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ABSTRACT. We describe a class of operators which fit the description of lapla-
cians and which may be used to unify the construction of various Sobolev
gradients.

1. INTRODUCTION

In [9] Weyl discusses the problem of determining when a vector field is the
gradient of some function. He introduces a method of orthogonal projections to
solve this problem for all square integrable (but not necessarily differentiable) vector
fields. In the construction of Sobolev gradients for problems in nonlinear partial
differential equations [6] a family of problems of a somewhat similar nature arises.
Using an idea of Beurling and Deny [2],[3] we give a generalization of the Lax-
Milgram Theorem [5] which unifies a wide class of Sobolev gradient constructions.

2. A CONSTRAINED LAX-MILGRAM THEOREM

Suppose that each of H, H', H)) is a Hilbert space (all Hilbert spaces in this note
are real) so that
H)C H' C H,
”xHH() = ||$HH/7 x € Hé,
and
lzlle < |lelm, z € H.
Suppose also that the points of Hj, H' are dense in H.
For an example, take

H = Ly([0,1]), H' = H"*([0,1])

and
Hy={feH : f(0)=0=f(1)}
([1] is a general reference for Sobolev spaces).
Following Beurling-Deny [2],[3], for the pair (H, H') there is an associated trans-
formation called the laplacian for (H, H'). It is described as follows. Pick y € H
and denote by f the functional on H corresponding to y :

f(z)=A{z,y)n, x € H.
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Denote by k the restriction of f to H’'. Then

k(@) = (=, ) u] < |=llallylle < l=lalyla, € H'.
Hence k is a continuous linear functional on H' and so there is a unique member z
of H' such that
k(x) = (z,2)p, v € H'.
Define M : H — H' by My = z where y, z are as above. We will see that M ~!

exists; it will be called the laplacian for the pair (H, H'). For the same process as

above but with H’' replaced by H|, we denote the corresponding transformation by
M.

Theorem 1. The following hold for M as defined above: (1) R(M), the range of
M, is dense in H, (2) |M|pg,uy < 1, (3) M~ exists, (4) M, considered as a
transformation from H — H, is symmetric.

Proof. Suppose first that there is a nonzero z € H' so that (z, Mz)y =0, = € H.
Then 0 = (2, M2) g = {2z, z) g and so z = 0, a contradiction. Thus cly R(M) = H'.
But then H' = clg/(R(M)) C clg(R(M)). Hence H = clg(H') = g (R(M)) and
(1) is demonstrated.
To show that (2) holds, suppose that € H. Then
Mzl = supzenr,20(z, Ma)u /|| 2| a0

= supzen =20(2, 0 i /|2l m < supzen -z0(z, @) u /|12l = |2||H,
and so |M|pg,uy < 1.
To show that (3) holds, suppose that © € H and Mx = 0. Then

0= <Z,MZC>H/ = <Za$>H7 ze H'.

But this implies that z = 0 since the points of H' are dense in H.
To see that (4) holds observe that if z, z € H, then

(z,Mxyy = (Mz,Mx)p = (Mz,x)q.
|

Denote by Py the orthogonal projection of H' onto H| and denote the com-
plementary projection I — Py by Qo. The following is a slight extension of the
Lax-Milgram [5] theorem.

Theorem 2. Suppose g € Hyw € H' and 3 : H' — R is defined by

(2.1) Bu) = (1/2)[|ullfy — (u,9)m, u € H'.
Then the minimum of B(u) subject to the condition Qou = Qow is achieved by
(2.2) u = Qow + Myg.

The condition Qou = Qow may be regarded as a generalized boundary condition;
it is equivalent to asking that w —w € Hy. With H, H), H' as in the example,
Qou = Qow asserts that u(1) = w(1),u(0) = w(0). More unusual conditions might
be

u(1/2) = w(1/2), u(3/4) — u(1/4) = w(3/4) — w(1/4).

This specification is done by defining
Hy={f e H"([0,1]): f(1/2) =0, f(3/4) = f(1/4)}.
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Such boundary conditions are not easily dealt with by using integration by parts,
but such facts have essentially no impact in the present theory.

