will show
that 0=1(I'g) is perpendicular to D at ((Vj), and that the set Wy has an inner
tangent at ((Vp). That is to say, for every 8 € (0,7/2) there is an € = ¢(8) > 0
such that the truncated cone

{zeD: |z—¢(V)| <e |arg(((Vo)) — arg(¢(Vo) — 2)| < B}
is contained in Wjy. In particular, it follows that

Wo={z€D: ¢,;(2) — ((Vo) non-tangentially as n — oc}.
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So, Wy can be thought of as a “basin of attraction” for ¢I_(l at ¢(Vp).

Finally, by a theorem of Ostrowski (see Theorem 11.5 of [8] or Theorem 3 of
[5]), Wy has an inner tangent at ((Vp) if and only if for any Riemann map F' of
D onto Wy which fixes ((15), the argument of the derivative of F' converges to
0 non-tangentially at ((Vp). In the last section of this paper, we give a negative
answer to the following natural question: does Wy have an angular derivative at
¢(Vo)? In our example, the set Wy is actually equal to int((),,~o ¢n(ID)) and has
an inner tangent at 1. Every iterate ¢, has a boundary fixed point at 1 and has a
finite angular derivative at 1. So, the sets ¢, (D) all have an angular derivative at
1 with respect to 0D. But, Wy does not, i.e. any Riemann map F' of D onto W)
that fixes 1 does not have an angular derivative at 1.

3. STATEMENT OF THE MAIN RESULT

We establish a one-to-one correspondence between the periodic components of
V, and the b.r.f.p. of the iterate ¢g, where K > 1 is the common period of the
periodic components. Also, we obtain a formula connecting the multiplier at a
given b.r.f.p. and the Hardy number of the corresponding periodic component.
This yields the following dichotomy. Either no iterate of ¢ has a finite angular
derivative at a boundary fixed point—and this happens if and only if the invariant
set V' has no periodic components, hence if and only if h(oc) = oco—or else the
iterates of ¢k, where K is the common period of the periodic components of V,
are the only iterates of ¢ that do have b.r.f.p. Moreover, in the latter case, in view
of the result of [7] mentioned above, we obtain a formula for h(c) in terms of the
smallest angular derivative of ¢ at its boundary fixed points.

Theorem 3.1. Let ¢ : D — ¢(D) C D be analytic and one-to-one, with $(0) =0,
and ¢ not a rotation. Let o be the Keenigs function of ¢, G = o(D), A = ¢'(0),
and V =1int((,,>o A" G). Assume that V has at least one periodic component. Let
K denote the common period of the periodic components of V.. For every periodic
component V; of V, let 1;, t; and I'; denote respectively the model, the step and
the azis of V. Finally, let ((V;) = o=1(I';) NOD. Then:

(1) ¢(Vo) = ¢(V1) implies Vo = V1.

(ii) A point ¢ € OD is a boundary fixed point of ¢, n > 1, and ¢, has a finite
angular derivative at ¢ if and only if ¢ = (V) for some periodic component
Vo of Vand n = mK for some m=1,2,....

(iii) If A > 1 is the angular deriative of ¢ at ((Vp), and to is the step of Vo,
then A = 1/t.

(iv) The curve o=*(Tg) is perpendicular to D at ((Vy), and Wy = o~ (Vo) has
an inner tangent at (V).

The next corollary follows from Theorem 3.1 (ii).

Corollary 3.2. Let ¢: D — ¢(D) C D be analytic and one-to-one, with ¢$(0) =0,
and ¢ not a rotation. Then, one of the following holds:

(I) No iterate ¢, n=1,2..., has a finite angular derivative at a boundary fized
point.

(IT) There is an integer K > 1 such that ¢, has a finite angular derivative at a
boundary fized point if and only if n = mK for some m=1,2,....
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Definition 3.3. We say that ¢ is of type (I) when ¢ is as in Corollary 3.2 (I), and
of type (II) otherwise. If ¢ is of type (II), we set

(3.1) A(p) = min{¢}(¢) : ¢ €D, ¢x(¢) =(F>1
where K is given by Corollary 3.2 (II).

