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Abstract. If Y is a local Dedekind scheme and X/Y is a projective Cohen–
Macaulay variety of relative dimension 1, then R1f∗ω1

X/Y is torsionfree if and

only if X/Y is arithmetically Cohen–Macaulay for a suitable embedding in Pnk .

If X is regular then R1f∗ω1
X/Y

is torsionfree whenever the multiplicity of the

special fibre is not a multiple of the characteristic of the residue class field.

Regular differential forms play an important role in the local and global duality
theory of varieties and morphisms, and have been studied extensively over the last
few years (cf. [12], [5]). Given a complex projective manifold X and a morphism
f : X → Y to a reduced variety Y , J. Kollar has shown that Rif∗ωX is torsionfree
for any i ∈ N (cf. [10]). Little is known in the case of mixed characteristics, though
in particular in the case of arithmetic varieties the torsionfreeness of the cohomology
of canonical sheaves is of great interest. It appears in Bloch’s work on the de Rham
discriminant [2], and the second author has shown that it allows one to control the
ramification of the base change of arithmetic surfaces, hence giving explicit formulas
and estimates for the self-intersection number of canonical sheaves (cf. [14]).

In this note we develop some general criteria which reduce the problem of
torsionfreeness of the cohomology of canonical sheaves to a question on homo-
geneous coordinate rings. Using the special situation in the case of arithmetic
surfaces, we are able to settle the question in the case that the multiplicity of the
special fibre is not a multiple of the characteristic of the residue class field.

The work was done while the second author was a visiting fellow at the ICTP.
He would like to express his thanks to the mathematics section of the ICTP for its
hospitality. Both authors are grateful to Professor M. S. Narasimhan for helpful
discussions.

§1. Regular differential forms and residual complexes

Let Y be an integral noetherian scheme and let f : X → Y be a projective
morphism, Cohen–Macaulay, equi–dimensional of relative dimension d and with
geometrically connected fibres. We assume that X is reduced and f is generically
smooth, i.e. that the extension K(X)/K(Y ) of meromorphic functions is a direct
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1932 REINHOLD HÜBL AND XIAOTAO SUN

product of separable field extensions. In this situation the sheaf ωdX/Y of relative

regular differential forms of X/Y is well defined (cf. [11]), and it comes equipped
with an intergral ∫

X/Y
: Rdf∗ωdX/Y −−−−→ OY

such that (ωdX/Y ,
∫
X/Y

) is a dualizing pair for f , i.e. ωdX/Y is quasi–isomorphic

to Grothendieck’s f !OY (cf. [9]) in the derived category. In order to study the
torsion of the higher direct images Rif∗ωdX/Y we may assume that Y = Spec(D)

for some complete discrete valuation ring (D, π) whose residue class field k = D/πD
is algebraically closed. Write X = Proj(S) for some graded reduced D–algebra S =⊕

Sn. By ωd+1
S/D we denote the module of regular differential forms of S/D, and by

AS we denote the system of denominators consisting of those sequences F1, . . . , Fl
of homogeneous elements whose residue classes modulo π form an S/πS–active
sequence. For details on systems of denominators, modules CpAS

(M) of generalized

fractions of M with respect to AS and (unaugmented) Cousin-complexes C•AS
(M)

we refer the reader to [8] and [16], and also to [4]. Furthermore let E be a D-

injective hull of k and set E := Ẽ, the sheaf on Y associated to E. Furthermore let
K•S(m) := (C•AS

(ωd+1
S/D ⊗D E), d•)[d+ 1] be the Cousin complex of ωd+1

S/D ⊗D E with

respect to AS , and set K•X(m) := K•S(m)[−1]˜.

1.1 Proposition. C•AS
(S(l)⊗DE) ˜ is a flasque resolution of f∗E(l), and K•X(m)

is a complex of injective OX–modules and a representative of f !E.

