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ON THE MULTIPLE POINTS OF IMMERSIONS

IN EUCLIDEAN SPACES

ANDRÁS SZŰCS

(Communicated by Thomas Goodwillie)

Abstract. Given a self-transverse immersion of a closed, oriented manifold in
a euclidean space and a natural number i we compute the oriented cobordism
class of the manifold of i-tuple points.

§0. Introduction

Let f : Mn → Rn+k be a generic smooth immersion of a closed smooth manifold
Mn in the euclidean spaceRn+k and let ∆i(f) denote the manifold of i-fold points in
the image. The manifold ∆i(f) is immersed in Rn+k by a (non-generic) immersion
gi; the image of the non-multiple points of gi is the set of those points in Rn+k

which have exactly i preimages.
The aim of this paper is to investigate the topological characteristics of these

manifolds ∆i(f). In particular we compute their signatures and more generally all
their Pontrjagin numbers, show that in many cases they have even Euler character-
istics, and investigate whether the cobordism class of the manifold Mn determines
their cobordism class or not. It turns out that when the multiplicity i is odd,
then the oriented cobordism class [∆i(f)] of ∆i(f) is determined by the oriented
cobordism class of Mn, while for i even the oriented cobordism class [∆i(f)] is
independent of the cobordism class of Mn.

§1. Formulation of the results

The prototype of this kind of result is that of Banchoff:

Theorem (Banchoff). If f : M2 → R3 is a generic smooth immersion of a closed
surface in R3, then χ(M2) ≡ t(f) mod 2, where t(f) denotes the number of triple
points of f .

Eccles and Lannes gave a complete answer to the following question: For which
dimensions n does there exist an immersion of a closed n-manifold in Rn+1 with
an odd number of (n+ 1)-fold points? (See [4], [5] and [7].)

Only a few papers have dealt with the higher-dimensional multiple points man-
ifolds. (See [17], [6], [14], [15], [16].)

In [1] we generalized Banchoff’s theorem as follows:
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Theorem. Let f : M2t → R2t+1 be a generic codimension one immersion of the

closed even-dimensional manifold M2t. Then
∑2t+1

i=1 χ(∆i(f)) ≡ 0 mod 2.

The present paper arose from an attempt to generalize this result to codimension
2 immersions of oriented manifolds. In particular, we prove

Theorem 1. Let f : Mn → Rn+2 be a generic immersion of an oriented closed
manifold Mn in Rn+2. If n 6≡ 2 mod 4, then all of the Euler characteristics χ(∆i(f))
are even.

By a result of Stong [12] an oriented closed manifold immersed in a euclidean
space with codimension 2 is an unoriented boundary. Then by the Rohlin-Wall

exact sequence (Ωn
2→ Ωn → Nn) its Pontrjagin numbers are even. Consequently

the next theorem generalizes the previous one.

Theorem 2. Let f : Mn → Rn+k be a generic immersion of an oriented closed
manifold Mn in Rn+k, where k is even, n+ k 6≡ 0 mod 4, and suppose that all the
Pontrjagin numbers of Mn are even. Then all of the Euler characteristics χ(∆i(f))
are even.

Remark 1. Any n-dimensional manifold can be immersed in R2n with a single dou-
ble point. This shows, that the condition n+ k 6≡ 0 is necessary, but I do not know
to what extent.

Returning to the case of codimension 2 immersions, Stong has shown the follow-
ing theorem.

Theorem (Stong). Let f : Mn → Rn+2 be a generic immersion of an oriented
closed manifold Mn in Rn+2. If n is not divisible by 4, then Mn is an oriented
boundary. If n = 4t, then there is an integer j such that 〈P̄ t

1 , [M
n]〉 = (2t + 1)! · j

and any other normal Pontrjagin number of Mn is zero.

