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ABSTRACT. Let G be a group, let k be a field, and let £ be a local sys-
tem — an upwardly directed collection of subgroups whose union is G. In
this paper we give a short, elementary proof of the following result: If ei-
ther A is a k-kG-bimodule, or else k is finite dimensional over its center, then
Extf (A, BY) = lim e Ext} (A, BY). From this we deduce as easy corollaries
some recent results of Meierfrankenfeld and Wehrfritz on the cohomology of a
finitary module.

MAIN THEOREM

Let G be a group, let k be a field, and let £ be a local system — an upwardly
directed collection of subgroups whose union is G. Modules are k-spaces. If X
is a module, then XV denotes its dual, and ( | ) denotes their pairing. We will
explore the relationship between the cohomology of G, Exty (A, B), with the local
cohomology, Ext7 (A4, B). This latter is defined by taking the limit, with respect to
restriction maps, of the cohomology groups Exty (A, B), for L in L:

Exty (4, B) := lim Ext} (A, B)

It has long been known that, although homology can be determined locally, in
general cohomology cannot. (In a later section we present two standard examples of
this phenomenon.) Recently, Meierfrankenfeld [M] and Wehrfritz [W-2] have both
published theorems concerning the local detection of finitary cohomology. It turns
out that all of these results are subsumed by the following elementary theorem.

Theorem A. Let A and B be G-modules. If either A is a k-kG-bimodule, or else
k is finite dimensional over its center, then localization
Extf (A, BY) — Ext} (A, BY)
is an isomorphism.
Proof. Assume first that A is a k-kG-bimodule. We can combine the well-known

fact that homology is determined locally, with an equally well-known duality be-
tween homology and cohomology:

Ext;(A, BY) = Tor“(A, B)Y = Tor% (4, B)Y = Ext} (A, BY).
Continuity of homology with respect to direct limits follows from [S, Thm. 5.1.9]
and [S, Thm 4.1.7]. The duality appears in many guises in the literature. When
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k is commutative, the form we use is a special case of [B, Prop. 2.8.5]. For the
convenience of the reader who does not wish to wade into a vast sea of cohomol-
ogy, we include the very simple proofs of these two facts in an appendix on local
cohomology. These proofs work for skew fields as well as commutative ones.

To finish the proof, we now consider the case of a skew field that is finite-
dimensional over its center. If ( is the center of k, and p is a maximal commutative
subfield of k, then

Homyg (A, BY) @¢ u = Hom, (4, BY).
Since field extension is flat, we obtain that
EXtE(A, Bv) Q¢ b= EX‘DZ(A, Bv) Q¢ 1,

Hence Extg, (A, BY) = Ext} (A, BY), since field extension is faithfully flat. O

APPLICATIONS
Throughout this section we work under the hypotheses of Theorem A.
Corollary 1. Locally trivial cohomology classes are trivial in the double dual.

Proof. Extension of scalars from B to BY factors through localization:

Exti(4,B) — Extg(A,BYY)

| |
Ext;(A,B) — Ext;(4,B%YW).

This following seems to be well-known, at least in the case where A = k.

Corollary 2. If A is an arbitrary G-module and B is a finite-dimensional G-
module, then Extg, (A, B) is determined locally.

For further applications, we can use Theorem A in conjunction with the long
exact sequence associated to the extension B «— BYV:

(1) - = Ext5 (A, BY/B) — Extl (A, B) — Exti (A, BY) — - -

Theorem B. If A and B are arbitrary G-modules, then the locally trivial portion
of Extl (A, B) is covered by Extl; '(A, BW/B).

Proof. Apply Corollary 1 to (7). |

We now turn to the cohomology of finitary modules. A transformation z is fini-
tary on V in case dimg [V, z] = dimy V/ Cy (x) < oco. The finitary transformations
of V form a normal subrgroup of GL(V'), which is called the finitary group on V
and denoted FGL(V'). Phillips’ survey article [Ph] is an excellent introduction to
finitary groups.

The definition of a finitary group is quantitative. The following qualitative char-
acterization of finitary groups — due to Meierfrankenfeld — is the key to under-
standing their cohomology.

Proposition (Meierfrankenfeld).
FGL(V) = Carvy (VYV/V).
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Proof. Let x be a transformation of V. Apply Lemma 2 (below) to  — 1 twice:
between V and V'V, and also between VY and VY. Next, use the fact that a space
equals its double dual if and only if it is finite dimensional. O

Corollary 3. Let U be an arbitrary module, and V a finitary module.

(a) If U = [U,G], then localization Extg (U, V) — Exty(U, V) is injective.

