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ABSTRACT. We prove a uniform boundedness theorem for families of linear
operators on ordered cones. Using the concept of locally convex cones we
introduce the notions of barreled cones and of weak cone-completeness. Our
main result, though no straightforward generalization of the classical case,
implies the Uniform Boundedness Theorem for Fréchet spaces.

1. INTRODUCTION

The theory of locally convex cones as developed in [2] deals with ordered cones
that are not necessarily embeddable in vector spaces. A topological structure is
introduced using order theoretical concepts. Staying close to the theory of locally
convex spaces, this approach yields a rich duality theory including Hahn-Banach
type extension and separation theorems for linear functionals (cf. [2], [5]). We shall
review some of the main concepts. We globally refer to [2] for details and proofs:

An ordered cone (cf. [1] and [2]) is a set P endowed with an addition (a,b) — a+b
and a scalar multiplication (o, a) — aa for real numbers a > 0. The addition is
supposed to be associative and commutative, and there is a neutral element 0 € P.
For the scalar multiplication the usual associative and distributive properties hold,
ie. a(fa) = (af)a, (a + f)a = aa + Ba and a(a +b) = aa + Pa for all a,b € P
and «,3 > 0. We have la = a and Oa = 0 for all a € P. The cancellation law,
stating that a + ¢ = b + ¢ implies a = b, however, is not required in general. It
holds if and only if the cone P may be embedded into a real vector space. Also,
P carries a (partial) order, i.e. a reflexive transitive relation < such that a < b
implies a + ¢ < b+ ¢ and aa < ab for all a,b,c € P and a > 0.

A full locally convex cone (P,V) is an ordered cone P that contains an abstract
neighborhood system V, i.e. a subset of positive elements that is directed downward,
closed for addition and multiplication by (strictly) positive scalars. The elements
v of V' define upper, resp. lower, neighborhoods for the elements of P by

vi@)={beP|b<a+v}, resp. a(v)={beP|la<b+uv},

creating the upper, resp. lower, topologies on P. Their common refinement is
called the symmetric topology. All elements of P are supposed to be bounded
below, i.e. for every a € P and v € V we have 0 < a + pv for some p > 0.
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Finally, a locally convex cone(P, V') is a subcone of a full locally convex cone not
necessarily containing the abstract neighborhood system V. Every locally convex
ordered topological vector space is a locally convex cone in this sense, as it may be
canonically embedded into a full locally convex cone (cf. [2], Example 1.2.7).

For cones P and () a mapping T : P — @ is called a linear operator if T (a+b) =
T(a) + T'(b) and T(aa) = aT(a) holds for all a,b € P and o > 0. If (P, V) and
(Q, W) are locally convex cones, T is called uniformly continuous (u-continuous) if
for every w € W one can find v € V such that T'(a) < T'(b) + w whenever a < b+v
for a,b € P. Uniform continuity implies monotonicity in the following sense: If
a<b+wvforallveV, then T(a) <T(b)+w for all w e W.

A linear functional on P is a linear operator y: P — R = RU {+occ}. In R we
consider the usual algebraic operations, in particular a + oo = 400 for all a € R,
a - (+00) = +oo for all & > 0 and 0- (+00) = 0. Note that linear functionals can
assume only finite values in elements a € P such that —a € P as well.

Endowed with the neighborhood system W = {e € R | ¢ > 0}, R is a full locally
convex cone. The u-continuous linear functionals from a locally convex cone (P, V)
to R form again a cone, called the dual cone of P and denoted by P*. Continuity
requires that a linear functional ;4 is monotone, and for a full cone (P, V') it means
just that pu(v) <1 holds for some v € V' in addition.

The polar v} of a neighborhood v € V' consists of all linear functionals y on P
satisfying p(a) < u(b) + 1, whenever a < b+ v for a,b € P. The union of all polars
yields P*. We endow P* with the topology w(P*, P) of pointwise convergence of
the elements of P, considered as functions on P* with values in R with its usual
topology. The polar v$ of every neighborhood v € V is seen to be w(P*, P)-compact
and convex ([2], Theorem 11.2.4).

