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ABSTRACT. Let L be an orthomodular partially ordered set (“a quantum
logic”). Let us say that L is nearly Boolean if L is set-representable and
if every state on L is subadditive. We first discuss conditions under which
a nearly Boolean OMP must be Boolean. Then we show that in general a
nearly Boolean OMP does not have to be Boolean. Moreover, we prove that
an arbitrary Boolean algebra may serve as the centre of a (non-Boolean) nearly
Boolean OMP.

1. INTRODUCTION AND BASIC NOTIONS

Orthomodular posets (OMPs) are certain “nondistributive” generalizations of
Boolean algebras. They are sometimes called “quantum logics” when viewed as
event structures of quantum experiments. The states of the experiments are then
associated with probability measures on the corresponding OMPs, called “states”
for this reason, which do not in general enjoy standard Boolean features. For
instance, they do not have to be subadditive (a state s on an orthomodular poset L
is said to be subadditive if for any a,b € L there exists ¢ € L such that ¢ > a,c>b
and s(c¢) < s(a) + s(b)). In fact, the subadditivity of all states is quite a strong
condition imposed on L. If, moreover, we require L to be set-representable, which is
a conceptually important “Boolean-like” condition, we find L to be intrinsically very
near a Boolean algebra. A natural question arises whether these “nearly Boolean”
OMPs do not have to be Boolean. This turned out to be a fairly nontrivial problem.
Moreover, since subadditive states can be viewed as “strongly Jauch-Piron states”
(see [1] and [13] for comments on the Jauch-Piron property in quantum theories),
the problem has a bearing on quantum axiomatics. We show in this paper that
non-Boolean nearly Boolean OMPs exist abundantly. (Observe that the o-complete
version of this problem, which is quite different in its mathematical nature, has
been solved in [3]. Notice also that for lattices the abundance of subadditive states
implies distributivity [14], and therefore in this case one finds oneself in the realm
of Boolean algebras.)

It should be noted that the construction we present here is not entirely new —
the technique of [6] and [7] designed for Jauch-Piron states is used as an essential
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tool. We have adapted it to our purpose in some places. Explicit novelties seem to
be Th. 2.1 (v), Prop. 2.2 and Th. 2.5.
Let us now introduce the notions we shall need in the sequel.

1.1. Definition. Let 2 be a set and let A be a collection of subsets of 2. The pair
(Q, A) is called a set-representable orthomodular poset (a SROMP) if the following
three conditions are satisfied:
(i) Qe A,
(ii) if A€ A, then Q — A € A,
(iii) if A, Be Aand ANB =, then AUB € A.

The SROMPs have proved to be of a considerable conceptual value for both
noncommutative measure theory and quantum axiomatics (see [11] and [4]). It can
be easily shown ([13]) that the SROMPs are exactly those (general) orthomodular
posets which admit a set-theoretic representation with set-theoretic union and set-
theoretic orthocomplementation for the OMP operations. Obviously, a SROMP is
a Boolean algebra exactly when it is closed under the formation of intersections.

1.2. Definition. Let (2, A) be a SROMP. By a state on (2, A) we mean a map-
ping s: A — (0, 1) such that

(i) s() =1,
(ii) s(AU B) = s(A) + s(B) provided A,B € A and ANB = .

Let us denote by S(£2, A) the set of all states on (2,A). We will often write
simply S(A) instead of (2, A) if Q is clear from the context or not needed in the
reasoning. By a standard argument, S(A) is easily seen to be a convex set compact
in the pointwise topology. We will use this fact a few times in the sequel.

1.3. Definition. Let (©, A) be a SROMP and let s € S(A). We say that the state
s is subadditive if the following condition is satisfied: If A, B € A, then there is a
set C' € A such that C D AU B and, moreover, s(4) + s(B) > s(C).

If (2,A) is a Boolean algebra, then all states on A are subadditive (we simply
take A U B for C). In SROMPs, we typically have both subadditive and non-
subadditive states. The following example well illustrates the situation.

1.4. Example. Let r be a positive rational number. Let = (0,r) x (0,7) and,
further, let A = {A C Q|A is a Lebesgue measurable set in  such that p(A) is
a rational number, where p is the Lebesgue measure}. Then a routine verification
gives that (Q,A) is a SROMP. Fix a set B € A with u(B) > 0, and define a
mapping sp: A — (0,1) by putting sp(A) = u(/lj(—g)A) Then sp is a state on
(Q,A). It can be shown that sp is subadditive if, and only if, u(B) is a rational
number.