Note that the minimum in (3.1) is attained because it is attained in (2.1) and
because of the one-to-one correspondence of Theorem 3.1 between periodic compo-
nents and b.r.f.p. (see also Proposition 2.46 of [2]).

Corollary 3.4. Let ¢: D — ¢(D) C D be analytic and one-to-one, with ¢(0) =0,
and ¢ not a rotation. Let X = ¢'(0) and let o be the Kenigs map of ¢. Put
h(oc) =sup{p>0: o€ H?(D)}.

Then h(c) = oo if ¢ is of type (I), while if ¢ is of type (II), then

log A(¢)
h(o) = ————.
) = og(1/IN)
Proof. If ¢ is of type (I), V has no periodic components, by Theorem 3.1 (ii); hence

h(o) = oo by (2.1). Otherwise, the formula for h(c) follows from Theorem 3.1 (iii)
by the remarks right after (2.1). O

Remark 3.5. Since o is univalent, h(o) > 1/2 (see Theorem 3.16 of [3]). So Corol-
lary 3.4 implies that A(¢) > |N|~5/2 > 1.

Finally, C. Cowen and B. MacCluer (see [1] or Theorem 7.30 on p. 289 of [2])
showed that, under the same assumptions on ¢ as in Theorem 3.1, the spectrum of
Cy acting on H?(D) has the following form:

{z€C: |2] <71e(Cy)U{(0)": n=1,2,...}U{1}.

Our next result allows one to determine the shape of the spectrum of Cy in terms
of the derivative of the symbol ¢ at the origin and the possible angular derivatives
at boundary fixed points of ¢ or some iterate of ¢.

Corollary 3.6. Let ¢: D — ¢(D) C D be analytic and one-to-one, with $(0) =0,
and ¢ not a rotation. Let Cy(f) = f o ¢ be the composition operator with symbol ¢
acting on H*(D), and let r.(Cy) be the essential spectral radius of C.

Then r(Cg) =0 if ¢ is of type (I), while if ¢ is of type (II), then

1\ 2K
= ()"
Proof. Use (2.2) and Corollary 3.4. O

4. PROOF OF THE MAIN THEOREM

We start by showing the injectivity, part (i) of Theorem 3.1. Consider two
periodic components Vg, V4 with (V) = (V1) = ¢, and assume that V5 and V3
are distinct. For j = 0,1, let W; = o7 1(V;), let I'; be the axis of V; and let
v; = o071 (Tj). As we said above, 7y and ~; are curves in D connecting 0 to ¢. So
they bound a simply connected region 2 C D such that 9Q = {0} U v U v1 J{(},
and in particular Q N 9D = {¢}. Recall that V; and V; have the same period
K > 1. Hence, ¢ (7y;) = 5, for j = 0,1. Also, ¢x () is a simply connected region
in D\ (70 U~1) whose boundary coincide with 9. Therefore, ¢ (2) = Q. So Q is
contained in the invariant set of ¢, i.e. Q@ C W = int((),;>( ¢n(D)). On the other
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hand, QNW; # 0 for j = 0, 1, which is a contradiction since Wy and Wi are distinct
connected components of W. Thus, (¢) is proved.

Now we prove part (ii) of Theorem 3.1. First, assume that Vj is a periodic
component. Note that ¢,,x(2) tends to ((Vy) as z tends to ((Vp) along o—*(T'y).
So, by Lindeldf, ¢,,,x has non-tangential limit ((Vp) at ((Vp). Moreover, for w €
o~ Y(Ty), if pp and py denote respectively the hyperbolic distance on D and on H,

po(w, dmx (w)) < pa(y ' o o(w), 15 (Y ' 0 o(w))) = log(1/t5) < oo
So, by the Julia-Carathéodory theorem, ¢,,x has a finite angular derivative at
(Vo).
For the converse we introduce the notion of a twisted sector, which first appeared
n [10]. Our definition of twisted sector is phrased differently, but is equivalent, to
the one in [10]. For z € Cand r > 0, B(z,7r) = {w € C : |z —w| < r}. If
E c C\ {0}, and € > 0, we set

Se[E] = U B(z,¢€|z]).
zel
Definition 4.1. Let v be a closed and connected subset of C\ {0} such that 0 and
oo belong to the closure of v in the Riemann sphere. Let € > 0. We say that S¢[v]
is a twisted sector of width ¢ supported on 7.