A locally convex cone (P, V) has the strict separation property if for all a,b € P
and v € V such that a £ b+ pv for some p > 1 there is a linear functional p € v$
such that p(a) > p(b) + 1 (cf. [2], I1.2.12). Following Theorem 2.20 from [2], every
locally convex cone with the strict separation property may be represented as a
cone of R-valued functions on some set, or equivalently, as a cone of convex subsets
of some locally convex ordered vector space.

Hahn-Banach type extension and separation theorems for locally convex cones
were established in [2] and [5]. Theorem I1.2.9 from [2] (a more general version
is Theorem 4.1 from [5]) states that for a subcone (Q,V) of (P, V) every linear
functional in vy, extends to an element of vj.

In this paper we present a version of the classical Uniform Boundedness Theorem
for locally convex cones. In Section 2 we introduce the notion of barreled locally
convex cones. We show that completeness in a certain sense implies that a locally
convex cone with a countable neighborhood base is barreled. Section 3 contains our
main result which states that a family of uniformly continuous linear operators from
a barreled locally convex cone to any locally convex cone with separation property
satisfies a uniform boundedness principle.

2. BARRELED CONES

Throughout the following, let (P, V') be a locally convex cone. Note that while
all elements of P are bounded below, they need not be bounded above. An element
a € P is called bounded (above) (cf. [2], 1.2.3) if for every v € V there isa A > 0
such that a < A\v. Bounded elements satisfy a modified version of the cancellation
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law (cf. [2], Lemma I1.4.3), and continuous linear functionals take only finite values
there.

A subset A C P is said to be bounded if for every v € V there is a A > 0 such
that @ < Av and 0 < a + Mv for all a € A. The elements of a bounded subset are
therefore themselves bounded. We shall use a weaker notion of boundedness for
subsets of P in this paper, avoiding this requirement.

We shall say that a subset A of P is internally bounded if for every v € V there
is a A > 0 such that a < b+ Av for all a,b € A.

A barrel is a convex subset U of P? with the following properties:

(Ul) For every b € P there is a v € V such that for every a € v(b) N (b)v there is a
A > 0 such that (a,b) € AU.

(U2) For all a,b € P such that (a,b) ¢ U thereis a u € P* such that u(c) < p(d)+1
for all (¢,d) € U and p(a) > p(b) + 1.

2.1 Lemma. Let (P,V) be a locally convex cone and U C P? a barrel.
(a) Ifa<b fora,be P, then (a,b) € U.
(b) If (a+eb,(1+e)b) €U for a,be P and some e > 0, then (a,b) € U.
(¢) If(a,b) €U, ifd +c<a+dandb +c>b+d ford,b,c,d € P and if c is
bounded, then (a',b’) € U.

Proof. (a) If (a,b) ¢ U, by (U2) we could find some u € P* such that u(a) >
() 4+ 1. But this contradicts p(a) < u(b), as all functionals in P* are monotone.
(b) If (a,b) ¢ U, again using (U2) we could find € P* such that u(a) > u(b)+1
and p(c) < u(d) + 1 for all (¢,d) € U. The latter implies that p(a) + ep(b) <
(1 +e)u(b) + 1 and contradicts the former, as u(b) is finite. A similar argument
involving (U2) shows statement (c). O

If (P,V) has the strict separation property, then every neighborhood v € V
defines a barrel U = {(a,b) € P? | a < b+ pv for all p > 1}. On the other hand, if
(P,V) is a full locally convex cone, then for every barrel U and for b = 0 there is
by (Ul) a neighborhood v € V such that (v,0) € AU for some A > 0. Let a,b € P
such that a < b+ Av and assume that (a,b) ¢ A\U. Following (U2) there is a u € P*
such that p(a) > p(d) + X and p(v) < X as (v/A,0) € U. But this contradicts
w(a) < u(b+v) < p(b) + A. We conclude that {(a,b) |a < b+ v} C \U.

In a locally convex vector space E a barrel is defined to be an absolutely convex
closed and absorbing subset A of E (cf. [6], IL7). The set U = {(a,b) € E? |
a —b € A} then is seen to be a barrel in the sense of our definition. A locally
convex vector space is said to be barreled if every barrel is a neighborhood of the
origin. We adapt this definition to locally convex cones in the following way:

A locally convex cone (P, V) is said to be barreled if for every barrel U C P?
and every element b € P there is a neighborhood v € V and a A > 0 such that
(a,b) € AU for all a € v(b) N (b)v.

