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ABSTRACT. Let H be an infinite dimensional separable Hilbert space over
the complex field. Structure characterizations are given for some elementary
operators on B(H) which preserve point spectrum.

1. INTRODUCTION

Let H be an infinite dimensional separable Hilbert space over complex field C,
and B(H) the algebra of all bounded linear operatorson H. For T' € B(H), let o(T)
and o, (T") denote the spectrum and point spectrum of 7" respectively. A linear map
® on B(H) is said to be spectrum-preserving (resp. point-spectrum-preserving) if
o(®(T)) = o(T) (resp. op(®(T)) = 0,(T)) for all T € B(H). Jafarian and Sourour
[5] proved that a spectrum-preserving linear surjective map ® on B(H) is either an
automorphism or an anti-automorphism, that is, there exists an invertible operator
A € B(H) such that ®(T) = ATA™! (an elementary operator of length 1!) or
®(T) = AT'A~1! for all T. In the last few decades, spectrum-preserving linear
maps have been studied by many authors on matrix (or abstract) operator algebras
(cf. [1], [2], [3], [5], [7] and the references in them). In fact, these are in the area of
the so-called linear preserver problem which is currently an active research area in
both matrix and operator theory [6].

Instead of spectrum-preserving maps, one can discuss the linear maps which pre-
serve various parts of the spectrum, and sometimes obtain interesting results. If ®
is a linear surjective map on B(H) which preserves point-spectrum (or surjectivity-
spectrum), P. Semrl [7] proved that ® must be an automorphism, never an anti-
automorphism. If, in addition, ® is positive, i.e., ®(T') is a positive operator on H
whenever T is, then one can easily deduce that ® takes the form ®(-) = U(-)U*
with a unitary operator U € B(H). Note that the assumption ® is surjective is
crucial for these results, as well as those in [5]. Without this assumption, ® need
not be of the forms mentioned above, as the map 6: B(H) — B(H @ H), given by
8(T) =T @& T shows. So it is natural to ask if one can give a characterization for
the structure of the non-surjective linear maps on B(H) which preserve a subset of
spectrum, in particular, point spectrum.
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This question, however, seems very difficult to answer in general, and few results
have been obtained so far. An important class of linear maps on B(H) which
contains a large number of non-surjective maps is the class of elementary operators.
So we shall begin with the characterization for the elementary operators on B(H)
which preserve point-spectrum. Recall that a linear map A on B(H) is called
an elementary operator if there exist operators A1, As,..., A, and By, Bs,..., By,
such that A(T) =" | A;,TB; for all T € B(H). The positive integer n = I(A) =
inf{k: A(:) = Ele A;(-)B;} is called the length of A. It is obvious that the above
maps ®(-) = A(-)A~! and ®(-) = U(-)U* are unital elementary operators of length
1 and the latter is completely positive [8]. Since H is of infinite dimension, one can
identify H and H @ H with a unitary operator U = (U,Us) € B(H ® H, H), where
U1,Us € B(H). Thus the map 6§ mentioned above is in fact a completely positive
unital elementary operator of length 2, and takes the form §(T) = U(T & T)U* =
U,TUy 4+ UsTU5. This observation motivates the following conjectures:

Conjecture 1. Let A be a completely positive unital elementary operator of length
n on B(H). If A preserves point-spectrum, then there exists a unitary operator
U <€ B(H™, H) such that

(1) A(T) =UT™MU*

for all T € B(H). Here, H™) = H@®---@® H, the direct sum of n copies of H, and
T =Tq---aT c B(H™).

Conjecture 2. If A is a point-spectrum-preserving celementary operator of length
n on B(H), then there exists an invertible operator A € B(H™ H) such that

(2) A(T) = AT™M A1
for all T € B(H).