Let us now introduce the central notion of this paper.

1.5. Definition. Let (€2, A) be a SROMP. If every state s on 2, A) is subadditive,
then (Q, A) is called nearly Boolean.

In what follows, we will analyse how “near” the nearly Boolean OMPs are to
Boolean algebras.
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2. RESULTS

The following theorem lists the hitherto known cases in which nearly Boolean
implies Boolean (the statement (vi) is auxiliary). We provide sketches of all proofs
for the sake of completeness, though some of the proofs can be extracted from [8]
and [12]. (Let us recall that a maximal Boolean subalgebra of an OMP is called a
block. Obviously, every Boolean subalgebra of an OMP can be enlarged to a block.)

2.1. Theorem. Let (Q2,A) be a SROMP. Then the following statements hold true:

(i) If A is a lattice, then A is Boolean.
(i) If Q is countable, then A is Boolean.
(i) If A posseses only finite blocks, then A is Boolean.
(iv)
)
)

—

iv
(v

(vi

If A posseses only finitely many blocks, then A is Boolean.

If A is 2X0-complete, then A is Boolean.

If Ay, As, ..., A, are sets from A, then there is a finite collection of sets from
A, call them By, Ba,...,B,, such that ﬂign A = Ujgm B;. If, moreover, a
positive € is given, then the sets By, Ba, ..., By, can be chosen so that for any
state s € S(A) such that s(A;) =1 for each i < n there is a B; (j < 'm) such
that s(B;) >1—«¢.

Proof. (i) Take two sets A, B € A and consider A A B. We want to show that
AAB = ANB. Suppose that it is not the case. Then there is a point p € Q such that
p € (AN B)— (AN B). Consider the two-valued state s, concentrated at the point
p. Thus, s,(c) =1 if, and only if, p € C. Then s,(Q — A) = 5,(2 — B) = 0. Since
s, is supposed to be subadditive, there is a set C' such that C' > (Q — A) U (Q — B)
and 5,(C) < 5,(Q — A) + 5,(Q — A) = 0. Tt follows that s,(C) = 0. If we put
C = Q—C, then 5,(C) = 1 and therefore C' # (). Moreover, C C AN B and p € C.
By the definition of infima, C' C A A B, and this is a contradiction. We have shown
that AN B € A for any A, B € A, and this means that (2, A) is Boolean.
(ii) Suppose that A,B € A and AN B # 0. Put AN B = {p,|n € N} and

1
s = Z 2—nspn,
nenN

where s, are states concentrated at p,. Obviously, s(4) = s(B) = 1, and the
subadditivity of s guarantees a set C' such that C' € A, C C AN B and s(C) = 1.
But then C = AN B, and this is what we wanted to show.

For the proof of the remaining properties, let us first verify the condition (vi) of
Th. 2.1.

(vi) Let us first observe a simple fact which we formulate as a lemma.

Lemma. Suppose that (Q,A) is a SROMP. Suppose that {A1, As,..., A} C A
and suppose further that s(A1) = s(As) = --- = s(A,) = 1 for a subadditive state
s € S(Q,A). Then there is a set B, B € A, such that B C ()., A; and s(B) = 1.

Proof of the Lemma. We will first prove the lemma for two sets, A; and As. Sup-
pose that s(A4;) = s(A2) = 1. Then s(Q — 4;) = s(Q — A3) = 0. Since s is
subadditive, there is a set B such that B D (2 — A;) U (2 — Ay) and s(B) <
s(2— A1) + s(2 — A2) = 0. If we put By = Q — B, then B; C A; N Ay and

Let us now proceed inductively. Suppose that for A1, Ay we have the required set
By. Let us consider the sets By, A3, and find the set By such that By € By N Az C
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A1 N Az N Az and s(Bs2) = 1. Going on in this way, we finally take B, _; for B,
which establishes the lemma. O