2.2 Lemma. Let (P,V) be a barreled locally conver cone. Then for every barrel
U C P2, every internally bounded subset B C P and every b € B there is a
neighborhood v € V. and X\ > 0 such that (a,b) € AU for all a € v(b') N (b")v for
some b, 0" € B.

Proof. For U and b € B choose v € V and A > 0 as in the definition of a barreled
cone. Let € > 0 be such that b < b” + ev for all ¥/,b” € B. Then a € v(b') N (b")v
implies that a < b +v < b+ (1 + €)v. Adding €b on both sides yields a + eb <
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(I+e)b+ (1+¢e)vand (a+eb)/(1+¢) < b+ v. Similarly, using a € (b”)v one
may check that b < (a + €b)/(1 + €) + v. By our choice of A > 0 this shows
((a+eb)/(1+¢),b) € AU and (a+eb, (1+¢)b) € (1+¢)AU. Following Lemma 2.1(b),
the latter implies (a, b) € (1 4 €)AU, indeed. O

Lemma 2.2 yields in particular that in a barreled locally convex cone, B x {b} C
AU holds for every internally bounded set B and b € B and every barrel U with
some A > 0.

In the theory of topological vector spaces Fréchet spaces are known to be barreled
(cf. [6], I1.7.1). In a similar vein we shall show that a modified notion of complete-
ness will guarantee that a locally convex cone with a countable neighborhood base
is barreled.

A locally convex cone (P, V) is said to be weakly cone-complete if for all b € P
and v € V, every sequence a, € v(b) N (b)v that converges to b in the symmetric
topology of P and «, > 0 such that > 7, a, = 1, there is a € v(b) N (b)v such
that

pla) = Zanﬂ(an)
n=1

for every p € P* that is finite on b.
A neighborhood base for a locally convex cone (P,V) is a subset Vj of V' such
that v > vg for all v € V and some vy € V}.

2.3 Theorem. FEvery weakly cone-complete locally convex cone (P, V') with a count-
able neighborhood base is barreled.

The proof of Theorem 2.3 will use the following technical result which generalizes
Lemma 1.5 from [4] and is of some interest in itself. We give a slightly more general
version than is actually required for our purposes.

2.4 Lemma. Let P be an ordered cone, A,B C P and Q0 a set of monotone R-
valued linear functionals on P such that u(b) < 400 for allb € B and p € Q. If for
every p > 0 there are a € A, b € B and i € Q0 such that

p(a) > p(b) + p,
then at least one of the following statements holds:

(i) There are a € A and b € B such that for every p > 0 there is a u €  such
that

1(b) > p(a) + p.

(ii) There is a p € Q such that for every p > 0 there are a € A and b € B such
that

p1(b) > p(a) + p.

(iii) There are sequences a; € A, by € B, p; € Q and «;,08; > 0 such that
Yoo = >0 Bi = 1, satisfying the following: For every p > 0 there
area € A, be B, p € Q and ng € N such that

Z a;p(ag) > Z a;p(b;) + p
=1 =1
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and
Z Bipi(a) > Z Bipi(b) + p
im1 i=1

for all n > ny.

Proof. Let us suppose that both statements (i) and (ii) fail, i.e. that
(i*) for all @ € A and b € B there is a p > 0 such that

pd) <pla)+p  forall peQ,
(ii*) for every p € 2 there is a p > 0 such that
w(b) < pla)+p for alla € A and b € B.

We shall show that under these conditions statement (iii) holds. We shall prove
only the existence of the first series in our claim. The second one follows through
an analogous construction. We set 8, = 1/2 and select a; € A, b; € B and p; € Q
such that

pa(ar) > pa(br) + 2.

For n > 2 we choose S, an,b, and p, in the following way: Using (ii*) we find
0 < B, < 27™ such that

ﬁn,uz(b) S ﬂn,ui(a) =+ 27"
foralla€ A, be Bandi=1,...,(n—1). By (i*) there is a p > 0 such that

n—1 n—1
D Bip(bi) <Y Bulai) + p
i=1 i=1
for all 4 € Q. Next we can find a,, € A, b, € B and pu,, € Q such that
Brpin(bn) + (0 + p) < Bppin(ay).

