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ABSTRACT. Let m: Z — Y be a Riemannian submersion of closed manifolds.
Let ®, be an eigen p-form of the Laplacian on Y with eigenvalue A which
pulls back to an eigen p-form of the Laplacian on Z with eigenvalue pu. We
are interested in when the eigenvalue can change. We show that A < u, so
the eigenvalue can only increase; and we give some examples where A\ < p, so
the eigenvalue changes. If the horizontal distribution is integrable and if Y is
simply connected, then A = pu, so the eigenvalue does not change.

If M is a closed Riemannian manifold, let E()\, Af,) be the eigenspace of the
Laplacian A%, := db + éd for the eigenvalue A on the space of smooth p-forms
C>®(APM). Let m: Z — Y be a Riemannian submersion of closed manifolds. Pull-
back defines a natural map 7* from C*°(APY) to C*°(APZ). We are interested in
examples where an eigenform on Y pulls back to an eigenform on Z with a different
eigenvalue. Let V and H be the vertical and horizontal distributions of 7. We say
that H is an integrable SL (Special Linear) distribution if H is integrable and if
there exists a measure v on the fibers of 7 so that the Lie derivative £gv vanishes
for all horizontal lifts H; this means that the transition functions of the fibration
can be chosen to have Jacobian determinant 1.

Theorem 1. Let w: Z — Y be a Riemannian submersion of closed manifolds. Let
o, € E\,AY) and 7@, € E(p, AY). If H is an integrable SL distribution, A = p.

We will show in Lemma 6 that if Y is simply connected and if H is integrable,
then H is an integrable SL distribution and therefore eigenvalues do not change.
This shows the fundamental role that the curvature tensor plays in this subject. We
note that the Godbillon-Vey class of the foliation H vanishes if H is an integrable
SL distribution.

In the general setting, we show that if eigenvalues change, they can only increase.

Theorem 2. Let w: Z — Y be a Riemannian submersion of closed manifolds. Let
¢, € E(\,AY) and 7@, € E(u, AY). Then X < p.

It is not difficult to use the maximum principle to show that eigenvalues cannot
change if p = 0. It is not known if eigenvalues can change if p = 1. Eigenvalues can
change if p > 2.

Received by the editors May 20, 1996.

1991 Mathematics Subject Classification. Primary 58G25.

Key words and phrases. Riemannian submersion, eigenvalues, Laplacian.

The first author’s research was partially supported by the NSF (USA); the third author’s, by
BSRI-96-1425, the Korean Ministry of Education.

©1998 American Mathematical Society
1845



1846 PETER B. GILKEY, JOHN V. LEAHY, AND JEONG HYEONG PARK

Theorem 3. Let 0 < A\ < p. If p > 2, there exists a Riemannian submersion
w: Z —Y of closed manifolds so that ™ has totally geodesic fibers and so that there
exists ®, € E(\, A}) with 7*®, € E(u, AY,).

Here is a brief guide to the paper. We first review the spectral geometry of
Riemannian submersions. Next we study the geometry of a Riemannian submersion
with integrable horizontal distribution and prove Theorem 1. Then we discuss fiber
products and give the proof of Theorem 2. The proofs of these results are similar in
nature and use the observation that the Laplacian is a non-negative operator. We
conclude the paper by using the Hopf fibration to prove Theorem 3; other examples
where eigenvalues change may be found in [GLP], [GLPa] and in Muto [Mu], [Mua].
It is a pleasant task to acknowledge helpful conversations with Juha Pohjanpelto.

We adopt the following notational conventions. Let w : Z — Y be a Riemann-
ian submersion of closed manifolds. We shall use capital letters for tensors on Y
and lower case letters for tensors on Z. Let {e;}, {e‘}, {fa} and {f*} be local
orthonormal frames for V, V*, ‘H, and H*. Let ext(¢) and [(£) denote exterior
multiplication and the dual interior multiplication by the covector £&. We adopt the
Einstein convention and sum over repeated indices. Let

0 := —gz(ei, e, fa]) [, Wabi = %gz(ei, [fas fo])s
£ = wapiext(e’)int (f*)int(fP).

The fibers of 7 are minimal if and only if the unnormalized mean covector 6 is zero.
The horizontal distribution H is integrable if and only if the curvature w is zero.

Theorem 4. Let 7: Z — Y be a Riemannian submersion of closed manifolds.
(a) We have Ar* —m* A ={d([(0)+ &) + (J(0) + E)d}r*.
(b) If p =0, then the following conditions are equivalent:
i) We have AYm* = m*AJ..
ii) For all X\ € R, there exists u(\) € R so m*E(\, AY)) C E(u(N), AY).
iii) The fibers of m are minimal.
(c) If 1 < p < dim(Y), then the following conditions are equivalent:
i) We have A7* = m* Al
ii) For all X\ € R, there exists i(\) € R so m*E(X\, A}) C E(u(X), AY).
iii) The fibers of m are minimal and H is integrable.

