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HANKEL OPERATORS
ON THE BERGMAN SPACE OF THE UNIT BALL

MARIA NOWAK

(Communicated by Theodore W. Gamelin)

ABSTRACT. We characterize the bounded holomorphic functions f,g in the
unit ball of C™ for which the operator H Hf is compact. For n =1 the
result was obtained by Axler and Gorkin in 1988 and by Zheng in 1989.

1. INTRODUCTION

Let B, be the open unit ball in C" with dv the normalized volume measure
on B, . When n =1 we will denote by D the unit disc in C . The Bergman
space L2(B,) is the closed subspace of L?(B,,dv) consisting of holomorphic
functions. Let P be the orthogonal projection of L?*(B,,,dv) onto L2Z(B,). For
f € L*(B,,dv) the Toeplitz operator Ty : L2(B,) — L2(B,) and the Hankel
operator Hy: L2(B,) — (L2(B))* are defined by

T¢(g) = P(fg) and Hy(g) = fg— P(f9),

respectively. In fact, these operators are densely defined for bounded holomorphic
functions and extended to all functions in L2 (B,,).

In 1986 S.Axler ([4], [5]) proved that for f € L2(D) the Hankel operator
Hj: L2(D) — (LZ(D))* is bounded if and only if f is a Bloch function. Moreover,
Hj is compact if and only if f in the little Bloch space. Many generalizations of
these results have been found since then (see e.g. [3], [7], [8]).

In view of the relation

(1) T;T,—T,T; = H; H; for f,g € L%(B)

the problem of characterization of the functions f,g for which the operator H; Hy
is compact seems natural. In the case of the unit disc the problem was proposed
by S. Axler [4] and solved by S. Axler and P. Gorkin [6] and independently by D.
Zheng [14]. They have proved the following
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Theorem A. Let f,g be bounded holomorphic functions on 1 . Then the fol-
lowing statements are equivalent:

(a) Hj Hy is compact ,

(b) (1 [2*) min{|f"(2)],|9'(2)[} = 0,

©  Jim [ 1) = fwllate)  tw)du(z) = 0.

(d) either f or g is constant on each Gleason part (except D )

of the mazximal ideal space of H*(D) .

It was also noticed that each of the conditions (b), (¢) implies the compactness of
the operator H; Hy under the weaker and more natural assumption that f,g are
Bloch functlons Moreover, these sufficient conditions for compactness of H7 Hy
are still valid if D is replaced by the unit ball B,, ,n > 1.

Here we show that in the case of D (b) ((c¢)) is also a necessary condition for
compactness of H; H; under the assumption that f,g are Bloch functions. The
main result of this paper is a characterization of the functions f,g bounded and
holomorphic on B, for which the operator H, 5 Hjy is compact.

The author wishes to express her thanks to J. Arazy for pointing out the reference
[1] and for helpful conversations.

2. PRELIMINARIES

Let (z,w) denote the inner product in C™ given by
w>=szﬁ)j , 2= (21,0, 2n) , W= (W1,...,wy) .

Let Aut(B,,) be the group of all biholomorphic maps of B,, into B, . It is known
that Aut(B,,) is generated by the unitary operators on C" and the involutions
g of the form

a—Pyz—(1—1a|>)"2Quz

2 a = y
e) Pa(2) o
where a € B, , P, is the orthogonal projection into the space spanned by a, i.e.
s <Z|;Tz>a o o =(a,a)
PQZ =0

and Q,=1—-P, .
For fixed a € B, and r, 0 <r <1, define
E,(a,7) = pa(rBy) .

Since ¢, is an involution, z € E,(a,r) if and only if |p,(2)| <7 .
As in [11] we say that a function f € C?(B,) is M- harmonic in B, if
Af(z) =0 for every z € B,, . The operator A is defined by

(Af)(2) = A(f 0 ¢2)(0)
where A is the ordinary Laplacian. We will need to use the following recent results
on M-harmonic functions.
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Theorem B ([2]). Suppose that f and g are nonconstant holomorphic functions
in B, , and that fg is M-harmonic.