Proof. First note that C•AS
(M) is exact and a resolution of M if and only if AS

consists of poor M–regular sequences. Thus C•AS
(S ⊗D E) is in general not exact;

however, for any homogeneous elementG ∈ S+ of positive degree, SG/D is a Cohen–
Macaulay–algebra, and hence all sequences (F) ∈ AS are E⊗D SG–poor sequences

(cf. [4] , §1), implying that C•AS
(S(l)⊗DE) ˜ is a resolution of (S(l)⊗DE) ˜ = f∗E .

As

CpAS
(S ⊗D E) ∼= ⊕ CpAS

(S ⊗ E)Ph ,

where the sum runs over all homogeneous primes of S/πS of height p, it follows that

C•AS
(S ⊗D E) ˜ also is flasque. Similarly, for any homogeneous G ∈ S+ of positive

degree, (ωd+1
S/D)G is a Gorenstein module, implying that (C•AS

(ωd+1
S/D ⊗D E))G is a

graded injective resolution of ωd+1
SG/D

⊗ E; hence K•X(m) is an injective resolution

of (ωd+1
S/R ⊗D E)˜ = (ωd+1

S/D)˜ ⊗OX f∗E . As ωdX/Y = (ωd+1
S/D)˜ by [5], (2.6), the

proposition follows.

1.2 Corollary. For i < d we have

Hi(X, f∗E(l)) = H i(C•AS
(S ⊗D E))l

and for i = d we have

Hd(X, f∗E(l)) = Cd+1
AS

(S ⊗D E)l.

Proof. First note that for i ≤ d we have

Γ(X,
⊕
l∈Z

CiAS
(S(l)⊗D E)˜) = CiAS

(S ⊗D E)
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as graded modules, and for i = d+ 1 we have

Γ(X,
⊕
l∈Z

Cd+1
AS

(S(l)⊗D E)˜) = 0.

Finally, for (F) ∈ Ad+1
S or (F) ∈ Ad+2

S we have that any G ∈ S(F) is an S/(πn,F)S–
regular element for trivial reasons (n ∈ N ), implying that

Cd−1
AS

(S ⊗D E) −−−−→ CdAS
(S ⊗D E) −−−−→ Cd+1

AS
(S ⊗D E) −−−−→ 0

is an exact sequence. From these facts the corollary follows immediately.

In this note we are interested in the torsionfreeness ofRif∗ωdX/Y . Clearly f∗ωdX/Y
is torsionfree by the reducedness of X . For i > 0 we have

1.3 Proposition. For i > 0 the following conditions are equivalent:

i) The sheaf Rif∗ωdX/Y is torsion free.

ii) The morphism

µπ : HomOY (Rif∗ωdX/Y , E) → HomOY (Rif∗ωdX/Y , E)

is surjective.
iii) The morphism

µπ : Homcont
D (Hi+1

S+
(ωd+1

S/D), E)0 → Homcont
D (Hi+1

S+
(ωd+1

S/D), E)0

is surjective.
iv) The map

µπ : H−(i+1)(HomS(ωd+1
S/D,K•S(m)))0 → H−(i+1)(HomS(ωd+1

S/D,K•S(m)))0

is surjective.
v) The morphism

µπ : Hd−i(C•AS
(S ⊗D E))0 → Hd−i(C•AS

(S ⊗D E))0

is surjective.

Proof. The equivalence of i) and ii) is an immediate consequence of the main the-
orem on finitely generated modules over principal ideal domains. ii) and iii) are
equivalent by [5], (2.6). For l < 0 we have that

HomS(ωd+1
S/D,Kl

S(m))0 ∼= Γ(X,HomOX (ωdX/Y ,Kl−1
X (m))),

implying that

Extd−iOX
(ωdX/Y , ω

d
X/Y ⊗ E) ∼= Ext−iOX

(ωdX/Y ,K•X(m))