In the next theorem we compute the Pontrjagin numbers of the manifolds of
i-tuple points ∆i(f) of such a codimension 2 immersion when the dimension of
the manifold ∆i(f) is divisible by four. Let I = (i1, . . . , ir) be a partition of
1
4 · (n − 2i + 2) = 1

4 · dim(∆i(f)). Let us denote by P̄I [∆i(f)] the corresponding

normal Pontrjagin number. Further we denote by
(
i
I

)
the product

(
i
i1

)
. . .
(
i
ir

)
. The

normal Euler class of the immersion f will be denoted in this whole paper by ē.

Theorem 3. Let f be the same as in Stong’s theorem and let dim(∆i(f)) = n −
2i+ 2 ≡ 0 mod 4. Then

P̄I [∆i(f)] =
(−1)i−1

i

(
i

I

)
〈ēn/2, [Mn]〉

=
(−1)i−1

i

(
i

I

)
· (n/2 + 1) · (algebraic number of (n/2 + 1)-tuple points of f).

In particular, if n = 4t and 〈P̄ t
1 , [M

n]〉 = (2t+ 1)! · j for j ∈ Z, then

P̄I [∆i(f)] =

(
i

I

)
(2t+ 1)!

i
j for any odd i.

If n− 2i+ 2 6≡ 0 mod 4, then both sides of all these equalities vanish trivially.

Example. Let us consider an immersion f : M8 → R10. By Stong’s theorem
there is an integer j such that the cobordism class of M8 in the group Ω8 = Z ⊕Z
generated by [CP 4] and [CP 2×CP 2] is equal to [M8] = 12j[CP 4]+20j[CP 2×CP 2].
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By our theorem the cobordism class of the triple points manifold ∆3(f) which
belongs to the group Ω4 = Z = {[CP 2]} is equal to 40j[CP 2], and the algebraic
number of 5-tuple points is equal to 24j.

(The oriented cobordism classes of the double and quadruple points manifolds
belong to the trivial groups Ω6 and Ω2.)

A final group of results again concerns immersions in arbitrary codimension
k. First some more notation. Let us denote by ∆̃i(f) = {(x1, . . . , xi) | ∀xj ∈
Mn, f(x1) = . . . = f(xi) and x1, . . . , xi are all different}. Then ∆̃i(f) ⊂M × . . .×
M (i factors) is invariant under the action of the symmetric group S(i), this action

restricted to ∆̃i(f) is free, and the quotient ∆̃i(f)/S(i) is ∆i(f).

Remark 2. In computing the signature σ(∆i(f)) the only interesting case is when
both n and k are even. Indeed, if n is odd and k is even then all the manifolds
∆i(f) have odd dimensions. If k is odd then the S(i) action contains orientation

reversing involutions on ∆̃i(f), and so either the quotient ∆i(f) is non-orientable
or its components have no preferred orientations.

Therefore we shall suppose from now on that n and k are even. Denote by Li(M)
the i-th power of Hirzebruch’s L class of the manifold M.

Theorem 4. Let f : Mn → Rn+k be a generic immersion (n and k are even).
Then for any i the signature of the manifold ∆i(f) is the following:

σ(∆i(f)) =
1

i
〈ē(i−1)Li(M), [M ]〉.

Actually a similar formula holds for any Pontrjagin number of the multiple points
manifolds. Let P (M) denote the total Pontrjagin class of M . Let P i(M) be the
i-th power of this class and let qj be its j-dimensional part. For any partition
J = (j1, . . . , jr) denote by P i(M)J the product qj1 . . . qjr and by PJ (∆i(f)) the
usual product Pj1 . . . Pjr (∆i(f)).

Theorem 5. 〈PJ (∆i(f)), [∆i(f)]〉 = (−1)i−1

i · 〈ēi−1P i(M)J , [M ]〉.
Corollary. a) All the Pontrjagin numbers of ∆i(f) vanish if those of M vanish
and i is odd, or if the normal Euler class ē has finite order.

b) For any i the oriented cobordism classes ∆2i+1(f) of the 2i + 1-tuple points
are completely determined (modulo a possible second order torsion element) by the
oriented cobordism class of Mn .