Now adding the last two inequalities (and choosing p = p,, in the first one) and
using our assumption that p(b) < +oo for all b € B and p € €2, we obtain

n—+ Z Bilin (bZ) < Z Bilin (ai)-
=1 =1

Finally, we set 3 =>""° | 3; < 1 and o; = 3;/3. We compute for every m > n € N :

n

> aipn(a) = (1/8) (Zﬁiﬂn(ai)+ > ﬂiun(ai)>
=1 =1

1=n—+1

(1/8) (Z Bittn (bi) + n + Z (ﬁmn(bi) — 2_i)>
=1

1=n+1

(1/8) (Z Bipin (bi) + (n— 1))
i—1

S it (bs) + (n — 1)/8.
=1

V

V
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The first part of statement (iii) is therefore evident. (We choose ng > Bp + 1 and
1 = fin,-) For the second part one may use a similar argument, interchanging the
respective parts of the sequences (an)nen, (bn)nen and (tin)nen- O

We shall proceed now with the proof of Theorem 2.3: Let the locally convex cone
(P, V) be weakly cone-complete, and let Vy = {v,, | n € N} be a neighborhood base
for (P, V) such that v,, > v, 11 for all n € N. Let U C P? be a barrel and let b € P.
We may assume that condition (U1) holds for U and b with the neighborhood v;.

Let us assume to the contrary of our claim that for every neighborhood v,, there
is an, € v, (b)N(b)vy, such that (ay,,b) ¢ nU. By (U2) we can choose linear functionals
n € P* such that

pn(c) < pp(d)+1 forall (¢,d) € B and tn(an) > pn(b) +n

for all n € N. This shows in particular that p,,(b) is finite. Now we apply Lemma 2.4
to the sets A = {a,}, B={b} C P and Q = {u,} C P*. Thus, at least one of the
statements (i), (ii) or (iii) must hold.

For a fixed element a € A we have (b,a) € AU for some A > 0 by (U1), hence
w(b) < p(a) + A for all € Q. Statement (i) therefore cannot hold.

On the other hand, for any fixed p € Q there is an ny such that p € (vy,)%.
Then from b < ay, + v, for all n € N we infer that u(b) < u(ay) + 1 for all n > ny.
Thus statement (ii) can also not hold.

We may now look at the first series in statement (iii). There are sequences
a; € A, b; =0 € B and «; > 0 with the stated properties. As u(b) < 4oo for all
p € Q, we have pu(b) = 3721 apu(b) < 4o00. From our construction, the sequence
(a;)ien converges to b in the symmetric topology of P and a,, € v1(b) N (b)v; for
all n € N. From the weak cone-completeness of P we may therefore conclude that
there is an a € v1(b) N (b)vy such p(a) = >°°, aip(a;) for every p € P* such that
1(b) is finite. But this holds true for all our previously selected functionals p € €.
We may now let n tend to 400 in the first series of statement (iii). Thus for every
p > 0 there is a p € € such that

pu(a) > p(b) + p.

But this contradicts (a,b) € AU for some A > 0, which follows from (Ul) and
implies that

ula) <pd)+X  forall ueQ.

2.5 Example. Let (E,|| ||) be a Banach space, and let P be the cone of all non-
empty closed (resp. closed and bounded, resp. compact) convex subsets of F, en-
dowed with the usual multiplication of sets by non-negative scalars, a slightly mod-
ified addition @, where A ® B denotes the closure of the usual sum of the sets A
and B, and the set inclusion as order. The neighborhood system V is given by the
positive multiples of the closed unit ball B in E. Thus (P, V) is a locally convex
cone.