∼= H−(i+1)(HomS(ωd+1
S/D,K•S(m)))0,

and the equivalence of ii) and iv) follows from [5], (4.2). Finally for the equivalence
of ii) and v) we note that in the derived category

f∗Ñ ∼= HomOX (ωdX/Y , ω
d
X/Y ⊗ Ñ)

for any D–module N , implying that

HomD(Rif∗ωdX/Y , E) ∼= Extd−iOX
(OX ,OX ⊗ E) ∼= Hd−i(C•AS

(S ⊗D E))0

by full duality for X/Y .
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1.4 Corollary. Suppose X/Y is arithmetically Sk+2, i.e. S and S/πS satisy Serre’s
condition Sk+2. Then Rd−if∗ωdX/Y is torsionfree and commutes with base change

for all i ≤ k.

Proof. As S/D is flat and S/πS is Sk+2, we get that Hd−i(C•AS
(S ⊗ E)) = 0 for

d− i ≤ k by [17], (3.3) and [4], §1, and the claim follows from (1.3).

1.5 Corollary. Suppose that X/Y is globally a complete intersection. Then the
sheaf Rif∗ωdX/Y is torsionfree as an OY –module for all i ∈ N .

1.6 Theorem. For k < d the following conditions are equivalent:

i) The sheaf Rd−if∗ωdX/Y is torsionfree for all i≤k.
ii) Rif∗OX commutes with base change for i ≤ k.
iii) Hi(C•AS

(S ⊗D E))0 ∼= Hi(X,OX)⊗D E for i ≤ k.
iv) There is an l > 0 such that

H0(C•AS
(S(l) ⊗D E)) = S(l) ⊗ E

and

H i(C•AS
(S(l) ⊗D E)) = Hi(X,OX)⊗D E for 1 ≤ i ≤ k.

Proof. As full duality holds for X/Y , we may assume (after replacing S by S(l) for
some l > 0 if necessary) that

Rdf∗OX(p) is locally free for p 6= 0,
Rif∗OX(p) = 0 for p 6= 0 and 1 ≤ i ≤ d− 1,

f∗OX(p) = S̃p for p 6= 0

(cf. [9], (11)). This implies the equivalence of iii) and iv) in view of (1.1) and the
fact that f∗OX = OY . Note, in particular, that the direct image sheaf f∗OX(p)
commutes with base change for any p 6= 0.

Assuming ii), we conclude from (1.2) that

H i(X,OX)⊗D E ∼= Hi(X, f∗E) ∼= Hi(C•AS
(S ⊗D E))0.

Hence ii) implies iii), and iii) clearly implies i) by (1.3)v). Thus it remains to show
that i) implies ii). As Rdf∗ωdX/Y commutes with base change, it follows from the

assumptions that Rd−if∗ωdX/Y is locally free and Rd−i−1f∗ωdX/Y commutes with

base change for all i ≤ k (cf. [3], III. (12.11)). Hence for any D–module N we have
isomorphisms

H i(X, f∗Ñ) ∼=ExtiOX
(OX , f

∗Ñ)

∼= ExtiOX
(ωdX/Y , ω

d
X/Y ⊗ f∗Ñ)

∼= HomD(Hd−i(X,ωdX/Y ), N)

∼= HomD(Hd−i(X,ωdX/Y ), D)⊗D N

∼= ExtiOX
(ωdX/Y , ω

d
X/Y )⊗N

∼= Hi(X,OX)⊗D N

by full duality for X/Y (cf. [9], (10) ii) b).

In general, the sheaves Rif∗OX are much harder to study than the sheaves
Rif∗ωdX/Y (cf. [10]). However, by the above we get in view of base change theory

([3], III. (12.11))
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1.7 Corollary. Suppose that Rd−if∗ωdX/Y is torsionfree for all i ≤ k. Then Rif∗OX

is torsionfree for all i ≤ k.

1.8 Corollary. Suppose d = 1, i.e. X is a surface. Then R1f∗ω1
X/Y is torsionfree

if and only if there exists a graded Cohen–Macaulay algebra S/D such that X =
Proj(S).