Remark 3. Notice that the situation is just the opposite for the double points
manifold ∆2(f), as the theorem below (proved in [15]) shows. Let us denote by
ImmSO(n, k) the cobordism group of immersions of oriented n dimensional mani-
folds in Rn+k.

Theorem. If k is even and n + 1 < 2k, then modulo finite 2-primary groups the
following isomorphism holds:

ImmSO(n, k) ≈ Ωn ⊕ Ωn−k.

This isomorphism associates to the cobordism class [f ] of an immersion f : Mn →
Rn+k the pair ([Mn], [∆2(f)]).

This theorem shows that the cobordism classes [Mn] and [∆2(f)] are completely
independent. A similar result holds also for n < 3k modulo finite 3 and 2 primary
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groups, see [16]. (In the range n < 3k the cobordism class of Mn cannot be of
course any cobordism class, since P̄j(M) = 0 if j > k/2.)

Remark 4. The possible unoriented cobordism classes of the double point sets of
immersions in euclidean space have been computed by Eccles in [6] for the special
case when the domain is the n-sphere, and by the author in [14] when the double
point sets are 2-dimensional but the domain manifolds can be arbitrary (possibly
nonorientable) manifolds.

§2. The homology class realized by ∆̃i(f) in M × . . .×M

The key to the proofs of all the theorems listed above is the Main Lemma below.
Let us denote by (M)i the product M × . . . ×M (i factors). Further denote

by ∆i(M) the (narrow) diagonal in (M)i, i.e. ∆i(M) = {(x, . . . , x) | x ∈ M}.
The cohomology class dual to the homology class realized by ∆i(M) in (M)i will
be denoted by δi. Let us denote by bi the cohomology class of (M)i dual to the

homology class realized by the submanifold ∆̃i(f). For i = 1 we put b1 = δ1 = 1.

Main Lemma. (Remember that n and k are even.)

bi = (−1)i−1(i− 1)! · (ēi−1 × 1× 1× . . .× 1) ∪ δi.

Remark 5. Computations of the homology class realized by the projection π of
∆̃i(f) in M may be found in [8], [9], [13]. (Although the first of these is known to
be incorrect we have borrowed many ideas from it.) Herbert’s formula expressing
this homology class in H∗(M) can be obtained in the special case when the target
is a euclidean space from our Main Lemma by applying the slant product with the
fundamental class of (M)i−1 to both sides and noticing that the map π : ∆̃i(f) →
π(∆̃i(f)) has degree (i− 1)!.

Proof of the Main Lemma. Let us denote by l(s) the integer (−1)s−1(s−1)! for any
natural number s strictly less than i. The product (ē(s−1)× 1× · · · × 1)∪ δs will be
denoted by θs for any s less than or equal to i. Now the proof goes by induction;
suppose that for any s < i we have bs = l(s) · θs.

a) First we shall show that there exists an integer l(i) such that bi = l(i) · θi.
b) Then we show that l(i) = (−1)i−1(i − 1)!.
We denote by A(i) the set of all set-theoretical partitions of the set {1, 2, . . . , i}.
For any α ∈ A(i) denote by Mα the following subset of (M)i:

Mα = {(x1, . . . , xi) | xj1 = xj2 iff j1 and j2 are in the same group of α}.
We define a partial ordering on A(i) as follows: α < β if β is a refinement of α, i.e.
β is obtained from α by dividing some of the groups into smaller groups. Let α0

be the smallest partition (when there is a single group containing all the numbers
1, . . . , i). The greatest element of A(i) (when each group contains only one number)
will be denoted by αtop.

