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oo
ABSTRACT. Let dpp > 0 be a Borel measure on [0,00) and An, = [ t"du(t) <
0

oo (n=0,1,2,...) be its moments. T. Carleman found sharp conditions on the
magnitude of {An}§° for du to be uniquely determined by its moments. We

o0
show that the same conditions ensure a stronger property: if A, = [ t"du1 (¢)
0

1
are the moments of another measure, dui > 0, with limsup |4, — A/ |7 = p <
n—o0

00, then the measure dy — dp is supported on the interval [0, p]. This result
generalizes both the Carleman theorem and a theorem of J. Mikusinski. We
also present an application of this result by establishing a discrete version of
a Phragmén-Lindel6f theorem.

§1. PRELIMINARIES
Definition 1.1. A sequence {A,,}§° of positive numbers is called logarithmically
convex if Ay, < \/An_14n+1 (n=1,2,...).
Clearly, the moments A,, = [ ¢"du(t) of any Borel measure du > 0, with 4,, <
0
00, form a logarithmically convex sequence.

Definition 1.2. If {A4,,}§° is an arbitrary sequence of positive numbers, then the
convex regqularization of {A,}5° by means of logarithms, denoted {AS}5°, is formed
by setting

Ay = sup{B,, : {B,}7° is logarithmically convex, and B, < A, (v =0,1,...)}.

Proposition 1.3 ([Ma]). Given a sequence {A,}5°, A, > 0, the following three
conditions are equivalent:
Carleman’s condition:

L _ inf A
(©) HZ,OE_OO’ where ﬁ”_égaAk’
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Ostrowski’s condition:
o

logT'(r)dr B r’
(0) /T = 00, where T(r) = :1;% i
1
Mandelbrojt’s condition:
1 A
M either liminf A} < oo or = .
( ) n— oo 7;0 AfH»l

We shall refer to the above as the (COM) condition.
Definition 1.4. We say a measure, du, on [0, 00) is supported on [0, p], if the total

variation of dy on (p, 00) is 0, and p is the smallest number having this property.

Theorem 1.5 ([C] Carleman’s Uniqueness Theorem). If A, = [ t"du(t), du > 0,
0

and {/Ap}E satisfies the (COM) condition, then no other measure duy > 0 has
the same moments, A,, forn =0,1,....

Proposition 1.6 ([K] Analytic Quasianalyticity). Let {4, }5° be a sequence of pos-

itive numbers. Let C{A,} be the class of functions, f(z), analytic in D = {z € C:

|z] < 1} and infinitely differentiable on D such that maﬁ<|f(")(z)| < CyA,. Then
ze

the following are equivalent:
The only f € C{A,} vanishing with all of its
derivatives at a point (o € D is f(z) =0

(2) {V An 1} satisfies the (COM) condition.

§2. THE MAIN THEOREM

Theorem 2.1. Let du > 0 and duy > 0 be two Borel measures on [0,00) with
moments

A, = /t”du(t) and Al = /t"dul(t) (n=0,1,...).
0 0
If {VA,}E satisfies the (COM) condition, and
(3) limsup |4, — A,|7 = p < oo,

then the measure dyp—dpuy is supported on [0, p]. Conversely, if {An}&° is a sequence
of positive numbers such that {/A,}§° does not satisfy the (COM) condition, then
there are distinct measures du > 0 and dpy > 0 with

/ﬂ@@z/ﬁ%@ﬁAn (n=0,1,..).
0 0

Remark 2.2. The uniqueness case of the above theorem corresponds to p = 0:
(4) lim |A, — A/ | =0.

The theorem then asserts that if {v/A,}5° and {,/A! }5° satisfy the (COM) condi-
tion, and (4) holds as well, then A,, = A/ for n =1,2,... (Ag # A}, is possible).
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Remark 2.3. If we replace the hypothesis that {/A,}3° satisfies (COM) by the
much stronger requirement

1
limsup A5 < oo,

n—oo

then we obtain a theorem of Mikusinski [Mi].