Remark 4.2. Note that if S.[v] is a twisted sector of width € > 0 supported on +,
then for every ¢ € C\ {0}, ¢Sc[7] is also a twisted sector of width e supported on
¢, since ¢S] = Se[er].

Assume that (; € ID is a b.r.f.p. of ¢,, n > 1. We need to show that the
set V = int(ﬂj>0 M @) does have periodic components, say of period K > 1, that
there is one periodic component Vp such that ¢(Vp) = (o, and that n = mK
for some integer m > 1. Suppose that we can find a component Vj of the set
v = int(N;>0 N"@) (the invariant set for ¢,,) such that V; is of period one with
respect to multiplication by A", i.e. A"V, = Vj, and such that ¢(Vg) = {o. Then,
since V.= V)  V, must be a periodic component of V, and therefore we must
have n = mK, where K is the period of the periodic components of V. So we only
need to show that if ( € 0D is a b.r.f.p. for a map ¢ as in Theorem 3.1, then the
corresponding invariant set V' has a periodic component Vj of period 1 such that
(Vo) = C.

Let ¢ € ID be fixed by ¢ and assume that ¢ has a finite angular derivative
A > 1 at . For convenience, let’s move to the upper-half plane H via the map
7(2) = {(2 —i)/(z +14); hence let ® = 771 opo7 and ¥ = ¢ o 7. Then, infinity
is a boundary fixed point for ® and ® has a finite angular derivative there, i.e.
z/®(z) converges to a number A > 1 as z tends to infinity non-tangentially. Let
v=X({yi: y>1}). Then, in the proof of Proposition 3.3 of [10] it is shown that
~ supports a twisted sector of width e that is contained in G, for some € > 0. For
all n € N, let v, = A™y. Recall that, by Schwarz’s lemma, 0 < [A\| = |¢/(0)| < 1.
By Remark 4.2

(4.1) Se[vn] = A" Sc[v] € A"G.

Since 7, connects 0 to oo, for every n € N we can find (, € v, NOD. Also, 7, is
parameterized by ¥ o ®,,(yi), for y > 1, so we can assume that ¢, = X o @, (yyi) is
the last point of 7, belonging to D. Set 7, =X o ®,,({yi: v > yn}).
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Claim 4.3. There is a connected component Vy of the invariant set V of G, such
that for every integer No < oo there is N > No with S /5[yn]\ D C Vp.

Proof. By (4.1), B((n,€) C A\"G. Let (,, be a subsequence converging to ¢ € 9D
then for some kg € N, and for every k > kg, we have

B(¢,€/2) C B, €) C A™G.
Hence B((,€/2) C),50 A" G, i.e. B(C,¢/2) C V. Let Vg be the connected compo-
nent of V containing B((,€/2). We can assume that 3, (Vo # 0, for all k € N.
Now, suppose that for infinitely many k we can find zx € (Sc/2[Vn,] \ D) N OV.
Since zx € Se/2[Vn, ], there is z € 7, such that [z — 2| < (€/2)|z[; in particular
|2zk| < (14 €/2)|z|, so by (4.1)

B(zk, c|zk]) C B(z,¢€lz]) € A" G
where ¢ = (¢/2)/(1+¢€/2). Now, multiply each z; by A™*, where the power mj € N
is chosen so that for all k € N

=AM e Q={2cC: 1< 2| <N}
Notice that my > 0, because z; € . Then, for infinitely many &k we have:
(a) B(Zk,c|Zk]) C A" G and (b) Zx € (A V).

Again assume, by passing to a subsequence, that Zj converges to a point £ € Q.

By the same argument as above, using (a), B(&, ¢[|) is contained in the invariant

set V. Let Vi be the connected component of V' containing B(¢,c|¢|). Choose

Zi € B(&,¢|€]). Then, by (b), Vi N A Vg £ (). Hence Vi = A™*V; and Z, € A™* 1},
which contradicts (b). Therefore, there is ko € N such that, for k > ko,

(Ses2[n] \ D) C Vo.
|
From the proof of Claim 4.3, we could already deduce that V[, must be a periodic

component of V. But, we also want to show that its period must be 1. That’s the
content of our next claim

Claim 4.4. The component Vy is periodic of period 1, i.e. \Vo = Vo = A"1Vj.
Proof. Let 4 = 4y be given as in Claim 4.3.