Notice that Mα0 is the narrow diagonal ∆i(M), and Mαtop is the complement

in (M)i of the fat diagonal:

Mαtop = {(x1, . . . , xi) | xj ∈M and they are all different}.
Let F̃i be the i times product of f , i.e. F̃i = f ×· · ·×f : M ×· · ·×M → Rn+k×

· · · ×Rn+k (i factors). Let us denote by B̃α the set F̃−1
i (∆i(R

n+k)) ∩Mα and let
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Vα ⊂ V̄α ⊂ Uα be neighbourhoods of B̃α such that Uα∩Uα′ if α 6= α′. Such disjoint
neighbourhoods exist because f—being an immersion—is a local embedding.

Let Fi be a map close to F̃i and transverse to the narrow diagonal ∆i(R
n+k) and

coinciding with F̃i on Uα \ V̄α. Denote by Bα the submanifold F−1
i (∆i(R

n+k))∩Uα

in (M)i, and let bα be the cohomology class dual to the homology class realized by
Bα.

Our task is to compute the class bαtop , which is the same as bi. We shall do this
using the following claims, which will be proved later.

Claim 1. ∑
α∈A(i)

bα = 0.

Claim 2.

bα0 = (ēi−1 × 1× · · · × 1) ∪ δi.

Let us consider an α ∈ A(i) different from the greatest element αtop. Let α
consist of s groups I1, . . . , Is of cardinalities i1, . . . , is respectively. Since α 6= αtop

one has s < i. Let us consider now the set A(I1) of the partitions of the set
I1 with the partial ordering similar to that on A(i). Let α0(I1) be the smallest
element in A(I1). Define the submanifold Bα0(i1) in (M)i1 analogously to Bα0

in (M)i. Let πI1 : (M)i → (M)i1 be the obvious projection keeping only the
coordinates with indices from I1. Let A1(α) be π−1

I1
(Bα0(i1)). Let us define similarly

the submanifolds A2(α), . . . , As(α). Finally let us define Cα as follows. Pick one
index from each of the groups I1, . . . , Is, denote this set of indices by S, and consider
the corresponding projection πS : (M)i → (M)s. Consider the element αtop(s), i.e.
the greatest element in A(S), and the corresponding set Bαtop(s) in (M)s. Put

Cα = π−1
S (Bαtop(s)).

Claim 3.

Bα = (

s⋂
j=1

Aj(α)) ∩ Cα.

Let us denote by aj the cohomology class in (M)i dual to the homology class
realized by Aj(α). Then aj = π∗Ij (bα0(ij)). This cohomology class can be computed

using Claim 2. For example, if Ij = {1, . . . , ij}, then

aj = (ēij−1 × 1× · · · × 1) ∪ π∗Ij (δij ).

In general, in this product digits 1 appear in the places which do not belong to Ij .
The cohomology class dual to the class realized by Cα will be denoted by cα. This

class can be computed as follows: cα = π∗S(bαtop(s)). Since s < i, by the hypothesis
of the induction one has bαtop(s) = l(s) · (θs). Therefore

cα = l(s) · π∗S(θs).

Now we compute the class bα. (Remember that α is any partition fromA(i) different
from the greatest one.) By Claim 3 one has bα = (

∏s
j=1 aj) ∪ cα.

Proposition. bα = l(s) · θi, where s is the number of groups in the partition α.

This proposition follows immediately from the previous description of aj , cα and
bα using the following ”symmetrizing property” of the diagonal class δi.



1878 ANDRÁS SZŰCS

Symmetrizing property. Let u1, . . . , ui be arbitrary cohomology classes in the
ring H∗(Mn). Then

(u1 × · · · × ui) ∪ δi = ((u1 ∪ · · · ∪ ui)× 1× · · · × 1) ∪ δi.

Proof. For i = 2 this follows easily from lemma 11.8 of [11], saying that (a×1)∪δ2 =
(1× a) ∪ δ2. Indeed,

((u1 ∪ u2)× 1) ∪ δ2 = (u1 × 1) ∪ (u2 × 1) ∪ δ2

= (u1 × 1) ∪ (1 × u2) ∪ δ2 = (u1 × u2) ∪ δ2.)

