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ABSTRACT. Let K be a global function field, co a degree one prime divisor of
K and let A be the Dedekind domain of functions in K regular outside co. Let
H be the Hilbert class field of A, B the integral closure of A in H. Let 9 be a
rank one normalized Drinfeld A -module and let ‘B be a prime ideal in B. We
explicitly determine the finite A-module structure of (B /BY). In particular,
if K =TFq4(¢), ¢ is an odd prime number and 1 is the Carlitz Fq[t]-module, then
the finite Fy[t]-module 1 (Fy[t]/BY) is always cyclic.

1. INTRODUCTION

Recall that G,,(Z/p™N7Z) = (Z/pN7Z)* is always cyclic except for the case that
p=2and N > 3; if N > 3, then (Z/2VZ)* is the direct product of two cyclic
groups, one of order 2, the other of order 2V =2, Let X be a smooth, projective,
geometrically connected curve defined over the finite field F, with ¢ elements and
let co be a rational point on X. We set K to be the function field of X over F,
and A C K to be the Dedekind domain of functions regular outside co. We will
consider the Drinfeld A-modules. From the view point of class field theory, these
modules are interesting arithmetic objects over function fields. In particular, the
rank one Drinfeld A-modules play a role entirely analogous to the important role
played by G,, over number fields. This naturally leads us to explore an analogous
phenomenon for rank one Drinfeld A-modules.

Let Ko be the completion of K with respective to oo and let C4, be the comple-
tion of the algebraic closure of Ko, with respect to co. Let Coo {7} = Endr, (Go/Co)
be the twisted polynomial ring in the ¢*" power Frobenius mapping 7. A rank one
Drinfeld A-module ¢ over Cy, is an injective ring homomorphism ¢ : A — Coo {7}
such that the constant coefficient of 1, (7) is equal to a and deg. ¥,(7) = —Ordya
for all a € A. A sign-function (cf. [5] and [3]) sgn : K, — F* is a co-section of the
inclusion map F* — K7 such that sgn(a) =1 for all @ € K with a — 1 vanishing
at 0o. A Drinfeld A-module v of rank one over C,, is said to be sgn-normalized
if the leading coefficient of ¥,(7) in 7 is equal to sgn(a) for all 0 # a € A. Tt
is known [5] that any Drinfeld A-module of rank one over C is isomorphic to a
sgn-normalized A-module ¢ over H, where H is the Hilbert class field of A, i.e.,
H is the maximal abelian extension of K such that the extension H / K completely
splits over oo and is unramified over every finite place of K.

Received by the editors July 23, 1996 and, in revised form, December 26, 1996.
1991 Mathematics Subject Classification. Primary 11G09; Secondary 11A05.
Key words and phrases. Drinfeld modules, Hilbert class field.

©1998 American Mathematical Society

1955



1956 CHIH-NUNG HSU

Let B be the integral closure of A in H and let ¢ be a rank one sgn-normalized
Drinfeld A-module. Let 9% be an ideal in B. Via the action of ¢ (mod 9), B /9
becomes a finite A-module. We denote this by (B /9). This finite A-module
plays the role of G,,(Z/pN7Z). The purpose of this note is to determine the A-
module structure of (B /9). It is sufficient to consider the case (B /PBY), where
B is a prime ideal in B. The structure of (B /B*) is obtained in Theorems 2.1
and 2.2. In particular, if ¢ is the Carlitz F[t]-module ([3], chapter 3) and ¢ # 2,
then ¥(B /BY) is always cyclic (cf. Corollaries 2.1 and 2.2). The Carlitz case is
completely analogous to the classical case.

In section 3, we discuss the relations between By and lim ¢(B /BN via the
exponential and logarithm functions of the sgn-normalized Drinfeld module .

