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ABSTRACT. Oscillation theory for one-dimensional Dirac operators with sep-
arated boundary conditions is investigated. Our main theorem reads: If
Xo,1 € R and if u, v solve the Dirac equation Hu = Au, Hv = Ajv (in the
weak sense) and respectively satisfy the boundary condition on the left/right,
then the dimension of the spectral projection P(>\0~A1)(H) equals the number
of zeros of the Wronskian of w and v. As an application we establish finiteness
of the number of eigenvalues in essential spectral gaps of perturbed periodic
Dirac operators.

1. INTRODUCTION

In [16] Sturm originated oscillation theory for second-order differential equa-
tions one hundred and fifty years ago. Since then numerous extensions have been
made (see, e.g., [2],[11],[14],[17], and the references therein). In [24] Weidmann
extended results for Sturm-Liouville operators from Hartman [5], [6], Hartman and
Putnam [7], and himself [23] to the case of Dirac operators. In particular, he proves
Sturm-type comparison theorems and applies the results to investigate the essential
spectrum of Dirac operators. With the present paper we want to complement [24]
in the sense that we will use oscillation theory to investigate the discrete spectrum.

Using standard oscillation theory would mean to count zeros of components of
solutions of the Dirac equation. Unfortunately this approach soon leads into severe
troubles:

(i). Components of solutions might vanish identically on some intervals.

(ii). Zeros of components of solutions are not monotone with respect to the spec-
tral parameter. Hence solutions can pick up or lose zeros as the spectral parameter
increases, which, in general, destroys the connection between zeros and number of
eigenvalues (cf. Remark 3.3).

The natural remedy is to look at zeros of the Wronskian instead, that is, use a
renormalized version of oscillation theory developed in [4] for the case of Sturm-
Liouville operators (see [18] in the case of Jacobi operators). In addition, this
approach avoids technical difficulties arising from the fact that Dirac operators, in
contradistinction to Sturm-Liouville operators, are not bounded from below.
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To set the stage, let I = (a,b) C R (with —co < a < b < c0) be an arbitrary
interval and consider the Dirac differential expression

(1.1) T= %02% + ().
Here
(1.2) d(x) = dai(m + ()1 + Gam (z)01 + Pse(2))03,

o1, 09, 03 denote the Pauli matrices

(1.3) 01=<(1) (1)) 02:(? Bi>’ US:((I) —01)’

and m, ¢se, o, and ¢.y, are interpreted as mass, scalar potential, electrostatic
potential, and anomalous magnetic moment, respectively (see [19], Chapter 4). As
usual we require m € [0,00) and ¢sc, del, Pam € Li,.(I,R) real-valued. We don’t
include a magnetic moment 7 = 7 + 02¢mg(2), since it can be easily eliminated
by a simple gauge transformation 7 = UrU ™, U = exp(i [ ¢mg(t)dt) (there is
also a gauge transformation which gets rid of @um or ¢ (see [12], Section 7.1.1)).

Explicitly we have
_ o11 —L 4 s N _( fo+oefot onh )
) 7f= ( PRI ) <f2> = ( SFt buohit dmfs )

f € AC,.(I,C?), where primes denote derivatives with respect to z and ¢;; =
(bel +m+ ¢sca ¢12 = ¢21 = ¢ama ¢22 = ¢el -—m — ¢sc'

If 7 is limit point at both +o00, then 7 gives rise to a unique self-adjoint operator
H when defined maximally (cf., e.g., [12], [22], [24]). Otherwise, we fix a boundary
condition at each endpoint where 7 is limit circle.

By u4 (2, z) we will denote (not identically vanishing) solutions of the differential
equation 7u = zu, z € C, which satisfy the following requirements (whenever such
solutions exist).

(i). us(z,.) € ACoe(I,C?) and Tu(2) = 2us(2).
(ii). u4(z,.) (resp. u_(z,.)) is square integrable near b (resp. a) and fulfills the
boundary condition of H at b (resp. a) if any (i.e., if 7 is limit circle at b

(resp. a)).
Explicitly, H is given by
(1.5) H: D(H) — L*1I,C?% ,
f = Tf,
where

(1.6) D(H) ={f € L*(I,C?| f e ACi,.(I,C?), 7f € L*(I,C?),
Wa(u—()‘O)u f) = Wb(u-i-()‘O)v f) = 0}

with

(1.7) We(f,9) = fi(x)ga(x) — fa(z)g1(2),

the usual Wronskian (we remark that the the limit Wy 4(.,..) = limg_q Wi (., ..)
exists for functions as in (1.6)). The resolvent of H can be expressed in terms of
ux(z) as follows:

b
(18) (H —2) f(a) = / Gz, 2.9)f(y)dy,
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where

ut(z, ) @ ux(z,9)
W(ut(2),u—(2)) ’

Recall that Wy (uy(2),u—(2)) is independent of = (cf. (2.1)). In addition, we set
G(z,z,2) =lim.o(G(z,z +¢,2) + G(z,x — &,x))/2.