When H' = HY2(Q),Q C R2, the kinds of boundary conditions which fit the
present development include many of uncharted character, some of which just might
be of physical significance.

Proof. Define ¢ = Qow and define v : Hy — R by

) =By +4q), y € Hy.
Note that
YWk =06y +ak=(y+a.kw —(k.gn, k€ H
Note also that since
V" (y)(k, k) = |kl k,y € Hy,

it follows that ~ is (strictly) convex. Now

Blu) = (1/2)|ullzp — (u, g)u > (1/2)[[ullzp — [lullullgllm

> (1/2)[ullfr = lull gl = llulle (lulle /2 = glla), w e H,

so 3 and hence ~ are bounded from below.

Since v is convex and bounded from below it has an absolute minimum if and

only if it has a critical point. Moreover, such a critical point would be the unique
point at which 3 attains its minimum. Observe that

YWk =+ ¢k —(k,g)u =y, k) — (k,9)n
since (¢, k)y: =0, k € H|. Now
(k.g)m = (y, k), k € Hp,
if and only if y = Myg. Choosing y in this way thus yields a critical point of ~.
Consequently u = y+q is the point of H' at which § attains its minimum. Therefore
u = Qow + Mog

is the point at which 3 attains its minimum and the theorem is proved. O

3. LAPLACIANS AND CLOSED LINEAR TRANSFORMATIONS

We now turn to a somewhat more concrete case of the above—a case which is
closer to the example.

Suppose that each of H and K is a Hilbert space and T is a closed and densely
defined linear transformation on H to K. Let H’ be the Hilbert space whose points
are those of D(T) where

(3.1) Izl = () lxx = (lelF + I1T2]%)"?, = € D(T)

(the graph norm of z relative to T'). Suppose that the linear transformation Tj
is a closed, densely defined restriction of T' (see [4],[7] for a discussion of closed
unbounded linear operators from one Hilbert space to another). Denote by H{, the
Hilbert space whose points are those of D(Ty) where

(3.2) 2l my = l(z5) | Erx e, @ € D(To).

Then H, H', H), fit the hypothesis of Theorem 2.
We remind the reader of the definition of T%. The domain of T is

{y € H:x — (Tz,y)k is continuous }.
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For y € D(T*), Tty is the element of H such that
<T$ay>K = <$5Tty>Ha T e D(T)

The definition of adjoint applies just as well when T is replaced by Tjp.

One can choose T to be a differential operator in such a way that the resulting
space H' is one of the classical Sobolev spaces which is also a Hilbert space. Then
the restriction Ty of T can be chosen so that HY is a subspace of H’ consisting of
those members of H' which satisfy zero boundary conditions in some sense (much
more variety than this can be accommodated). In the example, T is the derivative
operator whose domain consists of the elements of H2([0,1]). In other cases T
might be a gradient operator.

Theorem 3. Suppose g € Hyw € H' and (8 satisfies (2.1). Then the element of
H' satisfying the conclusion to Theorem 2 is the unique solution u to

(I+To'T)u =g, Qou = Qow
where Qo is as in Theorem 2 in its relationship with H'  H.
In the example, (I + T'T) is the differential operator so that
(I +To'T)u =u —u"

for all w in its domain (without any boundary conditions on its domain—that is, it
is the maximal operator associated with its expression).

Proof. From Theorem 2, the minimum u of 3, subject to Qou = Qow, may be
written

u = Qow + Mopg.
It is clear that for u defined in this way, Qou = Qow since R(My) C R(Py) and
Qo = I — Py. It remains to show that

(I +T¢T)u = g.
We first show that
(I +TT)Qow = 0.
To this end, first note that
<Q0’UJ,$>H(/) = 07 MRS H(/)a
since © = Pyx, x € Hj. This may be rewritten
((£u): (ae)) i = 0, x € D(Tp).
But this is equivalent to
(Tow, TQow)k = (x, —Qow)m, * € D(Tp),

and hence
TQow € D(T})
and
TiTQow = —Qow;
that is,

(I +TT)Qow = 0.
Next we show that
(I+ TéT)Mog =g.