2. THE STRUCTURE OF (B /BY)

Let the notation X,Fy, 00, K, A, H,B and sgn be as in the introduction. If M is
a commutative Fy-algebra, we let M{7} denote the composition ring of Frobenius
polynomials in 7, where 7 is the ¢'" power mapping. From now on, we let ¥ be a
sgn-normalized rank one Drinfeld A-module over H, i.e., ¢ : A — H{7} is a rank
one Drinfeld A-module over H such that for any a € A, the leading coefficient of
)a(7) is equal to sgn(a). It is known that ¢,(7) € B{r} for all a« € A. Thus,
via 9, B becomes an A-module. We denote this module by (B) and denote
the action 1,(7)(b) by b* for all @ € A,b € B. Let 9 be an ideal in B. Since
P(A) C B{r}, it follows that, via ¢ (mod 91), B /M becomes a finite A-module.
We denote this finite module by ¥(B /9). If the decomposition of 90 is equal to
‘B{V“Bé\@ e gL, where B, P, - - - , P are prime ideals in B, then, by the Chinese
remainder theorem, we have

L
(B /M) = P v (B /).
i=1

Thus to determine the A-module structure of (B /91), it is sufficient to consider
the case (B /PBY), where P is a prime ideal in B. Let p = P N A and let f be
the dimension of the vector space B /B over A /p. It follows from class field theory
that Normil3 = @/ is a principal ideal in A. We let o/ = () for the unique
element m, € A with sgn(m,,) = 1. It is known that ¥(B /%) is a cyclic A-module
with Euler-Poincaré characteristic 7w, — 1 (cf. [3], chapter 4), i.e., as A-module,

P(B/B) = A/ (mp —1).

We let ¢, () be the monic generator of the left ideal of H{7} generated by v, (7)
for all a € p. We also denote the polynomial ¥, (7)(z) in « by «¥ for all z € H. The
important property of the polynomial ¥, (7), p C A a prime ideal, is the following
(cf. [5], Proposition 11.4):

f(@) = po(r) (@) /v = 2¥/x
is an Eisenstein polynomial over B at any prime ideal 3 above p. Let ¢, = f(0) € B.
Then we have degy ¢, = 1. If p is a rational point on the curve X (ie., p is a
prime ideal in A of degree one) defined over Fa, then ¢, (1) = ¢, 7° + 7! € B{r},
Le., 2% = ¢, (7)(z) = cpr + 22, where ¢, € P but ¢, ¢ B>

Lemma 2.1. Suppose that N is a positive integer, B and @ are as above. Then
for any by, by € Y(B), if by = by (mod PY), then b = b§ (mod PN +1).
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Proof. We may write by = by + 2 for some =z € V. Then, by the Eisenstein
polynomial property,

b = (bo+2)° =b§ +2° =b§ (mod PV, O

Lemma 2.2. Suppose that B, p and c, are as above. Then:

(1) If N > 2 is a positive integer, then 2" = z-c) 72 (mod PN) for all z € P
except for the case that p is a rational point on the curve X defined over Fa.
(2) If p is a rational point on the curve X defined over Fo (i.e., p is a prime
ideal of A of degree one) and N > 3 is a positive integer, then
" =g cgf_3 (mod L)
for all z € PB2.
(3) If p is a rational point on the curve X defined over Fo, then for all x € P, x #
0,c, (mod P?), we have ¥ € P? but z° & P3.

Proof. Assertion (1) is obvious for N = 2. Now suppose that it is true for N > 2,
ie.,

" T =a cg_Q (mod PN).

We show that it is true for N 4+ 1. Applying Lemma 2.1 and the Eisenstein poly-
nomial property, we have
N-—-2

@ W= (N2 =y (- N2 4 (2 N2 (mod BN,

If ¢ # 2 or g = 2 and g is not a rational point on the curve X over Fy (i.e.,
q4e® > 3), then we have (z - cg_z)qdcg " e PN+ Hence
= xcg_l (mod PN,
This completes the proof of (1). The proof of (2) is similar.
To prove (3), since € P and degy ¢, = 1, 2¥ = ¢, -z + 2® = x(x + ¢,) € P°.
The assertion =¥ ¢ P> follows from the facts that the characteristic of B is 2 and
z#0,c, (mod PB?). |

Lemma 2.3. Suppose that P and p are as above. Then:

(1) If N > 2 is a positive integer and x € B,z ¢ P2, then the submodule (T)
of v(B /BN generated by T = x (mod PY) € (B /BY) is isomorphic to
A /N~ except for the case when @ is a rational point on the curve X defined
over [Fs.