(b) If Hom(G, k) = 0, then localization H*(G, V) — H*(L, V) is injective.
Proof. If U = [U,G] then Extg (U, VY /V) = Home (U, VW /V) = 0, whence we
obtain part (a). If Hom(G, k) = 0 then Extg (k, VYV /V) = Hom(G, VYW /V) = 0,
which yields part (b). O
Corollary 4 ([M, Thm. 1]). IfV is finitary and locally completely reducible, then
[V, G| is completely reducible.

Proof. Let W < [V, G]. We show that W is a direct summand. Set U = [V, G]/W.
Since [V, G| = [V, G, G], Homg(U, WYV /W) = 0. Now apply Corollary 3(a). O

The example in [W-1] shows that, without some hypothesis on the field, Corollary
4 would be false. (See also [ShW, Ex. 1.18].)

Corollary 5 ([M, Thm. 2]). If H(L,V) and V/ Cy (L) are finite-dimensional for
every L in L, then localization H*(G, V') — H?(L, V) is injective.

Proof. Tt V is finite dimensional, apply Corollary 2. If not, then Cy (L) is infinite
dimensional, and so the exact sequence

.- = HL,V/Cy (L)) - HY(L,Cy (L)) — HY(L,V) — - --

tells us that H'(L, k) = 0, since otherwise H'(L, V') would also be infinite dimen-
sional. Hence H*(G, k) = 0. Now apply Corollary 3(b). O

Corollary 6 ([M, Thm. 3]). IfV — W is a locally split extension of V' by a trivial
G-module, then there is a canonical injection W/ Cw (G) — [VV,G]V.

Proof. Let U be the amalgamated sum of W and VYV over V:

w — U
T T
vV — VW

By Corollary 1, the extension VY < U is split — that is, U = VW +Cy (G). Thus,
W/Cw (G) — U/ Cy (G) = VYW /Cyw (G) =[VY,G]".
O

We have now come full circle, since this paper is the direct result of generalizing
[M, Thm. 3].

TwO EXAMPLES

In this section we explore two standard examples, which illustrate the discontin-
uous behavior of cohomology.

For the first example, let k have odd characteristic, let V' be infinite-dimensional
over k, endowed with a nondegenerate symplectic form, and let G be the finitary
symplectic group. The form gives an embedding of V in VV. The quotient V'V /V
is G-trivial (since V'V /V is covered by V¥V /V). The extension V — V" is nonsplit
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since Cyv (G) = 0. However, if we let £ be the collection of symplectic groups of the
finite-dimensional, nondegenerate subspaces of V', then we find that the extension
is locally split. (See [CPS, Thl. 4.5, pp. 186-187].) By Theorem A, any G-trivial
extension of V'V is split.

For the second example, let {2 be a set of some infinite cardinality R, let G be the
finitary symmetric group on {2, let k be of characteristic 2, and let V' be the natural
permutation module kf2. The Eckmann-Shapiro Lemma (see [B, Cor. 2.8.4]) tells
us that dimy, H' (G, V) = 1 and dim;, H*(G, V) = 2. Now, as before, V embeds in
V'V, and the quotient is G-trivial. The long exact sequence contains the fragment

.= HYG,VY) - HG,VY/V) - H3(G,V) - B*(G,VY) —

Thus dimg H*(G, V) = dim, H' (G, VY /V) = 2%, On the other hand, if we express
G as a union of finite symmetric groups, then we have that H2(£, V) =k. To see
this, suppose 2 = AUT' = A’ UTI", with A and A’ finite, and with I" D I'"’. Set
F =Cg(I), FF = Cg(I"). Let v € A. Now a cochain on a finite group takes
values in a finite-dimensional subspace; hence its cohomology respects arbitrary
direct-sum decompositions. Together with the Eckmann-Shapiro Lemma, this tells
us that

H(F,V) = H*(F,kA) @ H*(F,kI') = H*(F,, k) © €D H*(F, k'),
y'er

H*(F', V) = B*(F', kA")) @ H*(F', kI") = H*(F., k) & @D H(F, kv),
~'er’

where the subscripts denote point-stabilizers. The restriction map H*(F",V) —
H?(F, V) induces an isomorphism HQ(F4, k) — H*(F,,k) (see [AM, ch. VII]) and
a canonical embedding on the remaining factors. Thus, taking successively smaller
I, we see that none of the classes in H*(F,V) that take values in kI" survive in
the limit.

Although very little of the degree-2 cohomology of the symmetric group is de-
tected locally, all of the degree-2 cohomology for the alternating subgroup is de-
tected locally, by Corollary 3. Moreover, all of the degree-2 cohomology for the
symmetric group is detected locally when we replace k by a field of any other
characteristic.

