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ABSTRACT. Define Py, (z) and Qn(z) as the nth monic orthogonal polynomials
with respect to du and dv respectively. The pair {du, dv} is called a coherent
pair if there exist non-zero constants D, such that
QTL(‘T) = P’,ll+1(x) + DTL P”L(I)v
n+1 n
One can divide the coherent pairs into two cases: the Jacobi case and the
Laguerre case. There are two types for each case: type 1 and 2. We investigate
the asymptotic properties and zero distribution of orthogonal polynomials with
respect to Sobolev inner product

b b
(f.9) = / F@)g(@)du() + A / £ (@)g (@)dv(x)

for the coherent pair {du, dv}: the Jacobi case, type 1.

n > 1.

1. INTRODUCTION

Recently polynomials orthogonal with respect to Sobolev inner products of the
form

b b
(1.1) <f,g>s=/ f(af)g(df)du(z)+/\/ f'(2)g (x)dv(z)

were introduced, where (a,b) denotes a finite or infinite interval on the real axis, u
and v are distribution functions on (a, b) with infinitely many points of increase and
A > 0. Let S, be the nth monic orthogonal polynomial with respect to (1.1). For
the inner product (1.1), the results known are mostly connected with the formal
theory: recurrence relation, location of zeros, differential formulas and so on (see
[C], [IKNS] and [M1]-[M2]). Little is known concerning asymptotic properties.
Let {P,} and {Q,} be the monic orthogonal polynomial sequences with respect to
dp and dv respectively. The pair {du,dv} is called a coherent pair if there exist
non-zero constants D,, such that
/ /
Qu(x) = P;jTl(f) 4 DnPnT(‘”), n> 1.

The concept of coherent pair was introduced by Iserles et al. in [IKNS]. It was
proved to be very important in the research of Sobolev orthogonal polynomials.
Recently a complete classification of all coherent pairs has been given in [M2]. It
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has been proved that they can be divided into two types depending on the regularity
of dv.

Type 1. dv is classical.

(i) The Laguerre case, (a,b) = (0,00), du = (z — ¢)z*"te~*dx, dv = 2% *dz,
with ¢ <0, a > 0.

(ii) The Jacobi case, (a,b) = (—=1,1), du = (x — ¢)(1 — 2)*~ (1 + x)?~dz,
dv=(1-2)*(1+2z)’dz, with c < -1, a > 0, 8 > 0.

Type 2. (x — ¢)dv is classical, du is classical.

(iii) The Laguerre case, (a,b) = (0,00), du = 2%~ *dz, dv = wa;iecfz dx+Mé(c),
with ¢ <0, a > -1, M > 0.

(iv) The Jacobi case, (a,b) = (—1,1), du = (1 — 2)*(1 + z)fdw, dv =
de—kM&c), withe< -1, a>—-1,8> -1, M > 0.

xr—c

In [BdM], Bruinsma, de Bruin and Meijer investigated some properties of S,,.
It was proved that coherent pairs of type 1 are more regular than those of type 2;
they studied the zeros location and proved that the n zeros of S, are separated by
those of @,—1 (n > 2) for the coherent pairs of type 1. This result does not hold
for all coherent pairs of type 2. They also proved that for all coherent pairs the
n — 1 extremata of S,, interlace with the n — 1 zeros of Q,—1 (n > 2). In [P], Pan
studied the limits of lim,, .o Py (z)/Qn(x) when € C\[—1, 1] and lim,,_,o D), for
the Jacobi case in both types 1 and 2.

In this paper, we focus on the Jacobi case, type 1. The structure of the paper
is as follows. In section 2, we introduce the asymptotic results and the proofs are
given in section 6. In section 3, we define a differential operator on the linear space
of the real polynomials. This operator allows us to relate the Sobolev inner product
with (, ),. Some auxiliary lemmas will be discussed in section 4 and we study the
zeros distribution in section 5.

2. ASYMPTOTIC RESULTS

From now on, we only consider the Jacobi case, type 1, i.e. du(x) = wo(z) dx
and dv(z) = wi (x)dz, where wo(z) = (z — ¢)(1 — 2)* (1 + )%~ and w;(z) =
(1 —2)%(1 +z)P.

Let {S,} denote the sequence of monic orthogonal polynomials (SMOP) with
respect to (1.1), and {p,(z) = kpz™+- -}, Ky, > 0, be the sequence of orthonormal
polynomials with respect to wodz. Denote by {gn(z) = p(@ (z) = v *Pgn +...},
77({1’5 ) > 0, the sequence of orthonormal polynomials with respect to widzx (i.e. the
orthonormal Jacobi polynomials). First, we have the following ratio limit.