(2) Suppose that @ is a rational point on the curve X defined over Fo. If N > 3
is a positive integer and x € B2, x & P2, then the submodule (T) of (B /PN)
generated by T = x (mod PV) € ¥(B /PBY) is isomorphic to A /N 2.

(3) Suppose that @ is a rational point on the curve X defined over Fy and N > 2.
Then for all x € P,z # 0,c, (mod P?), the submodule (T) of (B /PV)
generated by T = x (mod BV) € (B /PBY) is isomorphic to A /N L.

Proof. By Lemma 2.2 (1), 2¢" =z - ¢! (mod PN*!). Since degg ¢, = 1 and
x € B, we have

N-—1

2 =0 (mod PN).
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Again by Lemma 2.2 (1), degpc, =1and x € P,z ¢ DLE

" =g Cg—z #0 (mod PBV).

Since (Z) is a cyclic A-module, (%) is isomorphic to A /p¥~!. The proof of (2) is
similar, and the proof of (3) follows from Lemma 2.2 (3), (2). O

Let [H : K] = fr be the class number of A, where f = [B /P : A /p]. Then the
main result is

Theorem 2.1. Suppose that B, p, m, and f are as above. Then
A/(mp—1) if N =1,
Af(me -1 @ (AfpN Y N>,

except for the case when g is a rational point on the curve X defined over Fs.

(B /PBY) = {

Proof. The case N = 1 follows from the theory of Drinfeld modules over finite
fields (cf. [3], Chapter 4). We suppose that N > 2. Given = € ¢(B). Since
P(B/P) 2 A /(r, — 1), it follows that 2™~ =0 (mod B). By Lemma 2.2 (1), we
have

(z™ " =0 (mod BV).

This implies that the Euler-Poincaré characteristic of any A-cyclic submodule of
(B /PBY) divides (7, — 1)V L.
Since 1(A) C B{7}, ¥(B/PY) is a submodule of (B /PBV). We have

dimg, P (P/PY) = (N — 1) dimg, B /P = f(N — 1) dimg, A /p.
Since z¢" ' =0 (mod PBV) for all z € P (by Lemma2.2 (1)), as A-module

l
(PPN = @ A/pmi

for suitable positive integers 1 <nj; <ng <--- <m; < N — 1 such that
ng+ne+---+n=(N-1)f
By Lemma 2.2 (1) and Lemma 2.3 (1), the subset of elements z in ¥ (B/B") such
that 2" ~ =0 (mod P) is equal to (P2 /PY). Counting cardinalities, we must
have
l=f nm=ny=---=npy=N-1.
Thus we get

D(P/PY) = (A /N

Next, we take g € B such that g (mod ) is a generator of ¥(B /). We let (g)
be the A-submodule of (B /BY) generated by g = g (mod PBV) in (B /PBV). We
define the A-module homomorphism x : (g) — % (B /P) by x(z (mod PV)) = =
(mod *B) for all z (mod PV) in (g). Since g (mod P) is a generator of (B /P)
and x(g (mod PY)) = g (mod P), x is a surjective homomorphism of (g) onto
(B /PB). This implies that (m, — 1) divides the Euler-Poincaré characteristic of
»(B /PBY), because (g) is a submodule of (B /PBY). Combining these, we ob-
tain that (7, — 1)p/ V=1 divides the Euler-Poincaré characteristic of (B /BV);
this implies that the Euler-Poincaré characteristic of (B /BY) is equal to
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(7o — D)pf =1, hence (g) (or ¢(B /PBY)) contains an A-submodule which is iso-
morphic to A /(m, — 1). Therefore, we obtain that
~Y — f
Y(B/PY) = A/ (m, D@ (A/p"T1)T. O

Theorem 2.2. Suppose that p is a rational point on the curve X defined over Fa.
Then

A/(my = 1), if N = 1;
PB/PN) = A (r, — 1) @ (A [p), ifN =2
Af(mg—1) @A Jpd (A /NN T@A /N2 ifN >3.

Proof. The case N = 1 is standard. We suppose that NV > 2. Using Lemmas 2.2
and 2.3, the proof is almost the same as the proof of Theorem 2.1. We obtain that
the Euler-Poincaré characteristic of any A-cyclic submodule of (B /BY) divides
(mo—1)p™ 1, the finite A-module 1 (B/P") is annihilated by ¥ ~1, and (B /PBV)
contains an A-submodule which is isomorphic to A /(7m,—1). From these, we deduce
that the Euler-Poincaré characteristic of (B /) is equal to (r, —1)pf V=1 and

V(B /PY) = A /(m, —1) & Y(P/PY).