Let us return to the proof of of Th. 2.1(vi). Suppose that {41, As,..., A} C
A. If ,.,, Ai = 0, then there is nothing to be proved. Suppose therefore that
Nicn Ai # 0. Put S = {s]s € S(,A) and s(A1) = s(42) = --- = s(4,) = 1}.
Obviously, S # (. Moreover, since S is a closed subset of the (compact) set S(€2, A),
the set S is also compact. Put B = {B|B € A and B C (,,, Ai} and set, for any
B € B, Sp = {s € S(Q.A)|s(B) > 0}. Every set Sp is obviously an open set
in S and, by our lemma, & = JzczSp. This means that {Sp|B € B} is an
open covering of S, and therefore there is a finite collection By, Bs, ..., B,, such
that S = |U,,, SB,- It remains to be shown that J,,, Bi = ();<, 4i- If this
is not the case, then there is a point p € (-, Ai — U;<,, Bi- Let us consider
the state s, concentrated at p. It follows that_sp(Ai) =1 for any 4, i < n, and
therefore s, € S. On the other hand, s,(B;) = 0 for any B; (i < m), and this
is absurd. (For the additional statement of Th. 2.1(vi), we simply take the sets
S5 = {s € S|s(B) > 1 — ¢} in the above proof instead of Sp.)

(ili) Let us suppose that (2, A) possesses only finite blocks. If A,B € A and
AN B # (), then there is a nonempty set C; € A such that C; ¢ AN B (Th.
2.1(vi)). If (A—C1)N (B —C1) = 0, we are done, for AN B = A. If not, then there
is a nonempty set C such that

Cy C (A—Cl)ﬂ(B—Cl).

If (A—(C1UC))N(B—(C1UC%)) = B, we are done. If not, then there is a nonempty
set C3 such that C3 C (A—(C1UC2))N(B—(C1UCY)), ete. If | J,,, Ci = ANB for
some n € N, we are done. If not, then there is a countable collection {C;|i € N'} of
mutually disjoint sets which belong to A. But then the Boolean algebra generated
by {Ci]i € N} in A is infinite, which is a contradiction. Thus, (Q,A) must be
Boolean.

(iv) Suppose that (2, A) possesses exactly n maximal Boolean subalgebras. Take
any two sets Ay, Ao C A, and consider Th. 2.1 (vi) for e = % We see that there is
a collection {By, B, ..., B} C A such that |J;,, B; = 41 N Az and, moreover,
for any state s € S(A) with s(A;) = s(Az) =1 there is B; such that s(B;) > 1—1.
Since every B; (j < m) must belong to a maximal Boolean subalgebra of A, we may
(and shall) assume that m < n (otherwise we simply take the unions of those B;
which belong to the same maximal Boolean subalgebra of (2, A)). We may further
assume that B; # A; N Ay for any j (j < m). This means that there are points
pj € 2 (j < m) such that, for any j <m, p; € (A1NA2)—B;. Puts=3",_ Ly,
(sp, is the state concentrated at p;). Then s(B;) <1—-L <1—1 forany j <m,
and this is a contradiction. It follows that (€2, A) is a Boolean algebra.

(v) This part strengthens a result of the paper [6], where the author proves the
same fact for complete SROMPs. We have not been able to prove (or disprove) the
same statement for o-complete SROMPs (this problem has already been raised in
6]).

Let (2, A) be a 2¥-complete SROMP. In other words, let (€2, A) be closed under
the formation of the unions of the pairwise disjoint collections of elements from A
consisting of at most 2% elements. Take arbitrary sets A, B € A and find the
collection By, Ba, ..., Bm € A such that U;<,, B = AN B (Th. 2.1 (vi)). Put
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By = {Bj|j < m}. We will show that |J
will mean that (€2, A) is Boolean.

Form the coarsest partition, P1, of AN B that refines the covering B; of the set
AN B. Thus, Py consists of the sets (;<,, B;, where B; is either B; or Q — B;.
Write P; = {Cx|k < r}. By Th. 2.1 (vi), every C can be expressed as a union of
the type Up<S BS for some s € N, where BS € A for any p, p < s. Obviously,

Bj € A, proving that AN B € A. This

j<m

UBy=4nB.

k<r

p<s
Put By = {B§|k < r,p < s} and denote by Ps the coarsest partition of AN B that
refines By. Going on in this way, we obtain a countable collection B;,Bs,... of

coverings of A N B with the following property. If P € B, (u € N) and Q € B,
(v € N) for u < v, then the following implication holds true: If P N Q # (), then
P C Q. It can be easily seen that the sets of the type Py N Po N P3N ..., where
P; € B;, belong to A (here even o-completeness would suffice) and, moreover, these
sets constitute a partition of A N B into not more than 2%° sets. This means that
AN B e A, and the proof is complete. O

The previous results indicate that if “properly” nearly Boolean OMP exist, they
must be rather complicated. It therefore seems probable that the following proce-
dure for constructing non-Boolean nearly Boolean OMP can hardly be simplified.
The following result, which generalizes step VI in the proof of Theorem 1 in [6],
provides an essential argument.