Proof. If S/D is Cohen–Macaulay, then R1f∗ω1
X/Y is torsionfree by (1.4). For the

converse we may assume that S is normal. As we have seen in the proof of (1.1),
we already have an exact sequence

C0
AS

(S ⊗D E) −−−−→ C1
AS

(S ⊗D E) −−−−→ C2
AS

(S ⊗D E) −−−−→ 0,

and by (1.6) we also may assume that

H0(C•AS
(S ⊗D E)) ∼= S ⊗D E,

so that C•AS
(S ⊗D E) is a resolution of S ⊗D E. Thus all sequences in AS are

poor S⊗D E–sequences by [17], (3.3). Any homogeneous S⊗DE–regular sequence
{F1, F2} in S+ is also an S/πS = HomS(S/πS, S ⊗ E)–regular sequence by the
graded version of [7], (E.9). Hence S/πS is Cohen–Macaulay, and the corollary
follows.

§2. Canonical sheaves on arithmetic surfaces

Much more special than the general case is the case of arithmetic surfaces, i.e.
we assume that D is a complete discrete valuation ring whose residue class field k
is algebraically closed with char(k) = p ≥ 0, char(Q(D)) = 0, Y = Spec(D), that
X is a regular scheme of dimension 2, and that f : X → Y is proper and flat with
connected fibres. By η resp. y we denote the generic resp. the closed point of Y ,

and by Xη resp. Xy the generic resp. the special fibre of f . Write Xy =
m∑
i=1

niFi

with reduced and irreducible curves Fi, and set n = g.c.d.(n1, . . . , nm), ki = ni
n and

F :=
m∑
i=1

kiFi.

2.1 Lemma. L := OX(F ) is a torsion element of Pic(X) of order exactly n.

Proof. Let π be the local parameter of D. Then

L⊗n = OX(nF ) = OXπ
−1 ∼= OX ,

so that L is torsion and r = ord(L)|n. Furthermore L⊗r = OX(rF ) ∼= OX , so
that there exists an s ∈ H0(X,L⊗r) = H0(X,OX) = D such that (s)0 = rF . But
obviously

(s)0

{
= 0 if π - s,
≥ (t)0 if π|s,

implying that r = 0 or r ≥ n.

2.2 Lemma. Let L be an invertible sheaf on F with deg(L|Fi) = 0 for i ∈
{1, . . . ,m}. Then h0(F,L) ≤ 1, and h0(F,L) = 1 if and only if L = OF .
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Proof. Assume that h0(F,L) ≥ 1 and let s ∈ H0(F,L) \ {0} be a section. Let
D1 =

∑
riFi be the maximal subdivisor of F with s|D1 = 0, and write F = D1+D2.

Hence s ∈ H0(F,OD2 (−D1)⊗ L), and s induces an exact sequence

0 −−−−→ OD2 −−−−→ OD2(−D1)⊗ L −−−−→ C −−−−→ 0,

where C is a sheaf on F with zero–dimensional support (by the maximality of D1).
The Riemann–Roch theorem on D2 implies

−D1 ·D2 = χ(OD2(−D1)⊗ L)− χ(OD2) = χ(C) = h0(F,L) ≥ 0.

Thus D2
1 = D2

2 = −D1 · D2 ≥ 0 (as Di · F = 0), implying by [1], (1.1)d that
there exist p1

q1
, p2q2 ∈ Q such that D1 = p1

q1
Xy, D2 = p2

q2
Xy with qi|n. As s 6= 0

we have D2 6= 0; hence D1 < F , i.e. D1 = 0, D2 = F , and s : OF → L is an
isomorphism.

Now set L = OX(F ) again. Then L|F = OF (F ) is a torsion element of Pic(F ).