Next, we deal with the A-module structure of ¥(B/PY). For N = 2, since
»(P/PB?) is annihilated by g, counting the dimension of (P /P?) over A /p, we
obtain that 1 (/P?) = (A /p)/. For N > 3, since p is a rational point on the curve
X defined over Fy and [B /P : A /p] = f, as abelian group B/P2 = (A /p)/ = F}.
Let S be the A-submodule of ¥ (B/PBY) generated by elements z (mod PBV) is
such that x € 8 but = € PB2. We define the abelian group homomorphism x : S —
P(P2/P3) by x(z (mod PV)) = 2¢ (mod P3) for all  (mod PV) € S. From
Lemma 2.2 (3), we know that if z (mod BV) € S is such that y(z (mod PV)) =0,
then z = 0,¢,, (mod PB?). This implies that dimg, x(S) = f — 1. Combining this
with Lemma 2.3 (3) and the fact that S is annihilated by ™ =1, we obtain that

S=A/pa(A/pNHI T

Since x(cp (mod PY)) = 0 and ¢, (mod PV)) € S, there exists an element
r € P2 x & P2, such that x (mod P3) ¢ x(S). By Lemma 2.2 (2), we know
that (x (mod PB)) is a submodule of (P/PV) which is isomorphic to A /N 2.
Combining these and counting the dimension of ¥(B/PN) over A /p = Fy, we
obtain that

YB/PY) = A/ (r, D) @A oD (A/p" ) T e A [N
This completes the proof. O

As an application, we let A = F,[t] and let ¢ be the Carlitz A-module, i.e.,
¢: A — TFy(t){r} is given by

Ge(1) = tr0 + 71
Then we have

Corollary 2.1. If N is a positive integer and p = (p) is a prime ideal in A gen-
erated by the monic polynomial p, then the finite A-module

S(AJo™) = A /(PN —p" T
is cyclic except for the case when F, equals Fo and p | t(t +1).
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Corollary 2.2. If N is a positive integer, A = Faft], p = (p) with p = t or
t+ 1€ A, then the finite A-module ¢(A /") is isomorphic to

A/(p—1)7 ifN =1,

A/t +t), if N =2;
A/ +t)DA/(pN2) if N > 3.

3. PASSAGE TO THE LIMIT

Let the notation X,[Fy,00,K, A, H,B, f, 7, and sgn be as before. Let ¢ be a
sgn-normalized rank one Drinfeld A-module over H. Suppose that P and @ are as
in section 2 and g does not correspond to a rational point on X if ¢ = 2. It is
well-know that there exists a lattice U, { € Coo, U an ideal of A, of rank one such
that ¢ is determined by this lattice. The exponential function e, associated to ¢
is defined to be

ep(@) == [ (1 - i) e H{{r}}.

acU a.C

Let Hy (resp. K,) be the completion fields associated to 8 (resp. p). Let By C Hyp
and A, C K, be the rings of integers.
It follows from theorem 2.1 that as A-module

(By) = ¢(lim B /BY)
= lim (B /P)
—1lim A /(m, — 1) & (A /1)
=A/(my — 1) ® A
=A/(r, —1)®Bg.

f

We know that the coeflicients of e, are in H and these coefficients are obtained by
solving a recursion equation via any ¥, a € A,a € F, (cf. [3], Lemma 4.6.5). We
can deduce from this recursion that e, converges in a neighborhood of 0. Thus
there exist element a € Hyqp such that e(z) = ey(a - x) is an analytic injective
function of By into Byz. By the property of the exponential function ey, we obtain
that e(ax) = 1,(e(x)) for all a € A. Combining these, we have

Theorem 3.1. As A-module,

A/(mp—1)®A/p® By if ¢ =2 and p is a rational point,

V(By) = {A/(w@ —1)® By otherwise.

Moreover, one has an analytic map e : By — ¢(By) satisfying the following com-
mutative diagram:

By —— 9(By)

| or
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