Note that if a linear map A on B(H) has the form of (2), then A is an injective
endomorphism of B(H) and A preserves point spectrum; if A has the form of (1),
then A is an injective *-endomorphism and A is completely positive. For the case
of n = 1, it is easy to see both statements are valid. One can replace the point-
spectrum in the conjectures by other subsets of spectrum and consider the analogous
problems. We remark that the spectrum-preserving elementary operator of length 2
on B(H) was considered by M. Gao [2] under the assumption ran(A;) N ran(As) =
{0}.

In the present note, we shall give an affirmative answer to Conjecture 1. As for
Conjecture 2, though we don’t know whether the statement is true in general, we
show that it is the case for the elementary operators of length 2 with the iden-
tity operator in its range. Moreover, this description reveals that the spectrum-
preservability, the point-spectrum-preservability and the compression-spectrum-
preservability are equivalent for those elementary operators under consideration.

Throughout this paper, we use ker(L), ran(L) and L* to denote the kernel, the
range and the adjoint of a linear operator L respectively. Let I be the identity
operator on H and (-,-) denote the inner product on H. For a linear manifold M
in H, M and dim(M) denote the closure and the dimension of M respectively. The
compression spectrum of T' € B(H) is the set T'(T) = {A € C: 1an(T — \) # H}.
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2. RESULTS AND PROOFS

Our first result is an affirmative answer to Conjecture 1.

Theorem 1. Let A be a completely positive unital elementary operator of length n
on B(H). The following statements are equivalent:
1) A preserves point-spectrum on B(H).
2) A preserves compression-spectrum on B(H).
3) A preserves spectrum on B(H).
4) There exists a unitary operator U € B(H™, H) such that A(T) = UT™U*
for all T € B(H).
Hence, in either case, A is an injective *-endomorphism of B(H).

Proof. Tt is obvious that (4) = (1), (2) and (3).

(1) = (4). For any non-zero vectors x,y in H, let x ® y denote the rank one
operator defined by (r ® y)z = (z,y)x for z € H. Since A is a completely positive
elementary operator of length n on B(H ), there exist linearly independent operators
Dy, Ds,...,D, in B(H) such that A(-) = D1(-)D} + D3(-)D3+ -+ -+ D, (-) D}, (see
[3]). For any unit vector x € H, A(x ® ) = D1z ® Dix + Dox @ Doz + --- +
D,r ® Dyx is a positive operator of rank at most n. Since A preserves point
spectrum, op(A(z ® x)) = op(z ® x) = {0,1}. Thus, A(z ® x) is the orthogonal
projection of H onto span{Dyx, Doz, ..., Dya}. Similarly, for any two unit vectors
z,y€ Hwithz Ly, Az®@z+y®y) = Az ®z) + A(y ® y) is an orthogonal
projection. Therefore, A(x ® 2)A(y ® y) = A(y ® y)A(xz ® x) = 0, or equivalently,
span{ Dz, Dox, ..., Dyx} L span{D1y, Day,...,D,y}. By a lemma in [3], we
deduce that DfD; = «(i,j)I for some a(i,j) € C, i,j = 1,2,...,n. So every

operator in span{D1, Da, ..., D,} is an isometry multiplied by a scalar.
Now suppose 1, T2, ..., T, € H such that Diz; + Doxo + -+ Dypxy, = 0. Left
multiplying the equality by D}, we have 21 € span{xs, z3,...,2,} and there exist

linearly independent operators Db, D%, ..., D) € span{D;, Ds,...,D,} such that
Dhxo + Dixs + -+ + Dhay, = 0.
By left multiplying the new equality by (Dj5)* and continuing this trick, we will get
T] =x9 =--- =z, =0, that is, the operator U := (D1, Ds,...,D,) € B(H™ H)
is injective. Since A is unital, U is surjective and therefore invertible. So U*U = I
and (4) holds.
Since o(F) = o0,(F) for all finite-rank operators F' € B(H), (3) = (4) follows

from the proof of (1) = (4). Note that 0,(T") = I'(T"*) for all T € B(H); we have
(2) & (1). Now the proof is complete. |

We are not able to answer Conjecture 2 in this note. But, for the case of n = 2,
we have the following results:

Theorem 2. Let A(-) = A;(-)B1 + Aa2(-) Bz be an elementary operator of length 2
on B(H) and I € ran(A). Then A preserves point-spectrum if and only if A :=

(A1, A) € B(H® | H) is invertible and B := (gl) = A1, that is,
2
A(T) = ATP A=Y for every T € B(H).