Definition 4.5. Let €2 be a simply connected region with hyperbolic metric pq,
and let F' C 2. We say that U is a hyperbolic neighborhood of F' in 2, if
U= U{wEQ: pa(w,z) < C}
zeF
for some constant 0 < C' < oo.
Then, Sc[] contains a hyperbolic neighborhood of ¥ in G. In fact, if w € G

satisfies pg(w, z) < C, for some z € 7, then

1 |w — z|

=1 14— <C.

2 Og( + d(z,aa))
See [10], Lemma 3.2. But, since G # C, there is a constant C; > 0 such that
d(z,0G) < C1)z|. Hence, if C is chosen small enough,

w— 2| < C1(*” = 1)|2] < (¢/2)]2].
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On the other hand, notice that X~1(3) = ®x({yi: vy > yn}). The fact that ®
has an angular derivative at infinity implies that ® 5 also has an angular derivative
at infinity. So ¥71(5) is asymptotic in the Riemann sphere to the imaginary axis
at infinity, i.e. given any hyperbolic neighborhood of ¥£7!(%) in H, the upper
half imaginary axis is eventually contained in it. So, for R > 0 large enough,
Y({yi : y > R}) is contained in S/3[7]. By the same argument, we also have
R’ > R >0, such that ¥ o ®({yi : y > R'}) is contained in S, /5[J]. That is to say,
Y({yi: y > R'}) and AX({yi : y > R'}) are both contained in S,/3[7]. But, since
Se/2[71\ D C Vo, we must have A\Vy = V. |

Let T be the axis of V. The preimage ¥ 71(I'g) is a curve in H starting at i and
converging to a unique point of OH in the Riemann sphere. The next claim shows
that such a point must be infinity, and hence proves the converse, completing the
proof of part (i7) of Theorem 3.1.

Claim 4.6. The curve X~ 1(Tg) is contained in a hyperbolic neighborhood of {yi :
y > 1} in H.

Proof. Fix 0 < § < /2, and consider
Us={z€H: |arg(z) —7/2| < 7/2 — 6}.
Let Ks = H \ Us. We claim that we can choose § small enough so that for every

z € Yo(Ks), d(z,0Vh) < (e/4)|z]. Suppose not. Then we can pick a sequence
zn € Yo (Ks, ), with 6,, tending to zero as n tends to infinity, such that for all n € N

(4.2) (2, OVp) > §|zn|.
Let Z, = A"z, with the appropriate power m,, so that
1< |2, <A1

Then (4.2) still holds with z, replaced by Z,. Now, let & be the limit of a subse-
quence Z,;. For some jo € N, and for all j > jo

B(&. (¢/8)[€]) € Bz, (¢/4)|2,]) C Va.

Let A be a small open neighborhood of ;! (¢) in H. Since 6, tends to zero,
eventually

o (n,) = to 95 (an,) A,
which is a contradiction, because eventually Z,; € 1o(A). Therefore, by Claim 4.3,
if ¥ = 4x, we can choose 8y > 0 such that 5 C ¢y (Us,), i.e. ¥y ' (7) C Us,. Notice
that ¢, '(7) is a curve which tends to infinity. Thus, {yi : y > R} is contained
in a hyperbolic neighborhood of 1/10_1('7) in H for some R > 0. That is to say,
applying the map ¥ =! o4y, £71(T) is contained in a hyperbolic neighborhood of
S7F) =0n({yi: vy > yn}) in B71(Vp). But, since the hyperbolic metric of H is
bounded above by the hyperbolic metric of £71(V;), and since ®x({yi : y > yn})
is asymptotic in the Riemann sphere to the imaginary axis at infinity, we have that

$71(Ty) is contained in a hyperbolic neighborhood of {yi : y > R'}, for some large
R’. The claim follows from this. O