(a) When n =2, this cannot happen.

(b) When n > 3 ,then there exist

(i) an integer m , 2<m<n-—1,

(ii) entire functions ¢ :C™ ! — C and 3 :C" ™ — C , such that

f(UZ)=s0< &z Fm ) ,g(UZ)=¢<Zm+1 R >

1—217'“71—251 1—217“71—2’1

Moreover, f(Bn) = o(C™Y) | g(B,) = ¥(C*™) , and (fg)(Bn) = C or
C\ {0} . (The latter case occurs only when both ¢ and 1 omit the value 0.)

Theorem C ([1]). Assume that for f € L'(B,,dv) the linear operator T, is
defined by

(Tof)(2) = / (fop)dv, =€B,.

(a) If f€L®(B,) and Tof =f then Af=0.

(b) If f & LY(Bn,dv) ,n <12 and Tof = f , then Af =0 ; this fails for all
n>12.

We say that a holomorphic function f is a Bloch function if
3) 1£ll5 = sup{|V=f|(1 = [2[*); 2 € By } < 0.

Bloch functions on bounded homogeneous domains in C" were defined by
R. Timoney [12] and studied by many authors.(e.g. [9], [11], [12]). One of the
most important properties of the space of Bloch functions on B,,, n > 2, is that
(3) is equivalent to the following conditions (for some K >0 ):

(V£ 2101~ =) < K,
(V. f,2)|(1 — |z]*) < K for all x € C™ satisfying |z| =1 and (z,2) =0
for all z € B, . This means that f is a Bloch function on B,, if and only if the

radial derivative of f is O(1/(1 —|z|?)) and the directional derivatives of f in
directions pependicular to the radial direction are O(1/(1 — |z|?)!/?) .

3. MAIN RESULTS
We start with the following

Lemma 1. Let f,g be bounded holomorphic functions on B, . If the operator
HZ Hy is compact then

5) Jim (1~ Jof*) min{| V., [Vagl} =0

Proof. For a € B,, define
(1 _ |a|2)(n+1)/2

T

z€ B, .

Because for f € L%(B,)

n+1

ik == o) [ i) = (- ) @)



2008 MARIA NOWAK

and holomorphic bounded functions are dense in L2(B,) , k, tends weakly to
zeroin L2 for |a| — 17 . Hence the compactness of H. 5 Hy implies

0= lim (H;Hko ko) = lim (Hgka, Hha)

lal la|—1~
= Jm_ | (Fope=f@)gope—gla)dv.
Suppose that (5) does not hold. Then there exists a sequence {a,,} in B such
that limy,, e |am| =1 and
6)  lim (1 —|am|®)|Va, fl=a>0 and lim (1 — |am|*)|Va, g/ =b>0.
Since the families of functions
{fopa—fla); a€B,} and {gow,—gla); a€ B, }

are compact, there exists a subsequence of {a,,} ( which will be denoted also by
{am} ) and holomorphic functions F,G such that

foga, = flam) —— F and gog,, —g(am) —— G

uniformly on compact subsets of B, .
Now let w € B,, be fixed. Then also

fova, 0w = flam) —— Fopy and gopa, opw—glam) —— Gopy

uniformly on compacta.

Let al, = ¢q,, (w) , m € N . There exists a unique unitary transformation U,,
for which ¢, 0 Yw = par o Uy, [12, p.29].

It follows from the relation [12, p.20]
(1 —Jal®)(1 — |wl?)