2.2. Proposition. Let (2, A) be a SROMP, and suppose that for any pair A, B €
A there exist an uncountable set I and a collection Cy, Do € A (a € I) such that
the following two conditions are satisfied:
(i) For anya €I, C, UDy, = AN B.
(ii) If a # B, then Co N Cg = 0.
Then (2, A) is nearly Boolean.

Proof. Let s € S(A) be a state on A. We must show that s is subadditive. Suppose
that A, B € A. We have to exhibit aset D, D € A, such that D D> AUB and s(D) <
5(A)+5s(B). Let A=Q— A and B=Q— B. Let Cy, Dy (o € I) be the collection
ensured by the assumption of Prop. 2.2 taken for A and B. It can be seen easily that
there is an index ag € I such that s(Cy,) = 0. Indeed, if s(C,) > 0 for any « € I,
then there is an infinite set J, J C I, such that s(C;) > % for some n € N. Since
the collection Cy, (a € I) consists of mutually disjoint sets, we reach a contradiction
with the additivity of s. Consider now the set C,. Since Co, U Dy, = An B, we
see that (A — Cu,) N (B — Dg,) = 0. Tt follows that s(A — Cu,) + s(B — D) < 1

and therefore s(A) — $(Cy,) + 5(B) — s(Da,) < 1. Since s(C,,) = 0, we obtain
5(A)+s(B) < 1+48(Dg,). Put D =Q—D,,. Then D > AUB, because D, C ANB.
Also, Do = Q — D and A = Q — A,B = Q — B. Substituting into the inequality
5(A)+5(B) < 1+ s(Dy), we have 5(Q2 — A) +s(Q2 — B) < 14 5(Q — D). This yields
1—s(A)+1—3s(B) <1+1—s(D), which gives the inequality s(D) > s(A)+ s(B).

(]

The proof of Prop 2.2 is complete.

Before we take up the construction of the desired example, let us recall the
following simple but useful fact (see [7] for the definition and other considerations).
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2.3. Proposition. Let (2,%) be a Boolean algebra of subsets of Q. Let G be a
group. Let m: ¥ — G be a G-valued measure (i.e., m(¢) = 0, and m(AU B) =
m(A) + m(B) whenever AN B = 0). Then if H is a subgroup of G such that
m(QY) € H, then the set A ={A € X|m(S) € H} is a SROMP.

Proof. Obviously, ¢ € A. If A € A, then m(Q — A) = m(Q2) — m(A) € H. Thus,
Q—A € A. Finally, if A, B € A and ANB = (), then m(AUB) = m(A)+m(B) € H.
This means that AU B € A. The proof is complete. O

We are ready to present the example of a non-Boolean nearly Boolean OMP. We
omit some technical details, assuming the reader to the familiar with the standard
construction of Boolean field product and basic extension technique for measures
(see e.g. [5] and [15]).

2.4. Theorem. There is a non-Boolean nearly Boolean OMP.

Proof. Let P, @ be two disjoint uncountable sets of equal cardinality. Put S = PUQ
and consider the Boolean algebra B = (S, %) where ¥ consists of finite-cofinite
subsets of S. Let Z denote the group of whole numbers, and let 7y (resp. m2) be the
Z-valued measure m;: ¥ — Z (resp., ma: Y- Z ) which is determined as follows:
mi({z})=1ifze P, m({z}) =0if x € Q and m1(S) =1 (resp., ma({z}) =0 if
xz € Pom({z}) =1if x € Q and mo(S) = 1). Now, take countably many copies of
the Boolean algebra B and form the corresponding countable Boolean field product
B. Thus, B = (T,%), where T' denotes the cartesian product of countably many
copies of the set S and X consists of finite disjoint unions of “generalized rectangles”
in T (by a generalized rectangle in T' we mean a set of the type

Al X Ay x -+ x A, X H S,

j>n+1

where A; € ¥ for j < nand S; = S for j > n+ 1). Since m(S) = 1 (resp.,
ma(S) = 1), we can extend My (resp., mo) over the entire ¥, obtaining measures
my and mo on ¥. (Indeed, if V=41 X Aa x -+ x A,, X Hj>n+1 S; is a generalized
rectangle, we put

mi(V) = [[ma(4),  ma(V) =[] ia(As)
i<n i<n
and continue in the standard way - see e. g. [15].) Let m = my 4+ ma. Obviously,
m is a measure, m: ¥ — Z, and m(T) = 2. Let us denote by Zy the group of
even numbers considered as a subgroup of Z. Let A = {A € Z|m(A) € Z3}. Then
(T, A) is a SROMP (Prop. 2.3). We claim that (T,A) is a non-Boolean nearly
Boolean OMP.