Denote by Hy, — (resp. Hy+), € I, self-adjoint operators associated with
on L?((a,z),C?) (resp. L2((z,b),C?)) obtained from H by imposing the additional
boundary condition fi(x) = 0. Then H, _ & H, 1 is a rank one resolvent pertur-
bation of H, and hence oess(H) = ess(Hy,—) U Oess (Hy +) (cf. [25], Korollar 6.2).
Here 0css(.) denotes the essential spectrum. If G, 4(z,.,..) denotes the resolvent

kernel of H; 1, we define the Weyl m-functions m, +(z) (w.r.t. the base point x)
by

(1.9) G(z,x,y) = +(x —y) > 0.

1
(1.10) Gy t(z,z,) = ( 01 +3 > .
: +1

The first resolvent identity shows that m, +(z) are Herglotz functions (cf., e.g.,
[20]).

Lemma 1.1. The solutions u+(z,x) exist for z € C\Oess(Hzy,+). They can be
assumed real analytic with respect to z € C\o(Hyy4). In addition, we can include
a finite number of isolated eigenvalues in the domain of holomorphy of uy(z,x) by
removing the corresponding poles.

Proof. If U(z,x,xq), 2 € C, is a fundamental matrix solution for Tu = zu (i.e.,
U(z,z0,20) = 1, z9 € I) and my, +(2) are the Weyl m-functions with respect to
the base point z(, then we can choose

1
1.11 ) =Ul(z,x, :
(111) wse) = UG (4, 1)
By removing the corresponding poles of my, +(z) we can include a finite number
of isolated eigenvalues in the domain of holomorphy of u(z, z). O

A finite end point is called regular if ¢11, @12, P22 are integrable near this end
point. In this case boundary values for all functions exist at this end point. In
particular, 7 is called regular if both end points a,b are regular, that is, a,b € R
and ¢11, P12, 22 € L*(I,R). In the regular case the resolvent of H is Hilbert-
Schmidt, and hence the spectrum is purely discrete (i.e., oess(H) = ().

2. WRONSKIANS

In this section we want to investigate the Wronskian of two solutions u,v. A
straightforward calculation gives

(2.1) W (u,v) = (A1 — Xo)u(z)v(z)

if Tu = Aou and 7v = Ajv. Note that (in contradistinction to the Sturm-Liouville
case) the Wronskian of two solutions can only have simple zeros (unless \g = A\, u =
voru =0 (resp. v = 0) of course). Moreover, W, (u,v) = 0 if u(x), v(x) are parallel
and W/ (u,v) =0 if u(x),v(x) are orthogonal.
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Clearly this implies

Lemma 2.1. Let Tu = Au and Tv = A\v for some Ay # Ao. Ifu,v € L?((c,d),C?)
and We(u,v) = Wy(u,v) for some a < c <d <b, then u,v are orthogonal on (c,d),
that is, [*u(t)v(t)dt = 0.

c

Proof. Integrating (2.1) we obtain Wy(u,v) — We(u,v) = (A1 — Ag) fcdu(t)v(t) dt,
¢,d € I, and hence the result is immediate (take limits if ¢ = a or d = b). |

Lemma 2.2. Let A € R\o.ss(H). Then

— [Puy (A 1)2dt,
[Fu_ (A t)dt,

where the dot denotes a derivative with respect to .

(2:2) W (V) s () = {

Proof. From Lemma 2.1 we know that

[P u_ (M tyu— (A, tydt.

Now use this to evaluate the limit lims_ , W (ut(N), (u+(X) —u+(X))/(A=A)). O

(2.3) Wo (us(A), us (V) = (A= A) { — [T uy (A Bug (X, 1),

3. OSCILLATION THEORY
We first introduce Priifer variables for v € C(I,R) defined by
(3.1) ui(2) = pu(@)sin(0,(x))  ua(x) = pu(w) cos(8,(2)).