We shall show that (P, V) is weakly cone-complete: Let (A, )nen be a sequence
in P that converges to B € P with respect to the symmetric topology and satisfies
A, CB®B and B C A, ® B for all n € N. For a convergent series > >~ o, = 1
in R such that a,, > 0 we set for A the closure of the set

o
E Qo
n=1

an € A, and (an)nen is bounded in E } .
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Note first that A is not empty, as there is a p > 0 such that B N pB # @, hence
ApN+(1+p)B # 0 for all n € N by our assumption. Consequently we may select at
least one such bounded sequence b,, € A,, N (1+ p)B, and we have Y ° | a,b, € A.
It is easily verified that the set A is convex (and resp. bounded, resp. compact),
thus an element of P. Likewise, we check that A C B® B and B C A& B. For a
linear functional p € P* there is (by the definition of P*) a constant A > 0 such
that u(C) < w(D) + A, whenever C C D@ B for C,D € P. For a fixed n € N,
using the special sequence (b,)nen from above, we observe the following: If we
choose a; € A; for i = 1,...,n and set a; = b; for i > n, then > va; =
>ty Qnan — Y2 1 nby. This shows

ZaiAi C AEB{— Z Oéibi} C A < Zaz)(l—i-p)lﬂ%,
i=1 i=n+1 i=n+1
hence

> aip(Ai) < MA%%<§:aJ(1+M-
=1

i=n—+1
On the other hand we have

=1 1=n—+1
This shows
w(A) < op(Ai) + ( > ai> (u(B) + )\).
=1 i=n+1

If u(B) is finite, we conclude that
p(A) = > aip(Ay),
i=1

indeed.

Lemma 2.4 also provides the means to characterize internally bounded subsets
of a locally convex cone through boundedness properties of elements of the dual
cone.

2.6 Proposition. Let (P,V) be a locally convex cone with the strict separation
property. A subset B C P is internally bounded if and only if for every neighborhood
v € V and every convergent (with respect to the topology w(P*, P)) net (t,).cz in
vp, there is a p > 0 such that for all a,b there is an 10 € I and

(@) < (b)) +p for all + > 1.
Proof. If B C P is internally bounded, then for v € V there is a p > 0 such that
a <b+pv forall a,b € B, i.e.
n(a) < p(d) +p

for all a,b € B and p € v%. Thus our condition holds.

Now on the other hand let us assume that B C P is not internally bounded, but
that our condition holds anyway. We shall use Lemma 2.4 to obtain a contradiction:
There are v € V and sequences a,,b, € B such that a, f b,, + nv. The strict
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separation property for (P, V') guarantees the existence of linear functionals u,, € v$%
such that

fin(an) > pin (bn) + n.

This implies in particular that p,(b,) is finite, and therefore p, is even bounded
as a function on B by our condition. We set A= B C P and Q = {p € v} | u(b) <
+oo for all b€ B} and apply Lemma 2.4. We check statements (i), (ii) and (iii)
of the Lemma:

(i) Assume that for a,b € B there are i, € v such that py,(a) > pn(b)+n. Using
the w(P*, P)-compactness of v we find a convergent subnet (i, ),er of (1n)en. But
this contradicts our condition. So does statement (ii), quite obviously.

(iii) We select sequences p; €  and 3; > 0 and discuss the second series in
statement (iii). The sequence v, = Y -, Bijt; € vp is convergent in v, as

pla) = Zﬁim(a,) foralla € P
i=1

defines a linear functional in v%. (Convergence of this series in R for each a € P
results from the fact that 0 < a + Av for some A > 0, hence p;(a) > —\ for all
i € N.) Statement (iii) of Lemma 2.4 therefore contradicts our condition as well. [

2.7 Corollary. Let (P, V) be a locally convex cone with the strict separation prop-
erty. A subset B C P is bounded if and only if every linear functional p € P* is
bounded as a function on B.

Proof. Note that a set B C P is bounded if and only if By = B U {0} is internally
bounded. Let v € V. The condition in Proposition 2.6 for By yields immediately
that every p € vp is bounded on B. If on the other hand every linear functional
i € vp is bounded on B, and if the net p, € v} converges to p € vy, then
p(a) < p(db) + p for all a,b € P implies the condition in 2.6.

|

3. A UNIFORM BOUNDEDNESS THEOREM

We are now ready to formulate our main result. It implies the classical Uniform
Boundedness Theorem for locally convex vector spaces as a special case.

3.1 Theorem. Let (P, V) and (Q, W) be locally convex cones, and let T be a family
of u-continuous linear operators from P to Q). Suppose that for every b € P and
w € W there is a v € V' such that for every a € v(b) N (b)v there is a A > 0 such
that

T(a) <T(b)+ Iw forallT € T.