LOCAL COHOMOLOGY

In this section we provide simple, direct proofs of the facts used in the proof of
Theorem A. These facts are well-known when the base field is commutative, but
much less so when the field is skew.

As before, let G be a group, let k be a field, and let £ be a local system in G.

We begin with a discussion of local group cohomology, from the familiar point
of view of cochains and coboundary. Just as with the definition of local cohomol-
ogy, above, we can use the restriction maps to define analogous limits, C*(£, V),
Z*(L,V), and B*(L,V), for cochains, cocycles, and coboundaries, respectively.
What we find is that there are canonical isomorphisms C*(£,V) = C*(G,V) and
Z*(L,V) =2 Z"(G,V). Indeed, the localization C*(G,V) — C*(L,V) is defined by
restriction to the local subgroups, ¢ — {¢|r}. In the reverse direction, the map
C*(L,V) — C*(G,V) splices an L-sequence of cochains {¢r} into a cochain on
G: g1,---,9n — (91, .,9n), where L is any member of £ that contains all the
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gi- This is well-defined, since in the inverse limit C*(L, V), ¢r|r- = é1/, whenever
L>L.

These maps respect coboundary, and so they induce isomorphisms for the co-
cycle groups. However, splicing an L-sequence of coboundaries need not yield a
coboundary in G. In general we obtain only an embedding B*(G,V) — B*(L, V).

Now consider the localization H*(G, V) — H*(£,V). An element of H*(L, V) is
an inverse system of affine flats {¢7, + B*(L, V)}, where ¢ = ¢ mod B* (L', V)
whenever L O L'. The image of H (G, V) consists of those inverse systems whose in-
verse limit is nonempty. Similarly, an element in the kernel of the map H*™* (G,V)—
Ht(L,V) is an inverse system of affine flats {17, +Z"(L,V)}, where 891, |1 = 6ps
whenever L D L' — viewed modulo the collection of those inverse systems that have
a nonempty limit.

The simple ‘compactness’ proof of [M, Thm. 2] applies in arbitrary cohomological
degree, to give the following generalization.

Proposition. Let i be a positive integer.
(a) If dimy B (L, V) < oo for all L in L, then localization H (G, V) — H'(L,V)
18 surjective in degree i.
(b) If moreover dimy, Z*(L, V) < oo for all L in L, then, additionally, localization
HYNG, V) — HN(L, V) is injective in degree i + 1.

We will write Ext} (A, B) instead of H* (G, Homy (A4, B)), and Tor® (A, B) instead
of H,(G, A ® B). In addition to local cohomology, we could also define local
homology: Tor~(A, B) = @Torf (A, B). However, this yields nothing new.
Lemma 1. If A is a right kG-module and B is a left kG-module, then

Tor® (A, B) = Tor% (A, B).
Proof. First of all, note that if P, = C.(G,Z), and X is any G-module, then
lim P, ®1, X = P.®c X. To see this, observe that P, ®¢ X = (P, ® X)/[P. ® X, G]
and [P, @ X,G] =), [P.® X, L].

Since the maps P, ®; X — P,®gX are surjective, we obtain that the boundaries
of the limit are limits of boundaries. Now if an element maps to 0 in a direct limit

then it maps to 0 at some finite stage. This tells us that the cycles of the limit are
limits of cycles. O

Lemma 2. If X is a k-space and f: X — X is a linear endomorphism, then
anny (im(fY)) = ker(f), annxv (im(f)) = ker(f"),
anny (ker(fY)) = im(f), annyv (ker(f)) = im(f").

Proof. The first two equalities follow from the identity (f(z) | A) = (z | fY(X)).
The third follows from the first, since any subspace of X is the annihilator of
its annihilator. The last follows from composition of the canonical isomorphisms

ann o (ker(f)) = im(f)" = im(fY). O
Lemma 3. If A is a k-kG-bimodule and B is an arbitrary left kG-module, then
Ext (A, BY) = Tor%(A, B)V.
Proof. Let P, = C.(G,Z), and note the canonical isomorphism
Hom(P,,Homy (A, BY)) = (P, ® A® B)".
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This isomorphism can be described as follows: a functional A in (P, ® A ®y B)V is
paired to an additive map f: P, — Homyg (A, BY) when they satisfy the relation

(] f(c)(a)) =(c@a®b]|A).

Now if we take fixed points for GG in this isomorphism, we obtain that

Homg(P*,Homk(A, Bv)) = (P* Ra (A Rk B))v.

To finish, apply Lemma 2 to the boundary of P, ®¢ (A Q4 B). O
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