If w is never (0,0) and u is continuous, then p, is positive and 6, is uniquely
determined once a value of 6,(zg), xo € I, is chosen by the requirement 6, €
C(I,R).

Clearly

(3.2) Wa(1,0) = pu(@)po () sin (0, () — 0,()).
An important role is played by the following observation.
Lemma 3.1. Let A\g < A1, let u,v solve Tu = Agu, 7v = A\1v, and introduce
(3.3) Ay o(x) =0,(x) — 0,(x).
Then, if Ay (x) =0 mod T,
(3.4) lim Suo(®) = S (@0)

T—ITo Tr — X9

= ()\1 —)\0) > 0.

Proof. If Ay »(x0) =0 mod , then (from (3.2))
Pu()pv () sin(Ay,, (2))

3.5 li =W, (u,v) >0
(3.5) Jim pr—— 2o (85 0)
implies the assertion using (2.1). |

Or, put differently, the last proposition implies that the integer part of A, , (z)/7
is increasing.
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Lemma 3.2. Let Ay < A1 and let u,v solve Tu = Mu, 7v = A\v. Denote by
#(u,v) the number of zeros of W (u,v) inside the interval (a,b). Then

(36) #(1,0) = Ll Ay 2)/] ~ LAy )/,

where [x] denotes the integer part of a real number x, that is, [x] = sup{n € Z|n <

Proof. We start with an interval [xg,x1] containing no zeros of W (u,v). Hence

[Ayv(x)/7] = [Auw(z)/7]. Now let 29 | a, 1 T b and use Lemma 3.1. |
If X € R\0ess(H) holds, then equation (2.2) clearly implies
C [lus ()2t . JEus(nt)2dt

(3.7) 0.\ z) = >0, 6_(\z)=

<0,
p+(>\a $)2 p— (A,ZIJ)Q
where we have abbreviated p+ (A, ) = py () (%) and 0+ (X, ) = 0, (x)(7).

Remark 3.3. We remark that linking zeros of u; to the rotation number 0, is not
possible since (unlike in the Sturm-Liouville case) the integer part of 6, does not
count zeros of u;. Indeed, (assuming ¢ continuous for a moment) shows that
ui(x) = 0 implies €/, (x0) = ¢aaz(xo) — Ao, which is not necessarily positive. Hence
the integer part of 6, /7 can increase or decrease (or stay the same) at zeros of u;
(cf. the discussion at the end of Section 2 in [24]). In addition, this implies that
zeros of uy 1(A,.), are not monotone with respect to A. Hence solutions can pick
up or lose zeros as A increases. This, in general, destroys the connection between
zeros and number of eigenvalues. Moreover, if ¢a2(2) — Ag vanishes on a subinterval
of I, then uq(z) can vanish on the same interval (without u being identically zero).

However, if ¢92 is bounded from above (resp. below), we can apply standard
oscillation theory for values of A with ¢aa(z) — A < 0 (resp. ¢aa(z) — A > 0) for all
x € I (cf. Remark 4.10 (ii)). Similarly for us.

To further illustrate these problems we consider the following example, with

(3.8) ¢:<%3).

We will normalize 6(z¢) = 0 for some z¢ € I. The solution u of Tu = Agu satisfying
the initial condition u(xzg) = po(sin Oy, cos bp) is given by
sin(fp — Moz + 0(x))

u(@) = po ( cos(fg — Nz +0(x)) |~
Clearly, if 0'(z) = Ao for & € (zg,z0 + €) and 6y = 0, then u(x) = (0, py) for
x € (xo,T0 +€).

To get more specific, let I = (0,1), 8(z) = 4z(z — 1), 2o = 0, and impose the
boundary conditions f1(0) = f1(1) = 0. We easily obtain o(H) = 7Z and

(3.10) O_(\z)=0(x)— Az, Oi(\x)=0(=)— Az —1).

This implies the following for the zeros of u_ 1(),.) as A increases. At A =0 € o(H)
there are no zeros. At A = 4(y/7 — 1) € o(H) we pick up two zeros, one of which
gets lost again at A = 7 € o(H). As soon as A > 4 we have ¢'(z) — A > 0 for all
x € I, and from now on wu_ 1(A,.) picks up precisely one zero whenever X hits an
eigenvalue (and no zeros get lost).

To end this remark we compute A, (x0),u; (r,)(®) = A1(z — 1) — Aox, where all
unpleasant factors cancel.