To prove it for arbitrary i we use the fact that

δi = (δ2 × 1× · · · × 1) ∪ (1× δ2 × 1× · · · × 1) ∪ · · · ∪ (1× 1× · · · × 1× δ2).

Therefore we have computed all the classes in the sum
∑

bα = 0 except the one
corresponding to αtop. Since we have got bα = l(s) · θi where s is the number of
groups in the partition α for any α 6= αtop, we see that bαtop = l(i) ·θi for an integer

l(i). In order to prove that l(i) = (−1)i−1(i−1)! notice that by Claim 3 the integers
l(j) satisfy the equality

∑
α∈A(i) l(s) = 0. Therefore if d(s, i) denotes the number

of those α ∈ A(i) which consist of s groups, then we have
∑s=i

s=1 d(s, i) · l(s) = 0.
Hence it is enough to show the following lemma.

Lemma 1.
s=i∑
s=1

(−1)s(s− 1)!d(s, i) = 0.

Proof. Let us extend the definition of d(s, i) for s > i and s ≤ 0, putting d(s, i) = 0
in these cases. Notice that d(s, i) = d(s− 1, i− 1) + s · d(s, i− 1) unless s = i = 1.
Indeed, the number i can form a group itself, or it can belong to any of the groups
formed by the other numbers. We have

s=i∑
s=1

(−1)s(s− 1)!d(s, i) =

s=i∑
s=1

(−1)s(s− 1)![d(s− 1, i− 1) + s · d(s, i− 1)]

=

s=i∑
s=1

(−1)s[(s− 1)!d(s− 1, i− 1) + s!d(s, i− 1)

− d(0, i− 1) + (−1)ii!d(i, i− 1) = 0.

Proof of the Claims. Claim 1 follows from the fact that
⋃
Bα is the transverse

preimage of the diagonal ∆i(R
n+k), and therefore the homology class realized by

this union is zero.

Proof of Claim 3. Let us recall that in the partition α the groups are I1, . . . , Is and
that S was a set containing one element from each of these groups. For 1 ≤ j ≤ s let
us denote by ∆Ij (R

n+k) the subset of (Rn+k)i formed by those points {x1, . . . , xi}
in which xu = xv if u ∈ Ij and v ∈ Ij . Similarly define the set ∆S(Rn+k) =
{x1, . . . , xi | xu = xv if u ∈ S, v ∈ S}. Clearly

∆i(R
n+k) =

s⋂
j=1

∆Ij (R
n+k) ∩∆S(Rn+k).
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Now we can make F̃i transverse to ∆i(R
n+k) by making it transverse to each

∆Ij (R
n+k) and ∆S(Rn+k). Therefore

F−1
i (∆i(R

n+k)) =

s⋂
j=1

F−1
i (∆Ij (R

n+k)) ∩ F−1
i (∆S(Rn+k)).

Intersecting both sides with Mα, one gets the required equality.

Proof of Claim 2. Denote by ξ the Whitney sum of (i − 1) copies of the tangent
bundle of M , i.e. ξ = (i − 1)TM, and let η be the Whitney sum of (i − 1) copies
of the tangent bundle of Rn+k, i.e. η = (i − 1)TRn+k. (Of course η is just a
trivial bundle, but we want to think of it in this way.) Now notice that the tubular
neighbourhoods of ∆i(M) and ∆i(R