1= (w, a)]?

that |a;,| — 17 if |a;,| — 17 . Thus by the comapctness of Hj Hp

(7) 1 —|pa(w)]” =

0= tim [ (Fogu, = Flan)ge e, = glan)dv

= lim (fo Par o U — J?(a;n))(g 0pq olU — g(a;n))dv

m—0Q0 B
n

= lim (f © ap © 0w — [(©an ©0w)(0))(g © @a,, © Lw — 9(#a,, ©Pw)(0))dv

m—0Q0 B
n

In view of boundedness of f, ¢ and uniform convergence on compacta we get

(am)) = (f(©a,, © Pw)(0) = fam))]
(8) X [(9 © Pa,, 0 pw(2) = glam)) = (9(Pa,. © Pw)(0) = g(an))]dv(2)
= / (F o u(z) = F 0 9u(0))(G o u(2) — G o ©y(0))dv(z) = 0.

n

The last equality can be rewritten in the form

lim [(f °a,, ©puw(z) = f
(

m—00 B
n

/ F 0 0y,(2)G o @y(2)dv(z) = F(w)G(w) .

n
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Now Theorem C implies that FG is M-harmonic. Because F,G are bounded
the Ahern-Rudin theorem (Theorem B) and Liouville’s theorem imply that either
F or G is constant on B, . Suppose that F is constant. Then by the chain rule
and the symmetry of the matrix ¢/,(0) = (1 — |a|?)P, — (1 — |a|?)*/2Q, we get

0= |VoF? = lim |Vo(fo@a, ) = lim (Va, f¢, (0),Va, e (0))
im (¢, (0)Va,, f, ¢4, (0)Va, f)

= Jim (1~ Jan]*)IPa, Vi, /P + (1= la )| Qa,, Vi, /)
> lim (1= |am|?)?|Va,, fI*

m— 00

Because the sequence (1 — |a,,|?)|Va,, 9] is bounded for bounded and holomorphic
g , the last inequality implies that

Jim (1= Jam*)[Va, g1V, f| =0

which contradicts (6). |

Note that for the unit disc the same proof still goes under the assumption that
f,g are Bloch functions. In this case the equality (8) follows from the Lebesgue’s
dominated theorem. In fact, if f is a Bloch function on D then [4, p.320]

/ 1 0 Ga (2) — Flam)ldv(2) < [1fs / (1 — |2)|dv(z) < el flls -
D D

Thus we have

Lemma 2. If f,g are Bloch functions on D such that the operator Hj Hjy is
compact then

lim (1 |af?) min{|f'(a)], |g/(=)]} =0 .

la|—1
Analyzing the proof of Lemma 1 one can easily get

Lemma 3. If f,g are bounded holomorphic functions on B, and the operator
HZ Hy is compact then

(9) | }in{i(l — |a|2) min{|P; V. f|, |PaVagl} =0
and
) Tim (1 o) min{|QaVos | [QaVagl} =0

Our main result is the following
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Theorem. Let f, g be bounded holomorphic functions on B, and 0<r <1.
Then the following statements are equivalent

(a) HZ Hy s compact ;
(b) ‘li‘ml(l — |al*) min{|Ps V4 f],|PaVagl}

= lim (1= [a*)" min{|QaVaf || QuVaugl} = 0 :
(c) ‘1i‘ml |f owa — fla)|lgopa —g(a)ldv=0;

al—LJrB,

1

d lim —— f—fla)llg—gla)|ldv =0
(d) J @ EHW)I (a)]] (a)l
(e) ‘gi‘gll ; |f ova — fla)llgopa — gl(a)|ldv=0.

Proof. (a)=(b). By Lemma 3.

(b)=(c). Suppose f and g are bounded holomorphic functions on B, for
which statement (b) holds. Let {a,,} be a sequence of points in B, such that
lim;;, 00 |am| =1 and

F= lim (fowp,, — flam)) and G= lim (go¢a, —g(am)),

where the convergence is uniform on compact subsets of B, and F,G are
holomorphic functions on B, . We will show that

(10) / V. F||V.Gldv(z) =0 .
rB,

Applying the definitions of F,G and changing the variables w = ¢, (2) we
obtain

[ Gl = [ 19,0860, G950, )
~ Jim 1V F ol (P (W) [Vuwgs. (o, ()] -0tV )
s 50 En(amyr) ey m Am m |1 _ <w, am>|2n+2