Theorem 2.1. The following is valid:

. Sni1(x)

locally uniformly in C\[—1,1], where ¢(z) = [z + Va2 — 1]/2 with Vz2 — 1> 0 for

x> 1.

= o(x)

Next, we find the relative asymptotic between S, (z) and P, (x).
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Theorem 2.2. The following holds:
Sp(x) x—c
lim =
n—oe Py(x)  ¢(x) — ¢(c)

locally uniformly in C\[—1,1], where P, (z) = pn(x)/kn.

Finally, we compare S, (z) with Q,(z) = Prga’ﬁ)(x) = qn(a:)/véa’ﬁ) and have the
following relative asymptotic.

Theorem 2.3. The following is valid:

lim Sp(x)  Va? -1
n—oe piA(g)  Px)

locally uniformly in C\[—1,1].

By taking advantage of the classical results of p# )(:z:), one can derive the
corresponding results for S, (z) from Theorem 2.3. The proofs will be given in
section 6.

3. DIFFERENTIAL OPERATOR

Let p(x) = wo(x)/(z — ¢). Integrating by parts on the second integral, the
constant term vanishes and we obtain

1
(p.q)s = / @) p(@un() ~ X @) (@) — W (@) (x)) do-

We define the linear operator F by
T —c
Fp=——{pwo — \p'w] — Mp"w1}.
wo
Then

(3.1) (p.g)s = / 4(#)F(p)p(x) dz = (Fp,q),.

-1
For the investigation of the operator F, it is convenient to make the change of
variable x — ¢ = t. Then, after some simple calculations, we obtain for F

Fp=ap+ Maz(a+0)+cla+p) =B+ alp +Ma? +2zc+ 2 —11p".

Lemma 3.1. The differential operator F is self-adjoint with respect to the inner
product { , )s, that is,

(Fp,q)s = (p.Fq)s,
for polynomials p and q.
Proof. From (3.1), we obtain
(Fp,q)s = (¢, Fp)s = (Fq,Fp), = (Fp,Fq), = (p,Fq)s. O
Next, by the Fourier expansion and the orthogonality with respect to (, )g, we
express F.S,(z) in terms of P,go‘_l'ﬂ_l)(x).

Lemma 3.2. For the differential operator F, we have

<Sn7 SH>S
<P7§,a_1’ﬁ_1), Péa—l7ﬁ—l)>p

FSn(:z:):Péizlﬂ_l)(x) + b, P17 (1) where b, =
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We can get the relation between Pﬁa_l’ﬁ_l)(x) and P,41(z) by the Fourier
expansion and the orthogonality with respect to pdzx.
Lemma 3.3. We have the following:
a—1,8—1 a—1,8—1
<P75+1 )7P75+1 )>p
<Pnu Pn>'w0

Next, we quote the relation between P, () and S, (z) from [BdM].

Prgizl’ﬁ_l)(x) = Po1(z) + e Po(z), where ¢, =

Lemma 3.4 ([BAM]). For n > 1, the following holds:

Pri1() +DnPn(x) _ Sp1(z) _|_dnsn(x)7 where d,, = (Pry P )uw, D,.
n+1 n n+1 n (Sn,Sn)s

Finally in this section, we rewrite F.S,,(z) in terms of S, ().
Theorem 3.5. The following holds:
FS,(z) = Sny1(z) + anSn(z) + an—1Sn—1(x),

where

(Sn,Sn)s n+1 n+1
an-1=—————— and a,= dy, —
! <Sn—175n—1>5' n

Proof. Consider the expansion

D, + b, +c,.

We have
<FS’n)S’L>S _ <SH7FS'L>S _ 0
(Si, Si)s (Si,8i)s ’

a; =

fori=0,...,n—2,

o <Sn7FSn—1>S _ <Snusn>5'
Up—1 = — )
<Sn—173n—1>5 <Sn—1;Sn—1>S

and, from Lemmas 3.2, 3.3 and 3.4,

an = <S’n)FSﬂ>S
" <Snu Sn>5’
(S, P 4 b, P
<Sn75n>s
_ S P s (S P
<Sn,Sn>5 " <Snvsn>5
<Sn;Pn+l +CnPn>S <Sn;Pn+l>S <Sn7Pn>S
<Snusn>5' i <Sn75n>s Te <Snusn>5' *
Snusn dnn——HSn_Dnn——HPn
= < +1 + n n >S + bn +cp
<Sn75n>s
1 1
- ”: dy— Dy e, O
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4. LEMMAS

We use this section to introduce some auxiliary results for the proofs of the
theorems in section 2. We define the Nevai class M (0, 1) consisting of all measures
1 such that suppy = [-1,1]\F with E a set which is at most denumerable and
E' c{-1,1}.