n+k) in (M)i and (Rn+k)i respectively can be

identified with the bundles ξ and η respectively, and the map F̃i = f × · · · × f :
(M)i → (Rn+k)i can be identified with the map G = df ⊕ df ⊕ . . . df. ((i − 1)
summands df. The map G restricted to the zero section coincides with f.) Now we
want to make G transverse to the zero section of η by a small perturbation. At a
point f(x) lying in the zero section of η choose in each of the (i− 1) summands of
η isomorphic to TRn+k the complement of the image of df , i.e the fiber νf(x) of the
normal bundle ν of f , and denote by θf(x) their direct sum, i.e θf(x) = (i− 1)νf(x).
This linear space θf(x) “measures” the non-transversality of G to the zero section
at the point f(x) in the sense that it is isomorphic to the quotient of the tangent
bundle of the target manifold (= the total space of η) by the subspace generated
by the image of the differential of G and the tangent space of the zero section.
Therefore if we choose a small perturbation s of the zero section of the bundle
θ = (i − 1)ν transverse to the zero section, then we can obtain from this easily a
perturbation of G transverse to the zero section of η. It is well known that the zero
set S of such a section s realizes the homology class dual to the Euler class ēi−1 in
H∗(M).

Now it remains to find the image of the homology class [S] ∈ H∗(M) at the map
induced by the “diagonal embedding” j : M → (M)i defined by j(x) = (x, x, . . . , x).

Lemma 2. If v ∈ H∗(M) is the cohomology class dual to the homology class re-
alized by a submanifold [V ] ⊂ M , then the cohomology class of (M)i dual to the
homology class realized by j(V ) is the product (v × 1× · · · × 1) ∪ δi. Recall that δi
is the class dual to the diagonal ∆i(M).

Proof. The manifold j(V ) is the (transverse) intersection of ∆i(M) and the preim-
age of V at the projection (M)i →M.

Thus the Main Lemma is proved, but in order to use it properly we need to find
the diagonal cohomology class δi. Let {cj} be a basis in H∗(M) and let {c∗j} be the

dual basis. Then 〈cj ∪ c∗l , [M ]〉 = δjl, where δjl is the usual Kronecker delta.

Lemma 3. The diagonal class is

δi =
∑

j1,j2,...,ji

cj1 × (c∗j1 ∪ cj2)× (c∗j2 ∪ cj3)× · · · × (c∗ji−1
∪ cji)× c∗ji .

where the classes cj1 , cj2 , . . . , cji run over the basis of H∗(M) independently.

Proof. This lemma can be found in [11] for i = 2. The general case follows easily
by the formula δi = (δ2×1×· · ·×1)∪ (1×δ2×1 · · ·×1)∪· · ·∪ (1×· · ·×1×δ2).
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§3. Proofs of the Theorems

3.1. The signature of the i-tuple manifold.

Proof of Theorem 4. Since there is an orientation preserving i!-fold covering ∆̃i(f)

→ ∆i(f) we have σ(∆) = 1
i!σ(∆̃i(f)), and so it is enough to find the signature of

∆̃i(f). The inclusion j : ∆̃i(f) ⊂ (M)i has trivial normal bundle and realizes the
homology class dual to the cohomology class

bi = (−1)i−1(i− 1)! · (ēi−1 × 1× · · · × 1) ∪ δi.

Let D denote the Poincaré duality operator of the manifold (M)i. Therefore

σ(∆̃i(f)) = 〈L(∆̃i(f)), [∆̃i(f)]〉 = 〈j∗(L((M)i)), [∆̃i(f)]〉

= 〈L((M)i), j∗[∆̃i(f)]〉 = 〈L((M)i),D(bi)〉 = 〈L((M)i) ∪ bi, [(M)i]〉.
Now using the equality L((M)i) = L(M)× · · · ×L(M), the fact that bi contains

δi as a factor, and the symmetrizing property of the diagonal class, we obtain

〈L((M)i) ∪ bi, [(M)i]〉
= (−1)i−1(i− 1)! · 〈((ēi−1 ∪ Li(M))× 1× · · · × 1) ∪ δi, [(M)i]〉.