If (P,V) is barreled and (Q, W) has the strict separation property, then for every
internally bounded set B C P, every b € B and w € W there is av € V and a
A > 0 such that

T(a) <T() 4+ \w forallT €T

and all a € v(d') N (b")v for some V', 0" € B.
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Proof. Let w € W and set
U={(a,b) € P* | T(a) <T(b)+pw forall p>1andT e T}.

We shall show that U is a barrel for P :

(Ul) For b € P choose v € V as in the assumption of the theorem. Then for
every a € v(b) N (b)v there is a A > 0 such that T'(a) < T(b) + Aw for all T € T,
ie. (a,b) € AU.

(U2) For all a,b € P such that (a,b) ¢ U there is a T € T such that T'(a) %
T(b) + pw for some p > 1. Because @ has the strict separation property, there
is a v € wy such that v(T(a)) > v(T(b)) + 1. Set u = T*(v) € P*. (By the
definition of the adjoint of a u-continuous linear operator (cf. [2], I1.2.15) we have
p(a) = T*(v)(a) = v(T(a)) for all a € P.) The functional y fulfils the requirement
of (U2).

Thus U is a barrel, indeed, and by Lemma 2.2 then for every internally bounded
set B C P and b € B there is a neighborhood v € V and a A > 0 such that
(a,b) € AU for all a € v(b') N (b")v for some b',b” € B. By the definition of U this
proves

T(@) <TMh)+(A+1w forall T eT.
O

Using Lemma 2.1 one might expand the range of the statement of Theorem 3.1:
The consequence of the Theorem still holds true for all elements a’,b’ € P such
that ' +c¢ < a+d and V' + ¢ > b+ d for some c,d € P such that ¢ is bounded, and
a € v(b)N (") for some ', 0" € B.

We shall illustrate the statement of Theorem 3.1 with a simple example:

3.2 Example. Let P be the cone of all lower semicontinuous R-valued functions
f on the interval [0,1] such that f(z) = 400 for all x in a neighborhood of 1,
endowed with the pointwise algebraic operations and order and the neighborhood
system V = {e € R | € > 0}. Thus (P, V) is a locally convex cone, but not a full
cone, as the constant functions are not contained in P.

For weak cone-completeness, let (f,)nen be a sequence in P that converges to
the function ¢ € B with respect to the symmetric topology and satisfies f, <
g+1and g < f, +1 for all n € N. We infer that there is a p > 0 such that
0 < fn+ p for all n € N. For a series 2211 a, =1 in R such that «a,, > 0 we set
f(x) = 3227, oy fn(x). This series converges in R for every = € [0, 1], and f is lower
semicontinuous. Moreover, f < g+ 1 and g < f + 1. For every linear functional
w € P* there is (by the definition of P*) a constant A > 0 such that p(h) < u(l)+ A,
whenever h <[+ 1 for functions h,l € P. We observe for a fixed n € N: As

Zaifi < f+p Z ;
i=1

1=n+1

holds, we infer that

Yoanlfi) < u(f)+x0 Y

=1 1=n+1
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On the other hand,

F<d aifit | D ailg+1)
i=1

1=n+1
shows that

p(f) < Y amf)+ (X ai ) (nlo)+ ).

i=n+1
If u(g) < 400, this yields

uf) = D aunlf).

indeed.

Now for n € N we set t,(z) = na" and define linear operators T,, : P — P
by T,.(f) = t.f. These operators are u-continuous, as f < g + ¢ implies that
T.(f) < Tn(g) + ne for all f,g € P. Let us check the statement of Theorem 3.1:
For an internally bounded set B C P there is 0 < § < 1 such that g(x) = 400 for
all 6 <z <1 and all g € B. We choose a function g € B and the neighborhood
w =1 € V. Then for every function f € P such that f < ¢’ + 1 and ¢’ < f+ 1 for
some ¢’, g" € B we realize that f(z) = +o00 holds for all § < x < 1 with the same
0 < 6 <1 from above. Therefore

To(f) < Ta(g) + né"™,
and as nd™ — 0 as n — oo, there is a A > 0 such that
To(f) £ Tulg) + A

for all such functions f € P and n € N. The constant A > 0 depends however on
the set B and may not be chosen independently.
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