Let @a,, (w) = G . To calculate ), ((m) notice that for fixed w and a,, the
biholmorphic maping ¢, o ¢q,, © ¢¢,, is a unitary operator , say U [12, p.29].
Hence

(Pizm (Cm) = (P;u (O)Umﬁplgm (Cm) .
Let || A|| denote the standard norm of the linear operator A : C™ — C™ . Because
for every z € B,

P(z) = —(1— |z — (1 - |2)7V2Q.

we have the following estimate:

e, (Gm)

Moreover, in view of (7) we get

l<—2
1_|<m|

2|1 — (w, an)|?
(1= [am[*)(1 = w|?) -

e, (Cm)ll <
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Hence

/ V. F||V.Cldu(2)
rBy

(1 — Jam[*)"

<4 lim (1= [wl*) 7| (0)Vu flles (0) Vgl dv(w)
m—00 En(anlyr) |1 - <w7 am>|2n_2
<4 lim (1= w) 2|1 = [w)Pe Vi f + (1 = [w*)/2Qu Vo f
m— o0 En(am,’l“)
2 2y1/2 (1 —Jam*)*!
x (1= [w) PaVug + (1 = [0/*)2Qu Vg dv(w)

11— (w, am)[>* =2

< 2" lim |Po Ve fl|PoVwg(1 — Jw]?) " du(w)

m— 00 En (am 77‘)

+27F lim |PaVu fllQaVuwgl(L = |w|*) ™" 2dv(w)

mm—reo En(am,r)

+2"" lim QY fl1PaVuwgl(l = |w|?) ™" 2dv(w)

m— 00 En (am ,T‘)

+2"" lim Qo Ve fllQaVuwgl(1 - [wl*)™"dv(w) .
m—oo En(am,r)
To finish the proof of (10) it is enough to show that each of the four limits on the
right-hand side of the last inequality is zero. Indeed, we have

/ 1P Vo 1| PV g (1 — fe0]2) =" d(w)
E, (am,r)

< swp (- [wf)?|PeVufl|PoVf] (1 = Jw) ™" du(w)
WEE, (am,T) Ep(am,r)

T2n

=—+——  sup (1—|w?PsVuf||PsVuef] .
A= 2y weEnmm,r)( lw[*)7| | |

Let {¢n} be the sequence in B, such that: (, € E(am,r) and
sup (1= [wl*)*[PaVu fl|PaVufl = (1= 162)%I1P, Ve, P, Ve, £l

wEE (am,r)
Then lim,, o |G| =1 and (b) implies that the last expression tends to 0 . The
same reasoning applies to the remaining cases.
Now (10) implies that at least one of the functions F,G must be identically 0
on rB, . Hence

im [ 1f 0 e — F(am)llgo @a, — glam)ldv = / PGl =0.
m— o0 rB,, rB,,

(¢)<=(d) A change-of-variables yields

/ 1 - F(@)llg - g(a)ldv
E,(a,r)

(1 _ |a|2)n+1

-z apon

:/B 1 0 @al2) — f(@)llg 0 palz) — g(a)
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Because

1— a2 \"*
BEn(a, )] = (——5—
e = (7=

the desired equivalence follows from the inequalities

1 1 (1 — |al?)»+D) 1
r2n(1 + 12)20040) = (B, (a, )| |1 — (2, @) 2D = p2n(] — p2)n+l
(¢)=(e) Let {am} be a sequence such that lim,, . |a,m| =1 and F,G be
as in the proof of the implication (b)==(c). Then (c) implies that

/ F||Gldo =0 .
rB,

This in turn implies that either F' or G is identically zero on rB,, , and hence
on B, .

(e)=(a) It is enough to proceed analogously to the proof of Theorem 2 of
[14]. |

z€erB, .

Remark. Notice that the functions f,g defined in assertion (ii) of Theorem B
cannot be Bloch functions. Hence in view of Theorem C, when n < 12 our
theorem holds for Bloch functions instead of bounded holomorphic functions.
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