(3.9)
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4. NUMBER OF EIGENVALUES AND ZEROS OF WRONSKIANS

The objective of this section is to establish the connection between zeros of the
Wronskian and spectra of Dirac operators. As a warmup we considers the regular
case.

Theorem 4.1. Suppose T is reqular. Denote by Po(H) the family of spectral pro-
jections for H. Then for A\g < A\ we have

(4.1) dimRan Py, x,)(H) = #(u-(Xo), u+ (M) = #(u+(Ao), u—(A1)),
where #(u,v) is the number of zeros of W (u,v) inside (a,b).

Proof. We only carry out the proof for the #(u_(Xo),u+(A1)) case. Defining
#(u_(No),usr(A1)) as in (3.6) shows that our claim is true for A; close to A.
Abbreviate A(X,z) = Ay_(r),u () (%), Since A(A,b) is independent of X, it suf-
fices to look at A(A,a). As X increases from Ag to A1, —A(\, a) increases by (3.7)
and is 0 mod 7 if and only if A is an eigenvalue of H (Lemma 3.2, equation (1.6)),
completing the proof. O

Next, we want to prove Theorem 4.1 in the general case. This will be done in
two parts.

Theorem 4.2. Let \g < A1 and 0g,01 € {£}. Suppose us,;(N\j,.), j = 0,1, exist.
Then

(42) dim Ran P()\07)\1)(H) Z #(Uoo (/\()),Ugl ()\1))

Proof. Again the proof is only done for o9 = —. Abbreviate u = u_(A¢) and v =
u4 (A1) and n = #(u,v). Suppose n finite; otherwise the following argument works
for arbitrary large n. Let x1,..., 2, be the zeros of W, (u,v). Since Wy, (u,v) =0,
there exists constants «y; such that

u(z), <y, )
. ; = <91 <
(4.3) () { yv(x), x>y, lsjsm

is in the domain of H (i.e., u(z;) = v;v(z;)). Furthermore, set

. —u(z), =<z, .
. ; = <17 <n.
(4.4) () { yu(z), x> xj, l<jsn

If A\q is an eigenvalue of H we define in addition 79 = v = 7jg, g = a, and if Ag is an
eigenvalue of H, n,4+1 = ¥ = —fp41, Tn+1 = b. Lemma 2.1 implies f;k uvdzr = 0,
J

and hence [, n;ny, de = [, ;i) dz for all j, k. Using

M+, M=o

(4.5) (H = =) 5 T
we obtain

AL+ A AL — A
(46) (T — 2220y = 22 g

for any 7 in the span of the 7;’s. Thus, dim Ran Pjy, ,j(H) > dim(span{7;}). But
u and v are independent on each interval (since their Wronskian is non-constant),
and so the 7, are linearly independent. This proves the theorem in the u = u_(Xo),
v =wu4(A\1) case.
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The case u = u_(Ag), v = u—_(A1) is similar. We define

u(z) +yv(z), = <aj, .
. i = <9<
(4.7) n;(z) { 0. v> o 1<j<n
(with n; € ©(H)), and
. —u(z) +yv(z), =<z, .
. i = <7<n.
(4.8) 7;(z) { 0, v> o 1<j<n
If Ay is an eigenvalue of H we define in addition g = v = 7g, zo = b, and if Ag
is an eigenvalue of H, np41 = 4 = —fn+1, Tny1 = b. Again, the n;’s are linearly
independent by considering their supports. And since flfj wdr=0,1<j<n, we
can proceed as before. O

P:ix functions w,v. Pick am, | @, by, T b and set I, = (@m,by). Define H,, :
D(Hpy) — LQ(Im,(C2), f— 7f, with
(4.9) D(H,,) = {f € L*(I,,,C?)| f € AC(I,,,C?), 7f € L*(I,,C?),
Wam(uvf) = Wbm(’U,f) = 0}
Consider H,, = ol ® H,, ® ol on L*(I,C?) = L*((a,am),C?) @ L*(I,,,C?) @

L?((bym,b),C?), where « is a fixed real constant. Then we have the following stan-
dard result ([22], Chapter 16, [24], Section 1, and [4], Section 5).