Remark 5. Assertion (a) of Theorem 4 is the fundamental formula in this subject.
If p =0, it follows from the work of Watson [Wa| and if p > 0, it follows from the
work of Goldberg and Ishihara [Gols]; these authors used it to prove the equivalence
of 1) and iii) in assertions (b) and (c). We also refer to [GP] for a slightly different
proof of assertion (a) as well as a proof of the equivalence of i) and ii) in assertions
(b) and (c). Suppose the pull-back of every eigen p-form on the base is an eigen p-
form on the total space. We then have 7*E(X, A}.) C E(u(X, AY)) as the eigenvalue
in question must be constant on any given eigenspace. Assertions (b) and (c¢) then
show p(\) = A; the eigenvalue cannot change.

We begin the proof of Theorem 1 by showing:

Lemma 6. Let 7 : Z — Y be a Riemannian submersion of closed manifolds.
Assume that H is integrable.
(a) We can find local coordinates z = (x,y) on Z so that w(x,y) =y and so that
ds% = gij(x,y)dz’ o dz? + hap(y)dy® o dy®.
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(b) Let gx = det(gi;)/%. Then 0 = —dy In(gx).

(¢) If m(Y) = 0, then we may decompose Z = X x Y such that w(z,y) = y.
Furthermore, H is an integrable SL distribution.

(d) If we define a new metric on Z by replacing the vertical metric ds}, on the
vertical distribution by the rescaled metric e=2*/ dim(x)ds% for a € C™(Z),
then we have 0, = 0 + Oy a.

(e) If H an integrable SL distribution, then there exists « € C*°(Z) so that
0= —dyOé.

Proof. We have that Z is a twisted product over Y with fiber X. Choose local
coordinates y = (y*) defined on a neighborhood O of any point yq in Y. Let fa be
the horizontal lift of the coordinate vector fields /9y, from Y to Z over 7= 1(O);
this is not an orthonormal frame. Since H is integrable, we have | fas fb] € H. We
use the equation 7, ([fa, fo]) = [0/0ya, d/ys) = 0 to see that [fa, fo] = 0. Choose
local coordinates x = (z¢) for the fiber over yo near a point zg € 7 1(yp). We
use the Frobenius theorem to extend x to a system of coordinates z = (z,w) on a
neighborhood of zg so that f, = 0/0w,. The projections of the integral curves of
the vector fields /0w, are the integral curves of the vector fields 9/9y,. Therefore
y = w(r,w) = w and 7 is projection on the second factor. Since V = TX =
span{d/0x'} is perpendicular to H = TY = span{d/0w®} and since 7, is an
isometry from H to TY, the metric locally has the form given in assertion (a). If
ds?; = grsdu” o du®, let gpr = det(grs)l/Q. Then Af, = —g;/jlargMg”&. Express
the metric on Z locally as in assertion (a). Then

int(0)dr* @ = (AYn* — 7% A) )Py = — /(g)_(ldygx)dﬂ'*q)o

for any ®g € C>°(Y), where gx = det(g;;(z,y))'/2. This shows 6 = —dy In(gx).
Assertion (b) now follows.

Assume the base Y is simply connected. Parallel translation along a curve defines
a diffeomorphism from the fiber of 7 at the initial point to the fiber of 7w at the
terminal point of the curve. We have that this diffeomorphism is independent
of the curve and gives a global splitting Z = X x Y so that n(z,y) = y and
H = span{d/Jy”}, where X is the fiber over the basepoint. If v is any smooth
measure on X, then Lyv = 0 for the horizontal lift of any vector field on the base
Y, so H is an integrable SL distribution. Assertions (c) and (d) now follow.

Suppose that H is an integrable SL distribution. Let vx be a measure on the
fibers so Lxgvx = 0 for all the horizontal lifts H. Let

dvoly = e®vxdvoly and vy = e’da!...dad™X),

Then « is globally defined, f3 is locally defined, and gx = e®*#. Since Ly Joyvx =0,
[ is independent of the base. Therefore § = —dy In(gx) = —dya. O

Proof of Theorem 1. Let H be an integrable SL foliation. Let ®, € E(\, A},) with
T*®, € E(u, A?). Since the curvature vanishes, we may apply Theorem 4 to get

(= N7 @p(2,y) = (A7, — 7" AL @) (2, y)

—(dy / @), + / (O)7* dy ®,) (@, ).

Choose o € C*(Z) so that § = —dy«. We define a new metric ds%(e) on Z by
replacing the metric ds?, on the vertical distribution by e2®/ 4im(X) 452, We apply
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Lemma 6 to obtain 6(¢) = (1 + €)f. Thus 7*®,, € E(M(€)7A%(E))7 where we set

u(e) = A= (14¢€)(u— A). Since the Laplacian is a non-negative operator, for any
€ € R we have u(e) = A+ (1 4 €)(g — A) > 0. This implies u = A. |

Definition 7 (Fiber products). Let 7y : U — Y and 7y : V — Y be Riemannian
submersions of closed manifolds. Denote the horizontal and vertical distributions
by Hy, Hv, Vu, and Vy. Let

W={w=(u,v) €U xV :71y(u) =7y (v)}.
)

We identify T(U x V) = T(U) & T(V) and embed T(W) in T(U x V). Define
mw W =Y by mw (w) := my(u) = 7y (v). Let Vi (w) := Vy(u) @ Vy(v) and

Hw (w) == {(&n) € Hu(u) ® Hy (v) : (T1)«€ = (7v)«n}.