2.3 Lemma. If ord(L|F ) = l, then h0(F,OνF ) = 1 for any ν ∈ {1, . . . , l}.
Proof. By (2.2) we have h0(F,OF (−νF )) = 0 for 0 < ν < l. Thus the exact
sequence

0 −−−−→ OF (−νF ) −−−−→ O(ν+1)F −−−−→ OνF −−−−→ 0

implies h0(F,O(ν+1)F ) ≤ h0(F,OνF ) for ν < l. As h0(F,OF ) = 1 (cf. [1], (2.6)),

and as h0(F,OF (−lF )) = h0(F,OF ) = 1, the lemma follows.

2.4 Proposition. If p - n, then the order of L|F is exactly n.

Proof. µn = Spec ( Z [T ]/(T n − 1)) is a finite group scheme over Z . For any scheme
Z we write µn,Z = Z ×SpecZ µn, and we denote by Zfl resp. Zet the scheme Z
equipped with the flat resp. étale topology. Then we have a commutative diagram

0 // µn,X

��

// Gm,Xfl

��

×n
// Gm,Xfl

��

// 0

0 // µn,F // Gm,Ffl
×n

// Gm,Ffl
// 0

with exact rows. As H0
fl(F,Gm,Ffl) = k∗,

H1
fl(F,Gm,Ffl) = Pic(F ) resp. H1

fl(X,Gm,Xfl
) = Pic(X)

(cf. [13], III.(3.9)), and as k is algebraically closed we obtain a commutative diagram

H1
fl(X,µn,X) //

��

Pic(X)

��

⊗n
// Pic(X)

��

0 // H1
fl(F, µn,F ) // Pic(F )

⊗n
// Pic(F )

with exact rows. If p - n, then µn,X and µn,F are étale group schemes over X
resp. F ; hence their flat and étale cohomology coincide. By the proper base change
theorem for étale cohomology this implies that H1

fl(X,µn,X) → H1
fl(F, µn,F ) is an

isomorphism (as Xy
∼= F as topological spaces). Thus ord(L|F ) = ord(L) = n.

2.5 Theorem. In the above situation assume that p - n. Then h0(X,OXy ) = 1,

and R1f∗ω1
X/Y , R1f∗OX are torsionfree.
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Proof. By (2.4) and (2.3) we get h0(X,OXy ) = 1; hence h0(X,OXη ) = h0(X,OXy )
= 1, and we conclude that f∗OX commutes with base change, implying by (1.6) that
R1f∗ω1

X/Y is torsionfree and by base change theory that R1f∗OX is torsionfree.

2.6 Corollary. In the situation of (2.5) assume that X/Y is projective. Then
there exists a graded Cohen–Macaulay algebra S/D such that X = Proj(S).

2.7 Conjecture. For any projective arithmetic surface X/Y there exists a graded
Cohen–Macaulay algebra S/D such that X = Proj(S).

2.8 Remark. i) If X is a regular scheme of dim(X) > 2, then Rif∗ωdX/Y may be

torsionfree for all i ∈ N without X/Y being arithmetically Cohen–Macaulay.
ii) If dim(X) = 2 and X/Y is projective and Cohen–Macaulay, then X/Y need

not be arithmetically Cohen–Macaulay, and in particular R1f∗ω1
X/Y need not be

torsionfree (cf. [6]). Thus the above conjecture is the strongest result one might
hope for.

iii) If g is the genus of Xη and Xy = n · F , then n(g(F )− 1) = g − 1, and hence
R1f∗ω1

X/Y is torsionfree if p - (g − 1).

iv) If the canonical map H1
fl(X,µn,X) → H1

fl(F, µn,F ) is injective for any n ∈ N
(for instance if we have a proper base change theorem in flat cohomology), then
the conclusion of (2.5) holds without any assumptions on (p, n).

§3. Good base extensions

Given an arithmetic surface f : X → Y as in section 2, the second author
examined in [15] the effects of base extensions on the self-intersection number of the
canonical divisor and the degree of its direct image. In this section we will examine
the effects of base extension on the higher direct images R1f∗ω1

X/Y and R1f∗OX .