Using the expression given for δi by the previous lemma, and the fact that
the evaluation on the fundamental class [(M)i] can be done by coordinates, i.e.
〈u1 × u2 × · · · × ui, [(M)i]〉 = 〈u1, [M ]〉 · 〈u2, [M ]〉 · · · · · 〈ui, [M ]〉, we see that

〈((ēi−1 ∪ Li(M))× 1× · · · × 1) ∪ δi, [(M)i]〉
=

∑
j1,j2,...,ji

〈ēi−1 ∪ Li(M) ∪ cj1 , [M ]〉

· 〈c∗j1 ∪ cj2 , [M ]〉 · 〈c∗j2 ∪ cj3 , [M ]〉 . . . 〈c∗ji−1
∪ cji , [M ]〉〈c∗ji , [M ]〉.

All summands but one are zero in this sum. Indeed the last factor 〈c∗ji , [M ]〉 is
not zero if and only if c∗ji is the generator of Hn(M), and then this factor is 1. Then

cji = 1. Therefore the previous factor is 〈c∗ji−1
, [M ]〉. Again this is nonzero only if

cji−1 = 1. Finally we obtain that this sum is equal to 〈ēi−1 ∪ Li(M), [M ]〉.
3.2 Proof of Theorem 2. Again we can suppose that n is even. (Otherwise the
manifolds ∆i(f) have odd dimensions and so their Euler characteristics vanish.)
Since n+ k 6≡ 0 mod 4, the manifolds ∆2i(f) are oriented manifolds of dimensions
≡ 2 mod 4 and therefore they have even Euler characteristics. The manifolds
∆2i+1(f) have dimensions divisible by 4 and so their Euler characteristics have the
same parity as their signatures. By Theorem 4

σ(∆2i+1(f)) =
1

2i+ 1
〈P̄ i

k/2L
2i+1(M), [M ]〉.

The right hand side is a linear combination of the Pontrjagin numbers of M with
rational coefficients. These rational coefficients have odd denominators by a theo-
rem of Atiyah and Hirzebruch saying that the coefficients of the L class have this
property, (see [2] or lemma 1.5.2 in [10]), and the Pontrjagin numbers of Mn are
even by Stong’s theorem. Since the signature is an integer it must be an even
number.
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3.3 Proof of Theorem 3. The total normal Pontrjagin class of Mn is P̄ (M) = 1 +
P̄1(M). The total normal Pontrjagin class of (Mn)i is P̄ ((M)i) = (1 + P̄1(M)) ×
(1+ P̄1(M))×· · ·× (1+ P̄1(M)). Therefore P̄j((M)i) =

(
i
j

) · (P̄1(M)×· · ·× P̄1(M)).

Multiplying this equality by δi and using the symmetrising property of the diagonal
class, we get the following:

P̄j((M)i) ∪ δi =

(
i

j

)
· ((P̄1(M))j × 1× · · · × 1) ∪ δi.

If J = (j1, . . . , jr), then similarly

P̄J ((M)i) ∪ δi =

(
i

J

)
· (P̄1(M)(j1+···+jr) × 1× · · · × 1) ∪ δi.(*)

Now the proof is very similar to that of Theorem 4. Namely:
Let j : ∆̃i(f) ⊂ (M)i be the inclusion. Then

〈P̄J (∆̃i(f)), [∆̃i(f)]〉 = 〈j∗(P̄J ((M)i), [∆̃i(f)]〉

= 〈P̄J ((M)i) ∪ bi, [(M)i]〉 = 〈P̄J ((M)i) ∪ (ēi−1 × 1× · · · × 1) ∪ δi, [(M)i]〉.
Substituting for δi in (∗) its value given in Lemma 3 and using the fact that,
on evaluating by coordinates in the resulting sum, there is (at most) one non-
zero summand (see the argument in the proof of Theorem 2), one gets that the

last expression is equal to
(
i
J

)〈P̄1(M)j1+j2+···+jr ∪ ēi−1, [M ]〉 This implies the first

equality in Theorem 3 if we recall that ē2 = P̄1(M). The second one follows by
Herbert’s formula [9] (see also Remark 5)

The proof of Theorem 5, is completely analogous.
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