Corollary 2.4. Let du be a signed Borel measure on [0,00) with
B, :/ t"|du(t)] <o (n=0,1,...)
0

(|du| is the variation measure of ). If {/Bn}y® satisfies the (COM) condition,
then

o0

1
p = limsup | t"du(t)ﬁ = lim sup By}

n—oo 0 n—oo
and dp is supported on [0, p] (p = +o0 is not exluded).
83. PROOF OF THEOREM 2.1

Define the signed measure, do, by do = dp — dpy. We then define

oo

M, = A, — A = /t”dcr(t).

0

Also, let B, f t"|do(t)] < A, + Al,. Define the function

D(z) = /etzda(t) for € C_ = {z: Re(z) < 0}.
0

® is easily seen to be analytic in C_, and differentiable in C_, with

(I)(n /tn tzdo,
0
We see that ®™(0) = M, and |®™(2)| < B,, for all n = 0,1,2, ... and for all
zeC_.
Define another function, F(z), via
oo Mn
F(z)= nZ;J p —z".

F is an entire function, and is of exponential type p (ie. |F(z)| < Ceelrt9lzl for
all € > 0).

Now, we observe that F(™(0) = & (0) = M,, (n = 0,1,2,...). We know that
|®(") (2)| < B,. Also,

and therefore
|F™(2)| < CRR™ (n=0,1,...) forall R > pand |z| < 2.
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Hence, we can conclude that on the closed disk {z : |z + 1] < 1},
|8 (2) — F™(2)] < B, + CrR" < C% B, R™.

By Proposition 1.6, ® — F = 0 on {z : |z + 1| < 1}; that is, F is an entire
extension of ®.

We next let Fs(z) = e~ (Pt92F(z). This function is bounded on the imaginary
axis (by Bp), bounded on the non-negative real axis (by a constant dependent on 6)
and of exponential type p. Hence, applying the Phragmén-Lindelof theorem [Mar,
vol. 2, p. 214], we can conclude that |Fs(z)| is bounded on all of Cy = {2 : Re(z) >
0} by Bg. Taking limits (as § — 07), we see that

|F(2)| < Boeffiel®) on C,.
Define the function G(z) by setting

G(z) = L(lzf;pz.

Clearly, G is analytic on C; and is square summable on the imaginary axis. Thus,
we can apply the Paley-Wiener theorem [PW, p. 8, Theorem V] to conclude that
0
G(z) = / U(t)et?dt for some ¥ € L?((—o0,0)).
We will assume that U is defined for all real numbers (by setting ¥(¢) = 0 for all
t > 0), and we will also extend our signed measure, do, to the entire real line (by

requiring |do((—o0,0))| = 0).
On the imaginary axis, we have two representations for G:

[ we )
U(t)eWdt = G =& %
[ wive (i) = T
So, we can conclude that
/ U(t —pleidt = b / eWtdo(t).
14y

Using the notation f for the Fourier transform of f (i.e. f(z) = | fly)ev=dy),

and letting W, (t) = ¥(t — p), we arrive at

where + is the function

Hence,
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SO
e}

Wt —p) = /et—fda(x).

t

Thus, for all t > p, we have [ e *do(xz) = 0, which implies that the total
t

variation of do on (p, o) is 0; i.e., do = du — duy is supported on [0, p].
Conversely, if we are given a logarithmically convex sequence of positive numbers,

n+1

[e.e]
{A,}g°, with 3 /22 < oo, we set A_; = Ag. A version of Proposition 1.6 for
n=0

the half-plane [K] shows that there is some function, f # 0, analytic in C4 and
continuous on C, with

swp [ 17 )Py < 42 (1=0,1,2,0)
x>0

— 00

and f™(0) = 0 (n = 0,1,2,...). Applying the same Paley-Wiener theorem, we
obtain

F(z) = / s()e=tdt  for some ¢ € L2((0,0)),
0

as well as
06 = [ o-one
0
Applying Plancherel’s theorem, we find

[ 15 Pa =2n [ o Par
So, [t*™|p(t)|* < A2_,. Hence, by the Cauchy-Schwarz inequality,
0
e} 1 00 J
b
[etotede = [iotwlde+ [0 T < w4 4 < KA,
0 0 1

for some constant K.
Letting do = %¢(t)dt, and then defining dp = dot and duy = do~, we get the
desired measures. O

84. SOME APPLICATIONS

In this section we examine some consequences of Theorem 2.1. The first result
is a discrete Phragmén-Lindeldf type theorem.