Again we assume that we are in the local case, i.e. Y = Spec(D) for some complete
discrete valuation ring D with algebraically closed residue class field. Assume that

D̃/D is a finite extension of discrete valuation rings, set Ỹ := Spec(D̃), and consider
the following diagram:

X̃

f̃

��

α2
// X1

f1

��

α1
// X ×Y Ỹ

p2

��

p1
// X

f

��

Ỹ
id

// Ỹ
id

// Ỹ
α

// Y

where α1 is the normalization of X ×Y Ỹ and α2 is the minimal desingularization
of X1. Set Φ := p1 ◦ α1 and ϕ := Φ ◦ α2.

For any coherent sheafF on X̃ the Leray spectral sequence for composite functors
gives exact sequences

0 −−−−→ R1f∗(ϕ∗F) −−−−→ R1(f ◦ ϕ)∗F −−−−→ f∗(R1ϕ∗F) −−−−→ 0

and

0 −−−−→ R1α∗(f̃∗F) −−−−→ R1(α ◦ f̃)∗F −−−−→ α∗(R1f̃∗F).

Since f ◦ ϕ = α ◦ f̃ and R1α∗(f̃∗F) = 0, we get an inclusion

R1f∗(ϕ∗F) ↪→ α∗(R1f̃∗F).
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In particular, for F = O
X̃

we get R1f∗(ϕ∗OX̃
) ⊆ α∗(R1f̃∗OX̃

), and we would like
to know if we also have

R1f∗OX ↪→ α∗(R1f̃∗OX̃
).(∗)

Definition. α is called a good base extension, if (∗) holds for α.

3.1 Theorem. Let F1 be the closed fibre of f1 : X1 → Ỹ and d = deg(α). If the
conductor divisor C(α1) of α1 satisfies C(α1) ≤ (d − 1)F1, then α is a good base
extension. In particular, α is a good base extension if (p, d) = 1.

Proof. We may write D̃ = D[[T ]]/(f(T )) for some polynomial f(T ) of degree d.

Let Tr : K(X̃) → K(X) be the canonical trace. Then Tr( T
d−1

f ′(T ) ) = 1 by [7], app. F.

On the other hand, by the proof of (2.1) of [15] we have C(α1) = f∗1R(α)− R(Φ),
where R(g) denotes the ramification divisor of a morphism g (cf. [15]). We set
U = (X1)reg, the regular locus of X1, and we denote by OX1(R(Φ)) the unique
extension of OU (R(Φ)). Then for any codimension one point x ∈ X1 we have

OX1(R(Φ))x = OX1,x · γ−1,

where γ is the local equation of R(Φ) = f∗1R(α)− C(α1) at x. If vx is the valuation

on K(X̃) determined by x, then vx(γ) = vx(f
′(T )) − vx(c), where c is a local

equation of C(α1) at x. By our assumption on the conductor divisor,

vx(γ) ≥ vx(f
′(T ))− vx(T

d−1) = vx(
f ′(T )

T d−1
),

which implies that Td−1

f ′(T ) ∈ OX1,xγ
−1. Thus f ′(T )

Td−1 defines a global section of

OX1(R(Φ)), as X1 is normal. We obtain a morphism of OX–modules

ι : ϕ∗OX1
−−−−→ K(X), g 7−→ ι(g) := Tr(g · f ′(T )

Td−1 ),

satisfying ι(Φ∗OX1) ⊆ OX . It suffices to check this at points x of codimension 1.
In this case OX1,x ·γ is the Kähler different of OX1,x/OX,ϕ(x), which coincides with
the Dedekind different in our situation ([7], (10.17)), and we obtain

OX1(R(Φ)) = OX1,x · γ−1 = {h ∈ K(X̃) : Tr(h · OX1,x) ⊆ OX,ϕ(x)};

and as f ′(T )
Td−1 ∈ OX1 (R(Φ))x, this implies ι(Φ∗(OX1)) ⊆ OX . Hence we get a

morphism ι : Φ∗OX1 → OX which splits the canonical inclusion OX → Φ∗OX1 ,
and we get

Φ∗OX1
∼= OX ⊕ E .