Lemma 4.1 ([N]). Let ¢y € M(0,1), and let ¢n(x) = npa™+---, n >0, be the nth
orthonormal polynomial with respect to v¥. Then

lim 2=l = l,
. DPpa(x) @ (x) 1
nh_}rrgo o, P(z) and nh_}ngo non(n) Va1

locally uniformly in C\[—1, 1], where ®,(z) = ¢n(z)/Mn.
We quote the following lemma for the relations between P, (x) and plomtA=h (x).

Lemma 4.2 ([P]). The following hold:

(e—1,8-1)
@) @ oPe) = P ) - i O pantiong
. n - fn+1 P(a_l,g_l)(c) n )

- Lo (2) $(x) — d(c)
(4.2) Jim. Pl A
and
(4.3) lim Qn(z) _ é(r) Tr—c

n—oo Po(z) Va2 —1¢(x) = é(c)
locally uniformly in C\[—1,1].
Lemma 4.3 ([P]). Let ¢ € M(0,1), and let ®,(x) be the nth monic orthogonal

polynomial with respect to di. For any polynomial sequence {uy}, if limy_ o0 un(x)/
D, (x) exists locally uniformly in C\[—1,1], then

-3 -0l). oo

locally uniformly in C\[—1,1].

For the relation between the Jacobi polynomials plo P _1)(35) and p,(z), we

have

Lemma 4.4 ([N]). The following holds:
(O‘_1>ﬁ_1)

lim % — 4
n— o0 an
where
1 [ log(t—c) }
A=exp{— ——"dt;.
p{2’ﬂ' —1 \/1 —t2
Lemma 4.5. For the leading coefficient of the Jacobi polynomial, we have

] (a—1,8-1) 1

- — =

lim,, oo wF = §-
’Y’Vl
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Proof. Tt is easy to see the lemma holds from the following formula [Sz],

(p) _ 1 204641 Dln+ B+ D+ B+D\"? (2n+a+ 3 -
T T \nrat B+ 1T+ Dli(n+a+B+1) n '

Lemma 4.6 ([P]). The following is valid:

D, . J du
dy = with dy = —2 % __p,.
DY _an?s An2k2 Dyp_1n2k2 ’
A Ty A R v JdutJ dv

The last lemma in the section tells us d,, — 0 as n — oo and with rate 1/n?.

Lemma 4.7. We have
4A?
lim n?d, = ———.
S 2o(0)
Proof. From the definition of (S,,, S,)s, we have

<Pn7Pn>wg S <Sn;Sn>wo S <Sn73n>5

So,
<Pnu Pn>wo

dn| = |=5—7—Dn| < |Dyl.

| | ‘ <SnaSn>S | |
Also, we know that (cf. [P])

1

44 lim D, = — .
#4) 2P = T

Then d,, is bounded. Next, from Lemmas 4.1, 4.4 and 4.5,
(a=1,8-1) _ (a—1,6-1)

nh—>ngo % - nlg]go (a—l?,lﬁ—l) %(la—l,g—l) vn_(la,g) = % "2 % = ﬁ
Yn—1 Tn Yn—1 Yn—1
Thus, together with Lemmas 4.1 and 4.6 and (4.4),
n’D,,

lim n2d, = lim
n—00 " n—o00 1 + Difﬂlz’f?z 4 >\n2ni —d Dn—1n2/€%
(n n—1

A T E [
i D, 4A?
= Jlm —— =G
e

5. ZERO DISTRIBUTION
We investigate the zero distribution for S, (x) in this section.

Lemma 5.1 ([BSS]). Let {wy(z) = [[};(x — zn;)}020 be a sequence of monic
polynomials of respective degree precisely n. If there are at most a finite number of
Tn,; outside of [—1,1] for each n and

1/n

lim sup ”wn(z)”[_Ll] <1/2,
n—oo
then, in weak-* topology,
. 1
lim p, =

n—0oo /1 — 22’
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where wy, is the discrete unit measure defined on the Borel sets having mass 1/n at
each zero T ;.

The next lemma is the estimation for the norm of P,(z) in [—1,1].
Lemma 5.2 ([Sz]). There is a constant C > 0, such that

Cn*t1/2, s = max(a, ) > —1/2,
||p51a75)($)||[—1,1] < (o) 2 =1/ n — 0o.
C, s =max(q, 8) < —1/2,
Lemma 5.3. There is a constant D > 0, such that
[pn(@)[|(-1,1 < Dy(n),

where

(n) = (n+1)*12 t=max(a—1,8—-1) > —1/2,
YA, t=max(a—1,6—1) < —1/2.

