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p-INTEGRAL BASES OF A CUBIC FIELD

SABAN ALACA

(Communicated by William W. Adams)

ABSTRACT. A p-integral basis of a cubic field K is determined for each rational
prime p, and then an integral basis of K and its discriminant d(K') are obtained
from its p-integral bases.

1. INTRODUCTION

Let K = Q(0) be an algebraic number field of degree n, and let O denote the
ring of integral elements of K. If Ox = a1 Z+asZ+- - -+, Z, then {aq, ag, ..., an}
is said to be an integral basis of K. For each prime ideal P and each nonzero ideal
A of K, vp(A) denotes the exponent of P in the prime ideal decomposition of A.

Let P be a prime ideal of K, let p be a rational prime, and let o € K. If
vp(a) > 0, then « is called a P-integral element of K. If a is P-integral for
each prime ideal P of K such that P|pOk, then « is called a p-integral element
of K. Let {w1,ws,...,wn} be a basis of K over @, where each w; (1 < i <
n) is a p-integral element of K. If every p-integral element o of K is given as
a = ajwi + asws + -+ + anwy, where the a; are p-integral elements of @, then
{wi,wa,...,w,} is called a p-integral basis of K.

In Theorem 2.1 a p-integral basis of a cubic field K is determined for every
rational prime p, and in Theorem 2.2 an integral basis of K is obtained from its
p-integral bases.

Let K = Q(0), where 0 is a root of the irreducible polynomial

(1.1) 3 —axr+b=0, a,b € Z with vp(a) < 2 or vy(b) < 3;

see [2, p. 579]. The discriminant of 6 is A = 443 — 27b% and A = i(0)%d(K), where
d(K) denotes the discriminant of K, and () is the index of . For each rational
prime p, set s, = vp(A) and A, = A/p°».

The following three theorems are the special cases for n = 3 of Theorem 2.1,
Theorem 3.1 and Theorem 3.3, respectively, given in [1].

Theorem 1.1. Let K = Q(6) be a cubic field, where 0 is a root of the irreducible
polynomial (1.1). Let p be a rational prime, and let o = (x + yO + 62)/p™, where
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x,y,m€e Z, m>0. Set

X =3z + 2a,

Y = 322 + dax — ay® + 3by + a?,

Z = 23 4 2ax® — azxy® + 3bxy + ax — by® + aby + b2
Then « is a p-integral if and only if

X = 0(modp™), Y = 0(mod p*™), Z = 0(mod p™).
Theorem 1.2. Let K = Q(6) be a cubic field, where 0 is a root of the irreducible
polynomial (1.1). Let p be a rational prime, and let
Y + o (ueZ) and :Z?—I—y—9—|-92
D v’
be p-integral in K with the integers i and j as large as possible. Then
{1 u+0 x+y9+02}
Copt T pl

(z,y € 2)

is a p-integral basis of K, and
vp(d(K)) = vp(A) = 2(i + j).
Theorem 1.3. Let K = Q(6) be a cubic field, where 0 is a root of the irreducible

polynomial (1.1). If there are no rational primes dividing i(0), then {1,0,6%} is an
integral basis of K. Let p1,pa,...,ps be the distinct primes dividing i(6). Let

{1 2+ 6 28+ 2o+ 62 }
) Kt

)

kr.2
Dr
be a p-integral basis of K (r = 1,2,...,s) as giwen in Theorem 1.2. Define the
integers Xi(J) (i=0,1,...,5—1,7=1,2) by

Xi(j) = x(j.)(modp’,f”) (r=1,2,...,s),

i

and let T; = [[0_, pri (j =1,2). Then an integral basis of K is

. x40 xP +xPo+02
b) Tl b z‘y2 .

2. p-INTEGRAL BASES OF A CUBIC FIELD

Theorem 2.1. Let K = Q(0) be a cubic field, where 0 is a root of the irreducible
polynomial (1.1). Then a 2-integral basis, a 3-integral basis, and a p(> 3)-integral
basis of K are given in Table A, Table B, and Table C, respectively. (Note that the
notation a = b(modm) has been shortened to a = b(m) in the tables.)