We define a new metric on W by requiring that Hy, Vy, and Vy are orthogonal,
that the metrics on Vy and Vy are induced from the metrics on U and on V, and
that (7w )« : Hw — TY is an isometry. The metric on Hyy differs from the induced
metric by a factor of 271/2. Let m; (u,v) = u and ma(u,v) = v. Then 71 : W — U,
my: W — V,and myy : W — Y are Riemannian submersions. Let f,  and f4 v
be the horizontal lifts of F, with respect to the submersions 7y and my. Then
faow = fau + fa,v is the horizontal lift of F;, with respect to the submersion
mw; fa,w is also the horizontal lift of f, y and f, v to W with respect to the
submersions 7 and 7. Let {e; v} and {eq, v} be local orthonormal frames for the
vertical distributions Vi and Vy of the submersions 7y and my. Then {e; v, eq, v}
is a local orthonormal frame for the vertical distribution Vi of the submersion
7w . Furthermore {e; v} and {e, v} are local orthonormal frames for the vertical
distributions Vy and Vy of the submersions 7o and 7.

Example 8. Suppose that U and V are vector bundles over Y with given fiber
metrics and Riemannian connections. This defines Riemannian metrics on U and
V so that the projections 7y and 7y are Riemannian submersions; if « is a curve
in Y, then s, is the horizontal lift of v if and only if s, is parallel along . Then
W =U @&V is the Whitney sum vector bundle, and the metric on W is defined by
the Whitney sum connection and the Whitney sum fiber metric.

Lemma 9. Adopt the notation of Definition 7.

(a) We have 0w = 10y + 150y and Ewryy, = nilunly + m3Ev Y.
(b) If @, € E(X\,AY), if nf;®, € E(XA+ €y, AL), and if 3, ®, € E(A + ey, A}),
then we have T, ®, € E(X + ey + ey, A}).

Proof. We note that pull-back commutes with exterior and interior multiplication.
We prove assertion (a) by computing:
Ow = —{gw(eiv,leiv, faw]) + gw(eav, [eav, faw]) iy (F)
= —{gv(eiv,[eiv, faul) + gv(eay,leav, fav]) iy (F?)
=710y + 730y,
[faws fow] = [fav, fou] + [fav, fov],
wwiab = gw (€, w, [fa,ws fow]) = gu(eiv, [fa,u, fo,u]) = wuiab,

Wwaab = gw(€a,w, [fa,w, fo,w]) = gv(eav, [fa,v, fo.v]) = Wvaas-



EIGENVALUES OF THE FORM VALUED LAPLACIAN 1849

We use assertion (a) and Theorem 4 to prove (b) by computing:
(cw + ev)miy @y =i (A, — 5 AL}, + m{AL Y, — Ty AL},

=AY — iy AY) @, O

Proof of Theorem 2. Suppose that 7 : Z — Y is a Riemannian submersion of closed
manifolds. Let 0 # ®, € E(\,A}) and 7*®, € E(X +¢,AY). Let Zy = Z, and
inductively let Z,, = W(Z,,—1, Z,—1) be the fiber product of Z,,_; with itself and
let 7, : Z,, — Y be the associated projection. We use Lemma 9 (b) and induction
to see

T ®, € E(A+ 2", Al ).

Since the Laplacian on Z,, is non-negative, A + 2¢ > 0. This implies € > 0. O

Proof of Theorem 8. Let 7 : S — S? be the Hopf fibration. Let ®» be the vol-
ume form on S? with respect to the standard metric g. Then ®; € E(0,A%,).
In [GLP, Theorem 2.3], we constructed a metric g(a) on S? so that m is a Rie-
mannian submersion with totally geodesic fibers from (52, g(a)) to (S?,g) and so
that 7 (®y) € E(aQ,Agg)g(a)). This completes the proof if p = 2 and A\ = 0. If
0< A<, let \=a?and yu=a?+ 3% Let W = W(a, ) be the fiber product of
(83,9()) and (S3,3(8)), where A = a?. Let o : W — S2 and let my : W — S2.
By Lemma 9,

7'('*(1)2 S E(a2,A%37§(a))
and
T Dy = i Oy € E(a® + B2 AY)).

This completes the proof if p = 2; the general case now follows by taking suitable
Riemannian products. O

This constructs examples where the pull-back of a non-trivial eigenform is an
eigenform and where eigenvalues can change. Conversely, in [GLP, Theorem 2.3],
we constructed a right invariant metric gz on the Lie group S® so the Hopf map
7 is a Riemannian submersion from (S3,§3) to S? with the standard metric and
so that 7*®, € E()\ AY;) for @, € C>®APS? implies p = 0, &9 = ¢, and A = 0.
This provides an example where only the constant function on Y pulls back to an
eigenform on Z; this is generically the situation for a Riemannian submersion.
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