Now, we want to show part (ii4) of Theorem 3.1. For all n € N, let z, =
o(tg™i) € To, and w,, = X71(2,). We need the following geometric property of
Y71 (Ty). For all n € N, consider the curve I', = X~ orpg({yi : y > t;"}), which is
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the part of the curve ¥~ (I'g) which starts at w,, and, by Claim 4.6, tends to infinity
in a hyperbolic neighborhood Up = {z € H : |arg(z) — /2| < 0}, 0 € (0,7/2), of
the imaginary axis. Let w,, be a point of I';, such that
Im(w,) = min{Im(w) : w € T,}.
Claim 4.7. There is a constant Cy > 0 and some ng € N such that for all n > ng
Im(w,,) > Co Im(wy,)

Proof. Since ® has a finite angular derivative A > 1 at infinity, there is a constant
R > 0 such that, for all z € Uy \ {|z| < R},

(43) Im(z) > Im(6(2)).
Choose ng so that |w,| > R for all n > ng. For m € N, m > 1, let v,, be a point
such that

Im(vy,) = min{Im(w) : 5" o X(w) € {yi : ta(n+m) <y< tg(n+m+l)}}.
Then

PE (Vs Wnms1) < P 0 B(um), tg " V4) < log(1/t).
On the other hand,
1 |wn+m+1 - vm|
m> Wntmt1) = = 1 I+—— .
pH(’U Wn+ +1) 2 Og( + Im(vm)

So, for some constant Cy > 0 depending only on ty, and by (4.3), Im(v,,) >
Co Im(wn4m+1) > CoIm(wy,). The claim follows because m is arbitrary. O

Now, consider the following sequence of maps:
U, (w) = N"E(Re(wy,) + wIm(w,)).

For all n € N, ¥,, maps H conformally onto A\"G, and ¥, (i) = A"z, = z9. In
particular, {¥,} is a normal family. Let ¥ be the normal limit of a subsequence
U,,.. Then, since ¥, (H) = \"*G, U(H) C V, and since ¥, (i) = 29, ¥(H) C V.
On the other hand, Vo C ¥, (H), for all k € N. So U(H) = V. Moreover, by the
Hurwitz theorem, ¥ is one-to-one. Thus ¥~! o 1)y is an automorphism of H that
fixes .

Claim 4.8. U~ 04} is the identity map on H.

Proof. Note that \Ilgkl converges uniformly on compact subsets of V5 to U1, So,
fix m > 1, and consider the compact set K,, = ¥o({yi : 1 <y <t;™}) in V.
Then
YA K,,) — Re(wy, )

Im(wn,, ) '

(4'4) \Ijr_zkl (Km) =
Since Y"1\ K,,) C X71(Ty), by Claim 4.6 there is an absolute constant 0 <
0 < 7/2 such that X=1(A="* K,,) is contained in a sector Uy. In particular, there
is a constant Cy > 0 such that |Re(wy, )|/ Im(w,,) < Ci, for all k. Therefore, by
(4.4), ¥, 1(K,y) is contained in J_, o, ¢, (2 + Up). Moreover, by Claim 4.7,

min{Im(w) : w € U, '(Ky)} > Co > 0.

So, we can find a hyperbolic neighborhood U of {yi : y > 1} in H such that
W, (Ky) CUforallk € Nand allm > 1. Letting k tend to infinity, ¥, ! converges

Nk
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uniformly to W=l oo on {yi: 1 <y <t;™} But, U"lo¢pg({yi: 1<y <t;™})
is an arc of a geodesic in H, since U~ 04} is an automorphism. Letting m become
large, we see that this geodesic must tend to OH while staying in U, and therefore
it can only be {yi: y > 1}. Hence U1 09 fixes the upper half of the imaginary
axis and fixes i. So, it must be the identity. O

We conclude that the only possible limit for any subsequence of {¥,,} is .
Therefore, the whole sequence {VU,,} converges to 1.

We can now compute the angular derivative of ® at infinity in terms of Vj. Let
mn(w) = Re(wy,) + wIm(w,). Then, ¥,, = A" o m,. So,

T 0 (U Lo AT,) = ®om,.
Therefore
¥ om, = (¥, 0 AT,) — (7/}0_1 o Xbo) = to

as n tends to infinity. In particular, ® o m, (i) = ®'(w,) tends to ty as n tends to
infinity. So, by Claim 4.6, the angular derivative of ® at infinity is 1/, completing
the proof of (7).