GENERALIZED LAPLACIANS AND SOBOLEV GRADIENTS 2057

To do this first note that Myg € D(Tp) since Mog € H)) and so T Mg = ToMog.
Using the definition of M,
(,9) 1 = (x, Mog) ny;
and so
(,9)m = (x, Mog)u + (Tox, ToMog) x ,
that is,
(Tox, ToMog) ik = (x,9 — Mog)u, x € D(Tp).
But this implies that
ToMog € D(Tp)

and
Ty ToMog = g — Mog;
that is,
(I +TyTo)Mog =g
and the argument is complete. O

The expression
(3.3) (I +T§To)

is the inverse of My and is called the laplacian associated with the pair (H, HY).
Similarly the expression

(3.4) (I+T'T)
is the laplacian associated with the pair (H, H'). The expression
(3.5) (I+13T)

plays the role of maximal operator associated with the triple H, H', Hj. Theorem
3 gives that R(I +T{T) = H. One may observe that N (I + T¢T) is the orthogonal
complement of H|, in H'.

4. SOBOLEV GRADIENTS

Transformations (3.3),(3.4),(3.5) are related to the problem of constructing some
orthogonal projections on H x K. We will see that such projections have a central
role in the construction of Sobolev gradients for problems in differential equations.

Notation in this section is the same as the previous section. We consider first
the problem of constructing the orthogonal projection of H x K onto T, i.e., onto
{(#,) : € D(T)}. We use a result of Von Neumann [8].

Theorem 4. If T is a closed, densely defined linear transformation on H to K
and (f,g) € H x K, then the nearest point of T to (}) is the element

(4.1)
(I+T'T)y ' f+ T U +TT) g, TU+T'T) ' f+ (g — (I - TT") g)).

Proof. The transformation (call it Pr) which takes (f,g) € H x K into (4.1) is
linear, symmetric, idempotent, fixed on elements of the form (x,Tx), x € D(T),
and has range equal to this set. This is enough to convict Pr of being the required
projection. O
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This writer thanks Philip Walker for calling his attention to this result. Note
that (4.1) contains both

(I4+T'T)"  and (I +TTY)71,

the latter being the inverse of the laplacian developed on K x H for TU.

Theorems 5 and 6 below deal with relationships between two different adjoints for
T. One is T* with T is considered as a closed densely defined linear transformation
on H to K and the other is T* with T" considered as a member of L(H’, K') where
H' is the Hilbert space whose points are those of D(T') but with

e = (el + | T2ll%)"?, 2 D(T).

The following gives a relationship between 7% and T*. We use the notations T, T'*
for adjoint here in order to be consistent with previous usage in work on Sobolev
gradients, for example in [6]. We denote by 7 the transformation from H x K to
H defined by

m(})=1f () e Hx K.

Theorem 5.
T*y =7Pr(y), y € K.
Proof. If x € D(T), y € K, then

Tz, )k = ((F), O ixr = (), Pr())) mxx = (x, 7Pr () ar
so that the conclusion holds. (|

For the case in which
H= H1)2([07 1])7 K= LQ([Ovl])v Tf = fla f € H,

the reader may want to calculate an explicit expression for T*. An answer is in [6].
Returning to our general setting, a type of transformation often used in con-
structing Sobolev gradients is E such that

D(FE)=D(T), Ex = (4,), x € D(T).
Theorem 6.