Proof. The ideas of the proof are illustrated in one case for each table.

A: a = 1(mod4) and b = 2(mod 4). By Theorem 1.1, (x + yf + 6%)/2 is not a
2-integral element of K for any pair of integers z,y. Thus by Theorem 1.2, {1, 6, 6%}
is a 2-integral basis of K and v»(d(K)) = s2 = 3.

B: a = 3(mod9), v3(b) = 0,b> = 4(mod9), b* # a + 1(mod27). Then s3 =
v3(A) = 5. By Theorem 1.1, (z + 0)/3 is not a 3-integral element of K for any
rational integer x, and (1 — b + 62)/3 is a 3-integral element of K. One can also
see that (z 4 yf + 02)/32 is not a 3-integral element of K for any pair of integers
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TABLE A
|| Condition | 2-integral basis S2 [ v2(d(K)) ||
b=1(2) {1,0,6%} 0 0
a=0(2),b=2(4) | {1,0,6%} 2 2
a=0(2),b=4(8) | {1,0,0°/2} 4 4
a=2(4),b=0(8) | {1,0,0%/2} 5 3
a=1(4),b=004) | {1,0,(0+ 6%)/2} 2 0
a=3(4),b=0(4) | {1,0,0°} 2 2
a=1(4),b=2(4) | {1,0,0°} 3 3
a=3(4) {1,0,(x +y0 +6%)/2™} s22>5 3
b=2(4) m = (s2 —3)/2 s2 =1(2)
s2 =1(2) 3x = —2a(2™)
ay = 3(b/2)(2™)
a=3(4) {1,0,(z +y0 + 6%)/2™} s2 >4 2
b=2(4) m=(s2 —2)/2 s2 =0(2)
s2 =0(2) 3z = —2a(2™)
Ay = 3(4) ay = 3(b/2)(2™)
a=3(4) {1,0,(x+y0+6%)/2"T 1} | s2>4 0
b=2(4) m=(s2 —2)/2 s2 =0(2)
s2 =0(2) 3z = —2a(2™M)
As =1(4) ay =3(b/2) + 2™ (2"
TABLE B
|| Condition | 3-integral basis ss | ws(d(K)) |
v3(a) =0 {1,0,0%} 0 0
vs(a) =wvs(b) =1 | {1,0,0%} 3 3
1 =1wv3(b) < vs3(a) {1,0,6°} 5 5
2 =v3(b) = v3(a) {1,0,6%/3} 6 4
2= llg(b) < V,g(a) {1, 9,92/3} 7 5
1 =wv3(a) < v3(b) {1,0,0°/3} 3 1
v3(b) =0,vs3(a) > 1 | {1,0,(1 — b0 + 6°)/3} 3 1
a # 3(9)
b2 =a+1(9)
v3(b) =0,vs3(a) > 1 | {1,0,0°} 3 3
a Z 3(9)
b’ #a+1(9)
v3(b) = 0 {1,0,(1 — b0 + 6%)/3} 5 3
a=3(9)
b = 4(9)
b # a4+ 1(27)
v3(b) =0 {1,0,0%} 4 4
a = (9)
b% £ 4(9)
v3(b) =0 {1,(b+6)/3, s3> 6 | s3 —2[s3/2]
a=3(9) (x+y0 +6%)/3™}
b =a+1(27) m = [(s3 — 2)/2]
z = (—2a/3)(3™)
2ay = 3b(3™1?)
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TABLE C
|| Condition | p(> 3)-integral basis | Sp | vp(d(K)) ||
vp(a) =0,v,(b) > 1| {1,0,6%} 0 0
or
vp(a) > 1,vp(b) =0
1 =1v,(b) < vp(a) {1,0,6%} 2 2
2 =vp(b) < vp(a) {1,0,0°/p} 4 2
1 =vp(a) < vp(b) {1,0,6%/p} 3 1
U@ = vp(0) =0 | {16, (@ + 50+ O[5} [ 59 = 0 | 55 — 25 /2]
m= [SP/2]7
3z = —2a(p™),
2ay = 3b(p™)

x,y. Thus, by Theorem 1.2, {1,60, (1 — b0 + 6?)/3} is a 3-integral basis of K and
v3(d(K)) = 3.