Lemma 4.3. Suppose that either H is limit point at a or that uw = u_(Xg) for some
Ao and similarly, that either H is limit point at b or v = u4 (A1) for some \1. Then
H,, converges to H in the strong resolvent sense as m — oo, and hence

(4.10) dim Ran P, x,)(H) < liminf dim Ran Py, x,)(Hm)-
Now we are ready to prove
Theorem 4.4. If u=ux(Ao) and v =ux (A1), then
(4.11) dim Ran Py, x,)(H) < #(u,v).
If H is limit point at b (resp. a), we can replace u_(X;) (resp. u4(A;)) by an
arbitrary solution of Tu = A\ju.

Proof. We can assume #(u,v) < oo (otherwise there is nothing to prove). Pick
am | a,by T b. Let Hp, be given as in Lemma 4.3 with a ¢ [A\g, \1]. If m is
so large that all zeros of W(u,v) are in (am,bm), Theorem 4.1 implies #(u,v) =
dim Ran P(AO,Al)(EIm) = dimRan P, »,)(Hx), since a ¢ [Ao,A\1]. Thus, by
Lemma 4.3, (4.11) holds, as was to be proven. O

Combining the last two theorems, we get
Theorem 4.5. Let \g < \1. Then
(412)  dimRan Py, ) (H) = #(u— (M) up (A1) = #(us (o) u— (M),

where #(u,v) denotes the number of zeros of W (u,v) inside (a,b). The result still
holds for u = u_(Ag), v = u_(A1) (resp. u = ui(Ng), v =us(N1)) if H is limit
point at b (resp. a).

Remark 4.6. The limit point assumption in the case u = ux(Ao), v = ux(A\1) is
clearly crucial, since the Wronskian contains no information about the boundary
condition at a respectively b in this case.
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Finally, we state

Theorem 4.7. Let \g # A1. Let Tu = Nu, T7v = \v, and 70 = A0 with v
independent of 0. Then the zeros of W (u,v) interlace the zeros of W(u,?) (in the
sense that there is exactly one zero of one function between two adjacent zeros of
the other). In particular, |#(u,v) — #(u,v)| < 1.

Proof. The result is immediate from 0 < A, 3(x) < 7 (for a suitable normalization
of A, 5(x)), which follows from the constancy of W (v, ). O

By applying this theorem twice, we deduce
Theorem 4.8. Let A\g # A\1. Let u, @ and v,? be the linearly independent solutions

of Tu = Agu and Tv = \v, respectively. Then
(4.13) W (u,v) — W(a,v)| < 2.
Moreover, we infer the following useful result.

Corollary 4.9. Let u,v satisfy Tu = Aou, 7v = A\yv. Then
(4.14) #(u,v) <oo <« dimRan Py, (H) < oo.

Proof. Using the split-up Hy,,— @ Hy, + reduces the problems to the case with one
regular endpoint. Thus the solutions u4 (\) exist at at least one end point. Using
first Theorem 4.5 and then Theorem 4.8 finishes the proof. O

Remark 4.10. (i). We remark that all results obtained thus far also hold for the
more general system

(1.15) 7= k@) (Fo2(p0) 1 + 2op(e)) + 0(a)),

where p € ACjoc(I, (0,00)) and k is a symmetric positive definite matrix with coef-
ficients k;; € L},.(I,R). The necessary modifications are straightforward (see also
[24], Section 5).

(ii). In the case of supersymmetric Dirac operators (i.e., ¢11 = ¢a2 = 0)

0 A* d
(4.16) H = ( A 0 ) , A= ar + ¢12(x)
(note that H and —H are unitarily equivalent) we have
2 Hl 0 _ * _ *
(4.17) H _( o m, ) M=AALH=AA
Moreover, Tu = Au implies 7ju; = —uf 4 (¢35, — (=1) ¢ho)u; = Auy, j = 1,2, where

7; is the differential expression corresponding to H;. This says that all oscillation
theoretic results for supersymmetric Dirac operators follow immediately from the
corresponding results for (semi-bounded) one-dimensional Schrédinger operators.

5. APPLICATIONS

In our final section we want to apply our results to investigate the spectra of
short-range perturbations of periodic Dirac operators. Our objective is to prove
the analog of the theorem of Rofe-Beketov [15] about the finiteness of the number
of eigenvalues in essential spectral gaps of the perturbed Hill operator. The reader
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might find some results for the special case of perturbed constant operators in [10],
[3] and for the general case in [8], [9].