Theorem 4.1. Let f(z) be analytic in Cy = {z : Re(z) > 0} and continuous in
C4. Define

A, = sup |f(xz+iy)] for n=1,2,....
0<z<n

Assume A, < oo for all n.
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If {VA,}5° satisfies the (COM) condition, and sup |f(n)| < oo, then f(z) is
neN

bounded on C, .

Proof. Consider the function

and let

o0 1

2

B, = sup </Ig($+iy)l2dy) :
0<z<n

We find that B,, < 4A,,. Using the Paley-Wiener theorem for the strip [PW, p. 7,
Theorem IV], we have

g(x +iy) = / ¢(0)e” =) do,

where this integral converges for all > 0. Applying Plancherel’s theorem yields

/ umrmmﬁ@zzf/ 1| 3(0) 2o < B2 < 16A2.

— 00 — 00

Setting ¥(t) = ¢(logt) we get
g1+ 2) :/ FU()dt (Rez > —1).
0
Also (n > 0),

@:/’wwmwz/’awmwmﬁ
0

— 00

— 00

1
1 0 2nt 2 : 1 > 2(n+2)t 2 :
5| ee®dt) +({5 ] e |¢(t)|"dt
2/ . 2/,
Bu+ Buis _ 4
———— < —A,40.
R
Thus {v/Cp}3° also satisfies the (COM) condition. Since sup,cy|g(n)| <
sup,en | f(n)], Corollary 2.4 yields ¥(t) = 0 (t > 1) and ¢(t) = 0 (¢ > 0). Therefore

0 ')
=/ ﬁwwwﬁﬁ/eWWMWK%
0

IN

1—e*

f(z) = — llwm%

which is bounded on every strip {0 < Re z < a}, satisfies | f(z)| = O(|z|) (|z] — o0).
Applying the Phragmén-Lindelof theorem [Mar, vol. 2, p. 214], we see that f is
bounded on C,.. O

Theorem 4.2. Let f(z) be analytic in Cy and continuous on C,. Assume

|f(iy)| < M for all real y and sup | f(n)] < cc.
neN
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If |f(2)] < CePl#lodlz] for some p < 2 and some constant C, then |f(2)| < M for

all z € C,.

Proof. Consider the function
hi(z) = f(z)e'z 227 P>

in the first quadrant: Q; = {z : 0 < Arg(z) < §}. This function is bounded on
8Q1, and in Ql

()] = O™
Applying the same Phragmén-Lindel6f theorem [Mar| gives that hq(z) is bounded
in Q,. Using similar estimates on hy(z) = f(z)e~""2 ?27P* in the fourth quadrant
Qs ={z: —F < Arg(z) <0} gives that hy(z) is bounded in Q4. These estimates
yield

) for |z| — o0, € > 0.

. . -1/Y p
|f(z+iy)| < C exp{palogle +iy| — (py)tan™" (>) + S7lyl}
in C;. Now, consider the function
P
g(z) = f(z)e%%? for any 6 > 0.
If

Dy = sup |g(2)
0<z<n

)

then by a straightforward computation it is not hard to see that
D, < Cg‘e”"nzn.

So, in fact, the sequence {/D,, }° satisfies the (COM) condition. This implies that
lg(2)] is bounded in C4 by M. Letting § — 07, we get

[f(z)| <M onCy. O
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ADDED IN PROOF

After the paper had gone to print, the authors learned that a result related to
Theorem 2.1 is due to V. P. Havin and V. G. Maz'ya, Trudy Moskov. Mat. ObSs¢.
30 (1974), 61-114. MR 52:6000. The authors are grateful to Michael Sodin for
this reference.
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