C: vy(a) = vp(b) = 0. Set U = 9by — 2a® and V = 2ay — 3b. Then Y =
(22a2X? — U? — 3Ay?)/223a% and Z = (22a3X3 — 3aXU? — 32aAXy? — 3U3 —
32AUY? + 2aAU + 32bV3 + 232bAV — A?) /223343,

Let m = [sp/2]. Define integers x and y by 3z = —2a(modp™) and 2ay
3b(mod p™), respectively. Note that p>™|A. Then

30U = (4a® — A)y — 6a*b = 0(mod p™).

So, U=0(modp™). Hence, X =0(modp™), Y =0(mod p*™), and Z = 0(mod p>™).
Thus, by Theorem 1.1, (x + y# + 62)/p™ is a p-integral element of K. Therefore,
by Theorem 1.2, {1, 0, (z 4y + 62)/p™} is a p-integral basis of K, and v,(d(K)) =
sp — 2[sp/2]. O
Remark 2.1. Note that for any rational prime p, a p-integral basis of K is given in
the form {1,0, (R, + Sp0 + 02)/p™r} except in the case

v3(b) =0, a=3(mod9), b*>=a+ 1(mod27)

when a 3-integral basis is of the form {1, (b+6)/3, (R3+S30+6%)/33}. Furthermore,
for only finitely many rational primes p, 7}, is nonzero.

Remark 2.2. The discriminant of a cubic field given in [2, Theorem 2] follows from
Theorem 2.1.

The following theorem follows from Theorem 1.3 and Theorem 2.1.

Theorem 2.2. Let K = Q(0) be a cubic field, where 0 is a root of the irreducible
polynomial (1.1). For every rational prime p, set Ry, S, and T}, as in Remark 2.1.
Let R and S be integers such that for all primes p

R = R,(modp™) and S =S,(modp’?).
Let T be the positive integer T = Hp pTr. Then

R+ S0+ 62
{1,9,—T }

is an integral basis of K except in the case

v3(b) =0, a=3(mod9), b*=a+ 1(mod?27)
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when an integral basis is

) b+60 R+ SO+62
b 3 b T .

3. EXAMPLES

Example 3.1. Let K = Q(0), where 63 — 0 +4 = 0. Here a = 1 and b = 4.
Then A = —22.107. Hence so = 2, sjo7 = 1 and sp = 0 for every rational prime
p # 2,107. So R, = 0,5 =1 and 75 = 1. Therefore R = 0,5 =1 and T = 2.
Hence {1,0, (6 + 62)/2} is an integral basis of K and d(K) = —107.

Example 3.2. Let K = Q(6), where 6% — 2550 + 3850 = 0. Here a = 255 and
b = 3850. Then A = —2%.36.55.229. So, Ry = 2,8, = —1,T = 1,Ry =
1,53 =273 =2,R; = 0,55 =0, and T5 = 1. Therefore R = 10,5 = —25, and
T = 90. Hence {1, (3850 + 0)/3, (10 — 250 + 62)/90} is an integral basis of K, and
d(K) = —22 .5 229,
Example 3.3. Let K = Q(f3), where 3% — 3% — 823 + 311 = 0. Set 0 = 33 — 1.
Then K = Q(8) = Q(0), and 6> — 7410 + 7657 = 0. Hence, A = 3°-132-192. Then
R3; =1,53 =2, and T3 = 2. Therefore, R, .S, and T can be taken as R=1,5 =1
and T = 32. Hence

{1, (1+0)/3, (1420 +06%)/3%} = {1,8, 6%}
is an integral basis of K, and d(K) = 132 - 192.
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