E* () =nPr(f),(}) e Hx K.

g
Proof. Suppose x € H = D(T),(}) € H x K. Then

(Bx, () uxr = () ) axx = ((z,7Pr () m
so that the conclusion follows. O

By contrast we have that if z € D(E), (}) € H x K, then

(Ex, (N axx = ((f2), () ExK
= <x7f>H + <Txag>K = <x7f>H + <x7Tt>H = <$,f +Ttg>H
provided z € D(T),g € D(T?). Thus for this case we have
tofy _ t
E'())=f+Tg.
Following this pattern we denote by Pr, the orthogonal projection of H x K onto
{(z;2) : = € D(To)}-

We now offer some indications of how such projections are related to Sobolev
gradients for differential equations. Such gradients are useful in descent processes,
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both in function spaces and in finite dimensional emulations of function spaces [6]
(for purposes of computation).
We first consider the problem of finding a critical point of ¢ :

o(u) = /QF(Eu), uwe H = HY2(Q),

where F' € C?(R™*1 R),Q C R™. We fix boundary conditions by picking a closed
subspace H{, of H’', picking w € H|, and requiring that a critical point u satisfy
w—w € Hj. Take T : H' — Lo(Q)™ defined by Tu = Vu, u € H'. We pick Ty to
be the restriction of T' to H{. We suppose that for u € H',¢'(u) is a continuous
linear functional on H’. With F related to T' as above and for v € H', Eu is a list
consisting of v and its partial derivatives. In the following result, if V' € Lg(Q)m+1
then 7V will denote the first component of V.

Theorem 7. If u is a critical point of ¢, then
(4.2) 7Py (VF)(Eu) = 0.
Proof. Suppose u € H' and h € H),. Then

& (u)h = /Q F'(Eu)Eh = (Bh, (VF)(ER)) gy

= (Eh, P, (VF)(Eu)) 1, qym+
since Eh € R(Pr,). Thus
¢'(u)h = (h,wPr,(VF)(Eu))py, h € Hy, u e H'.
At a critical point u of ¢, ¢'(u)h = 0 for all h € H{j. Thus the conclusion holds. O

Equation (4.2) is an appealing substitute for the usual Euler-Lagrange equation.
For one thing, it requires only one derivative in order to make sense. For another,
even if u is not a critical point,

(Vo(u)) = nFB(VF)(Eu),
the gradient of ¢ at u, i.e, the element so that
¢’ (wh = (h,(Vé)(u)my, h e Hy.

The gradient function V¢ is continuous, even differentiable. It is suitable for use
in continuous steepest descent:

20) = € ', /() = —(Vo)(2(0),t 2 0
(global existence on [0, c0) is assured, see [6]). Since
(Vo)(=(t)) € Hp, t >0,
and .
) —a= [ (Vo). >0,
it follows that
Py(z(t) — x) = 2(t) — x, ie., Qo(2(t)) = Q(x),t >0,

so that z(t) and z satisfy the same boundary conditions, ¢ > 0.
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We now illustrate with an example how systems that do not arise from a con-
ventional variational principle can also fit the present development. Suppose that
Q is a domain in R?,

H=LyQ),H = H"*(Q),H, Cc H'.
Suppose also that
G e C*(R*R),Tu=Vu,EBu=(£,), ue H, we H.

A first order partial differential equation is specified by the problem of finding
u € H' such that

G(Eu)=0
with boundary conditions specified by requiring that Qou = Qow, I — Qo being the
orthogonal projection of H' onto H,. Form

b 6(u) = |G(BW|3/2, ue H.
Assume that G is such that ¢/(u) is a continuous linear functional on H' if u € H'.
Theorem 8.
(4.3) (Vo) (u) = mPr,G'(Eu)'G(Eu) € H)), u € H'.
Proof.
¢ (u)h = (G'(Eu)Eh,G(Eu)) g, = (Eh, G’(Eu)tG(Eu»iz(Q)
= (Eh,PTOG’(Eu)tG(Eu)>L2(Q)3 = (h,WPTOG’(Eu)tG(Eu»Hé,
for all h € Hj. Thus (4.3) holds. O

This gradient is suitable for use with continuous descent in seeking u such that
G(Eu)=0:
2(0)=xz € H,Z'(t) = —(V¢)(2(t)),t > 0.
For such z, Qoz = Qo(2(¢)), ¢ > 0 and so, if it exists
u = limy_o0z(t)

satisfies Qou = Qoz.
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