Thus A is an injective endomorphism of B(H).
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Corollary 3. Let A(-) = A1(-)B1 + A2(-)Bs be an elementary operator of length
2 on B(H), and let A.(-) = Bi(-)A7 + B3 (-)As. If I € ran(A), then the following
statements are equivalent:
(1) A preserves point-spectrum on B(H).
(2) A preserves compression-spectrum on B(H).
(3) A, preserves point-spectrum on B(H).
(4) A, preserves compression-spectrum on B(H).
(5) A preserves spectrum on B(H).

To prove Theorem 2, we need some lemmas. Lemma 1 is just an analogue of
Lemma 1 in [5]. We omit its proof.

Lemma 1. Let A € B(H). Then o,(T+ A) C 0,(T) for all T € B(H) if and only
ifA=0.

Lemma 2. Let ® be a linear map on B(H). Then

(1) If @ is unital, i.e., ®(I) = I, then ® preserves point-spectrum if and only if
® preserves injections in both directions.

(2) If ® preserves point-spectrum, then ® is injective.

(3) If @ preserves point-spectrum and I € ran(®), then ®(I) = I.

Proof. (1) is clear. (2) and (3) follow easily from Lemma 1. O

In Lemmas 3 and 4, let A(-) = A;(-)B1+A2(+) B2 be a unital elementary operator
of length 2 on B(H) which preserves point-spectrum. So {A;, As} and {Bj, Bs}
are linearly independent.

Lemma 3. ker(Bp) Nker(Bz) = {0} and ker(A;) = ker(A2) = {0}.

Proof. Note that A preserves injections in both directions by Lemma 2; it is easy
to see ker(By) Nker(By) = {0}. So we only need to prove the second statement.

We first show that at least one of ker(A4;) and ker(As) must be {0}. Since A
preserves point-spectrum, A is injective by Lemma 2. If M := ker(A4;) Nker(Az) #
{0}, let Py be the orthogonal projection of H onto M. Then Py # 0 and A(Pyy) =
0, a contradiction. Hence ker(A;) Nker(Az) = {0}.

If ker(A;) # {0} and ker(As) # {0}, take non-zero vectors z; € ker(A;), xo €
ker(As); then x1 and xo are linearly independent. If for every y € H, By and Bay
are linearly dependent, then both B; and Bs are rank-1 operators by a result in [3].
Thus, for any T' € B(H) the rank of A(T') is at most 2, contradicting the fact that
A preserves injections. Hence there exists y € H, y # 0 such that Byy and By are
linearly independent. It is easy to find an injective operator T' € B(H) such that
TB1y = x1, TBoy = x2. But, in this case, A(T)y = Ai1TB1y + AsT Boy = A1z +
Asze = 0, again contradicting the fact that A preserves injections. Therefore, at
least one of ker(A;) and ker(As) must be {0}.

Without loss of generality, assume ker(As) = {0}. We have to prove that
ker(A;) = {0}. We will do this by considering two cases.

Case 1. ran(A;) Nran(Az) # {0}.

In this case, if ker(A;) # {0}, then there exist linearly independent z and y in
H such that Ajx = Asy. Take z € H, z # 0 such that Byz and Bsz are linearly
independent, and find an injection T such that TByz = z, TByz = —y. Then
A(T)z =0, a contradiction. Hence ker(A;) = {0}.
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Case 2. ran(A;) Nran(4z) = {0}.