We first recall some basic facts from the theory of periodic Dirac operators (cf.,
e.g., [1], [21], [22], Chapter 12). Let H, be a Dirac operator associated with the
periodic potential ¢,, that is, ¢p(z + 1) = ¢p(z), x € I = R. The spectrum of H,
is purely absolutely continuous and consists of a countable number of gaps, that is,

(5.1) o(Hy) = |J[E2, Bajia]
JETZ
with --- < Fy; < Eaji1 < Fagpo < Fagp3 < ---. Moreover, Floquet theory implies

the existence of solutions u, +(z,.) of ,u = zu, z € C (7, the differential expression
corresponding to H,,), satisfying

(52) up,:t(zvx) :p:t(zvx)m(z)iwv pi(2,$+1) :p:t(zaaj)a

where m(z) € C is called the Floquet multiplier. m(z) satisfies m(z)? = 1 for
z € {Ej}?igl, m(z)] = 1 for z € o(Hp), and |m(z)| < 1 for z € C\o(Hp).
(This says, in particular, that up +(z,.) are bounded for z € o(H,) and linearly
independent for z € C\{E;};cz.)

As anticipated, we will study perturbations H of H,, associated with a poten-
tial satisfying ¢(z) — ¢,(n) as |z|] — oo. Both H and H, are limit point (cf.
[25], Satz 5.1) and hence give rise to a unique self-adjoint operator when defined
maximally. Using this notation, our theorem reads:

Theorem 5.1. Suppose ¢, is a given periodic potential and H, is the corresponding
Dirac operator. Let H be a perturbation of H, such that

(5.3) / (1+ |2)[é() — dyp(@)]dz < oo.

Then oess(H) = o(H,), and the point spectrum of H is confined to the spectral
gaps of Hy, that is, op(H) C R\o(H,), and finite in each gap. Furthermore, the
essential spectrum of Hy, is purely absolutely continuous.

Proof. Using (1.8) plus |u, +(z,7)| < Cx|m(2)|** shows that H is relatively com-
pact with respect to Hy,, implying oess(H) = 0ess(Hp). To prove the remaining
claims it suffices to show the existence of solutions ut (A, .) of Tu = Au for A € o(H))
(continuous w.r.t. \) satisfying

(5.4) 1inIE1 lut (X, z) —up (A, )] =0.

In fact, for A € o(H)p) there exists at least one bounded solution which is not
square integrable, and hence there are no eigenvalues in the essential spectrum
of H (since the Wronskian of a bounded and a square integrable solution must
vanish). Invoking Theorem XIII.20 of [13] shows that the essential spectrum of H
is purely absolutely continuous. Moreover, since W (up,—(FE2j—1), up,+(E2;)) has
no zeros, we infer that Wy (u_(E2j_1), ut+(E2;)) has only finitely many zeros. Thus
by Corollary 4.9 there are only finitely many eigenvalues in each gap. It remains
to show (5.4). Suppose u4 (A, .), A € o(Hp), satisfies

x

(65 ur(ha) = up+(\ ) — o /i Uy, 9) () — p())us (A )y,
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where Uy (A, .,y) is the fundamental matrix solution of of 7,u = Au satisfying the
initial conditions U,(A,y,y) = 1. Then ui (), .) satisfies 7u = Au and (5.4). Ex-
istence of a solution of (5.5) follows upon applying a standard iteration argument
(compare also [8] and [20] in the special case ¢, = 0) using

(5.6) Up(A 2z, y)| < C(L+|w—yl), Aeo(Hp), C>0.
|

Clearly, there are several other strategies to prove Theorem 5.1. The proof
given here has the advantage of being rather short and transparent. In addition,
the idea of proof applies to more general scattering situations (where H,, is not
necessarily periodic) as long as sufficient information about the spectrum of H,
and the asymptotic behavior of (weak) solutions of H, and H is available.

Remark 5.2. The fact that the essential spectrum of H is purely absolutely contin-
uous was first proven by [9] under the weaker assumption [ |¢(x) — ¢p(x)|dz < oo.
Since (5.3) is only needed to ensure existence of u (A, x) for A at the boundary of
o(H,) (for A in the interior of o(H,) we have |Up(X, z,y)| < C) the weaker assump-
tion above suffices), our proof also covers this situation. However, the example

22-1 0

[CESS (1 0
61 =g+ T 0] aw=(, %)

shows that (5.3) cannot be replace by [;(1 + |z[)|¢(z) — ¢p(x)|dz < o0, e < 1.
Indeed, H has an eigenvalue 1 € o(H,) = (—o0,—1] U [1,00) with corresponding
eigenfunction

(5.8) w(l,z) = — < ¥+ 1 ) .

(22 +1)2 —x
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