Finally, we show part (iv) of Theorem 3.1. Note that o~1(T'g) is perpendicular
to OD at ((Vp) if and only if 0=1(I'g) is eventually contained in any hyperbolic
neighborhood of the ray [0,¢(Vp)] in D. So, consider I} = {yi : 1 <y < t;'}.
Then, ¥, ! 01y converges to the identity map on I;. So, ¥ ! o4)y(l;) is eventually
contained in any hyperbolic neighborhood of I;. Notice that

“+o0
ST To) = | meo ¥yt oo(l).

k=—0o0

Therefore, if P = |J/>° __ mx(I1), then () is eventually contained in any
hyperbolic neighborhood of P. Note that 7 (I1) = [wn,wn + i(ty " — 1) Im(w,)].
So, to show that ¥=1(I'g) is eventually contained in any hyperbolic neighborhood
of the imaginary axis, it is enough to show this for the sequence {w,}32,. Notice
that

Re(wp+1) — Re(w,)  Im(wp41)

(45) Im(wy,) Im(wy,)

=W, odo(ty i) — byl

n

as n tends to infinity. So,

|Re(wni1) — Re(wn)| _ [Re(wni1) — Re(wn)| 1

Im(wpy1) — Im(wy,) Im(wy,) % 1

—0

as n tends to infinity, by (4.5).

To show that o=! o 1)o(H) has an inner tangent at ((Vo) we proceed similarly,
by considering the fact that W, 1 04y converges to the identity map on every fixed
hyperbolic neighborhood of I;. So Theorem 3.1 is proved.

5. REMARK ON THE DEGREE OF CONTACT OF PERIODIC COMPONENTS
Does the map Y71 09y have an angular derivative at infinity? By Claim 4.8,

mloX oot =t o T o AT othy = Ut o ghy — Idy
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as n tends to infinity. Taking the derivatives, we get

tEn -1 / -
—— (= to" — 1
Im(w,,) ( °to) ote" =

uniformly on compact subsets of H. By taking the arguments, one sees that ¥~ oy
is semi-conformal at infinity; see [5], definition 2. To prove that ¥ =1 o ¢y has an
angular derivative at infinity, it would be enough to show that t{} Im(w,,) converges
as n tends to infinity. Notice that ¥~ o ¥,, = &, o7,. Thus, (®, om,)" converges
to (X! o4)p)’ uniformly on compact subsets of H. Evaluating at i and multiplying
above and below by tf, we obtain
n
6 Im(wy,) H

j=1

P’ (wy)

2 — (2 o) (i)

So t§ Im(wy,) converges if and only if the infinite product converges, i.e. if and only
if 3272, (to — @' (wy)) converges.

However, consider the following example. Let S = {z + iy : |y| < 7/2} be the
“standard strip”. Let

. . m 1
G={x+iy: <1, |y|<mtU{z+iy: =>1, |y|<§—|—;}

Then, G—1 C G. By exponentiating, G is transformed into a region G C C\ (—o0, 0]
such that e7!G C G and D\ (—1,0] C G. Hence, by adding the slit (—1,0] to such
a region GG, we obtain a geometric model. Iterating translation by —1 on G, we
are left with S. Therefore, the invariant set in this case has only one component,
which is periodic of period 1. Let X denote the Kcenigs map from H to G U D.
Consider %(z) = X(ie®) defined on S. There is a curve v C S starting at 0, with
sup{Re(z) : z € v} < 400, such that ¥ maps v onto (—1,0]. So, F = log% maps
S\ 7 conformally onto G. Moreover, F' does not have an angular derivative at +oo;
see Definition 7. of [5], because Area({z € G\ S: Re(z) > s}) = oo, for all s > 0.
This can be shown using Ahlfors’s distortion theorem; see equation (15) of [5]. In
particular, F~! restricted to S also doesn’t have an angular derivative at +oo.

Now, the map 1y of H onto the periodic component {z € C : Re(z) > 0} can
be chosen to be 1)y(z) = —iz. Thus, the map

571 otho = iexp((F~1)s(log(¢)))
does not have an angular derivative at infinity.
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