Suppose, on the contrary, that ker(A;) # {0}. Then

(a) ker(Bsz) = {0}. Otherwise, there exists u € ker(By) with u # 0. Since
ker(Bq) Nker(Bz2) = {0}, we get Biu # 0. Let T be an injection such that TBiu €
ker(A;); then A(T)u = 0, a contradiction. Hence ker(Bz) = {0}.

(b) Ay B; is not a compact operator, in particular, dim(ker(A4;)*) = co. To see
thiS, note that AQBQ = I—AlBl (Since A(I) = I) and keI‘(AQBQ) = {O} If AlBl is
compact, we have, by the Fredholm Alternative, that ran(AsBs) = ran(f — A1 By)
is closed and dim(ran(A3Bs)t) = dim(ker(A2Ba)) = 0. So A2 Bs is invertible, con-
tradicting the assumption ran(4;) Nran(As) = {0}. Hence, A; B; is not compact.
In particular, A7 is of infinite rank and dim(ker(A4;)") = dim(tan(A4})) = oo.

We know that there exists * € H such that Byx and Bz are linearly inde-
pendent. It is clear that © # 0 and Box # 0. Let M = (span{Bsx})*. Since
dim(M) = dim(kerA;)t = oo, there exists a unitary operator U from M onto
(kerA;)*t. Define T: H — H by

TlM:U; TBQ.T:O.

Then T € B(H), ran(T) = ker(A;)* and ker(T) = span{Byr}. We will see that
A(T) is injective, which contradicts the fact that T is not injective and that A
preserves injections in both directions. As a result, ker(A4;) must be {0}.

If A(T)h =0 for some h € H, then A1TB1h = AsT Byh = 0 by the assumption
ran(A;) N ran(A4z) = {0}. Noting that ran(T) = ker(4;)* and ker(43) = {0}, we
have TB1h = TBoh = 0. Since ker(T') = span{Baz}, there exist scalars \,6 € C
such that Bih = ABsx, Boh = §Bsx. Thus, together with ker(Bs) = {0}, we get
h = éx and 6 Bix = ABsx. But since Bix and Bsx are linearly independent, we
conclude that § = A = 0 and h = éx = 0, that is, A(T) is injective. The proof is
complete. O

Lemma 4. (1) For every non-zero x € H, Ayx and Asx are linearly independent.
(2) ran(A;) Nran(A42) = {0}.

Proof. (1) For any A}, A, € span{A;, A5}, if A} and A} are linearly independent,
then there exist B, B} € span{Bj, B2} such that
A() = Ai()B1 + A5() By

By Lemma 3, we have ker(A4)) = ker(A45) = {0}. Hence, for any (a1, a2) # (0,0),
ker(c1 A1 + agAs) = {0}. Equivalently, for every non-zero x € H, A;x and Asx are
linearly independent.

(2) If ran(A; ) Nran(As) # {0}, then there exist x,y € H such that A1z = Asy #
0. By (1), we know that = and y are linearly independent. Take z € H such that B; z
and Bsz are linearly independent, and choose an injection T such that T Bz = =,
T Bsz = —y. We again obtain a contradiction. Hence, ran(A;) Nran(As) = {0}. O

Proof of Theorem 2. Since a,(T®) = ,(T), there is nothing to prove for the
sufficiency. Conversely, we know A(l) = I by Lemma 2, so A := (41, A2) is

surjective. By Lemmas 3 and 4, A is injective, and the theorem follows immediately.
O

Proof of Corollary 3. Note that o,(T") = I'(T™). It is easy to see that A preserves
compression-spectrum if and only if A, preserves point-spectrum. Now it is clear
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that (1)—(4) are equivalent by Theorem 2. The equivalency of (1) and (5) follows
from Theorem 2 and a result in [4]. |

The authors wish to thank the referees for their helpful suggestions.
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