As ϕ∗OX̃
= Φ∗OX1 , this implies

R1f∗OX ↪→ R1f∗(ϕ∗OX̃
) ↪→ α∗(R1f̃∗OX̃

),

and α is a good base extension. If (p, d) = 1 then f∗1R(α) = (d− 1)F1 by [15], and
the condition C(α1) ≤ (d− 1)F1 is satisfied.

We say that f : X → Y has no multiple fibre if the special fibre Xy =
m∑
i=1

niFi

satisfies gcd(n1, . . . , nm) = 1.
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3.2 Proposition. Let π be a parameter of D; write Xy = n·F , D̃ = D[T ]/(T n−π)

and α : Ỹ := SpecD̃ → Y . Assume that (p, n) = 1. Then in the above diagram

X̃ = X1, and ϕ : X1 → X is an étale cover of degree n. In particular, there exists

a good base extension α : Ỹ → Y such that f̃ : X̃ → Ỹ has no multiple fibre.

Proof. Let xi be the generic point of an irreducible component Fi of Xy, and write
mx = uiOX,xi . Then π = aiu

nki for some unit ai ∈ OX,xi , and hence

K(X̃) = K(X)[T ]/(T n − aiu
nki
i ) = K(X)[Ti]/(T

n
i − ai),

where Ti = T
uki

. Thus B := OX,xi [Ti]/(T
n
i − ai) is étale over OX,xi ; hence it is the

integral closure of OX,xi in K(X̃). Thus Φ is unramified in codimension 1. From
this we conclude that R(ϕ) is exceptional, i.e. ϕ(R(ϕ)) is of codimension 2. As

ϕ∗ω1
X/Y − ω1

X̃/Ỹ
= f̃∗R(α)−R(ϕ) by [15], (2.1), as R(ϕ) · ϕ∗ω1

X̃/Ỹ
= 0 and as α2

is a minimal desingularization we conclude that

R(ϕ)2 = ω1
X̃/Ỹ

·R(ϕ) ≥ 0.

Thus R(ϕ) = 0, i.e. X̃ = X1, and ϕ = Φ is an étale cover of degree n. Obviously

f̃ : X̃ → Ỹ has no multiple fibre.

As an easy consequence of (3.2) we obtain another proof of (2.3):

3.3 Corollary. If (p, n) = 1, then R1f∗OX and R1f∗ω1
X/Y are torsionfree.

Proof. By (3.2) there exists a good base extension Ỹ → Y such that f̃ : X̃ → Ỹ
has no multiple fibre. By [1], (2.6) this implies that h0(X,O

X̃ỹ
) = 1, hence that

R1f̃∗OX̃
and R1f̃∗ω1

X̃/Ỹ
are torsionfree, and the claim follows.

3.4 Remark. i) In the proof of (3.2) we wrote π = aiu
nki
i in the local ring OX,xi

of Fi. If ai /∈ k(xi)
p for all i = 1, . . . ,m, then one can show by direct calculation

that Ỹ → Y is a good base extension and f̃ : X̃ → Ỹ has no multiple fibre (with
no assumption on (p, n)). In particular, R1f∗ω1

X/Y and R1f∗OX are torsionfree in

this case.
ii) Let g : Z → Y be a normal proper surface, and let Ψ : X → Z be a Y -

birational proper map. Then Ψ∗OX = OZ , and the Leray spectral sequence gives
an exact sequence

0 −→ R1g∗OZ −→ R1f∗OX −→ g∗R1Ψ∗OX −→ 0

Thus if one can find a normal surface f : X → Y such that R1f∗ω1
X/Y is not

torsionfree, one also would get a counterexample to conjecture 2.7.
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