First, let us show that (7, A) is not Boolean. Pick a point « € P and two distinct
points y1,y2 € Q. Let Vi = {z,y1} X [[;55 55, Vo = {z, 92} x [[;5,5; (S; = S for
j > 2). Then m(Vy) = m(Vz) = 2, and therefore A, B € A. On the other hand,
m(Vi NVa) = m({z} x [[;5, 5j) = 1, and therefore V1 N V2 ¢ A. Thus, (T,A) is
not Boolean.

Let us prove that (7, A) is nearly Boolean. We will verify that (T, A) satisfies
the assumption of Prop. 2.2. Suppose that A, B € A. If AN B € A, then we
put Co, = 0, D, = AN B, the index « formally varying over an uncountable set.
Suppose that AN B ¢ A. Then m(A N B) is an odd number. We have defined
m = my + msy, and we also know that A N B can be expressed as a disjoint union
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of rectangles, AN B = Uj<n R;. Since there is a rectangle, R;,, for which either
my(Rj,) # 0 or ma(Ry,) # 0, we see that we can find points pi,pa, ..., pm such
that the set V = {p1} x {p2} x -+ X {pm} X [I ;5,041 Sj (S; =S for j >m +1) is
a subset of AN B and, moreover, either m; (V) = 1 or ma(V) = 1. Observe that if
m1 (V) =1 then mo(V) =0, and if ma(V) = 1 then m4 (V) = 0.

Suppose that m1 (V) = 1 and ma (V) = 0 (the other case can be argued similarly).
Consider the set Sy,+1 (Sm+1 = 5) in the above expression of the set V. Take the
partition P, P = {E,|la € I}, of S,,41 such that the index set I is the set of
quadruples of elements of S,,11 and the sets E, are defined as follows: Every E,,
consists of four points, E, = {1, z2, x5, 24}, where x1,x2 € P and x3,24 € Q. For
any B, = {x1,x2, 23,24}, let us set

Co = {p1} X {p2} X -+ X {pm} X By X H S;

j>n+2

and

Do =ANB = ({p1} x {p2} x -+ x{pm} x {21} x H S5)-

§>n+2

Obviously, Cq, U D, = AN B for any « € I, and all sets C, belong to A. Since
the number m(D,) can be expressed as a difference of two odd numbers, we see
that m(D,,) is an even number and therefore D, € A for any a € I. The proof is
complete. O

The above result can be improved by ensuring an arbitrary degree of “absolute
compatibility” in nearly Boolean OMPs. In other words, it can be proved that there
are nearly Boolean OMPs with arbitrary centres (for the notion of compatibility and
centre in OMP, see e.g. [13]). This might be relevant to the logico-algebraic foun-
dations of quantum theories. Also, it establishes a proper class of nearly Boolean
OMPs. To keep the exposition short, we assume that the reader is aquainted with
the construction of a Boolean power of OMPs (see e.g. [9] and [2]).

2.5. Proposition. Let L = (Q,A) be a nearly Boolean OMP. Let B be a Boolean
algebra. Then the Boolean power, P, of B and L is a nearly Boolean OMP. More-
over, if C(A) denotes the centre of A and if C(A) = {0,1}, then C(P) = B.

Proof. This immediately follows from the description of the states on P (see e.g.
[10]) and from compatibility properties of a Boolean power (see e.g. [9] and [2]). O

2.6. Theorem. Suppose that B is a Boolean algebra. Then there is a non-Boolean
nearly Boolean OMP, L, such that C(L) = B.

Proof. Observe that the nearly Boolean OMP constructed in Th. 2.3 has a centre
consisting only of {0,1}. The rest follows from Prop. 2.4. |

Let us conclude this paper by formulating an open question that arises naturally
from Th. 2.3. Can every SROMP be faithfully embedded in a nearly Boolean
OMP? (An OMP embedding e: L — K is called faithful if a is compatible with b
in L exactly when e(a) is compatible with e(b) in K.) A positive answer to this
question could have a bearing on quantum axiomatics. It should be noted that the
o-additive version of this question has been positively answered in [3].
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