Proof. From (4.1), we have

1 Kn a—1,-1
||pn(x>||[_17uslc|_1[ | I T @)
Tn+1
a—1 1
P00

Kn (a—
(a 1,8—1) || LA ( )”[—1,1]

Together with Lemmas 4.1, 4.4 and 5.2, we show that the lemma holds. O

T(LO( 1 B—l)(c)

Next, we find the upper bound for the norm of S, (z) in [—1,1].

Lemma 5.4. Define &, = 1/1/(Sn,Sn)s and the polynomial gn(x) = £nSn(x).
Then there is a constant E > 0, such that

gn(@)ll[-11) < Ey(n),  n— oo
Proof. From Lemma 3.4 and k,, = &p\/Dy/dn, we get

d/n n Kn dn
n - Dn — Pn—
gn(z) D7 pn(z) + iR\ D? 1(2)

-1 K
\/nld 7’L ngnl

TL
We assume that ||g,—1(x )||[ 11 < Ey(n 1). From Lemma 4.7, there is a constant

C; > 0 such that d, < €+. Notice that /in/ﬁn 1 and D,, are bounded. From (5.1)
and Lemma 5.3, we obtaln

(5.1)

llgn(@)lli-1.11

Cl n Cl Dy(n—l)l
<E D,_ D 1
- y("){ Do + 0wl e T\ DI E i)
n Kn [|Dn-1ly(n—1) 1
<F . g
+Cln—1/ﬁn_1 ' Dol y(n) n—1[" y(n), n—o0

We can prove the following zero distribution theorem now.
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Theorem 5.5. For the monic polynomials Sy (x), we have, in weak-* topology,

1
lim v, =

n—oo /1 — a2
where vy, is the discrete unit measure defined on the Borel sets having mass 1/n at
each zero of Qn(z).

Proof. We know that at most one zero of S,,(x) is outside [—1, 1] (cf. [BAM]). Thus,

i/n < 1/2. First, we

from Lemma 5.1, we only need to prove limsup,,_, . ||Sn(x )||[ 11]

know, from Lemma 4.1,

(5.2) lim £/ = 2.
Next, from Lemma 3.4, S, (z) = g"‘%—(:) = grl;_(f) g—:. Thus, from (5.2) and Lem-
mas 5.4 and 4.7,
1 5.\ 1
limsup || Sy ()] /], < lim mnmsup||gn(x)||[lj’;_l] lim ( d-") =5 O
n—00 n—00 o N—00 »ln—oo n
6. PROOFS

We are now in a position to prove the theorems in Section 2.

Proof of Theorem 2.1. From Lemma 3.4, we have

n T Pn
Lol 4 p, By @)1+ duta(@)]
n+j2 + Dyt % L+ dpyatngi(x)

where t,(z) = (n + 1)S,(x)/nSy41(x). Together with Lemma 4.1, we get
6.1) lim tnt1(2)[1 + dpty ()] _ 1 7
n—oo 1+ dn-i-ltn-l—l(x) (b(x)

locally uniformly in C\[—1,1]. We claim that the sequence {t,(z)} is locally uni-
formly bounded in C\[—1, 1]. Suppose there is A C N, such that ¢,41(z) — oo and
n € A, z € C\[-1,1]. From (6.1) and Lemma 4.7, we know

(6.2) lim (1 + dytn(z)) =0, n € A.

Also from (6.1) and (6.2), we get
(6.3) lim ¢, (x)(1 + dp—1tn—1(x)) =0, n € A.

We define z,, = y,, if there are constants Co > 0 and C5 > 0 such that Cy <

= < (3. Notice that, from Lemmas 3.3 and 4.4,

. . K2 1
(6.4) g, o = 0 e T e
’Yn-i-l

Then, from Theorem 3.5,
ap-1(n—1)

FSo b analn=1),
nSy, n n2 n—11):

(6.5)

1%
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Also,
-1
an—ln tn—l(z) + bn
_ <PnaPn>woDndn—1 n_lt + <Pn7Pn>w0Dn
C Daadn(Pat, Pat)uy " g (R Rt ATy
_ <Pn7 Pn>woDn
= dn
n—1 1 1
tn_1(z)d,— +
1( ) 1Dn—1<Pn—17Pn—l>wo Cn—1<Pn—laPn—1>wg:|
<PnaPn>woDn Dn—l 1
= tn—1(x)dn— — —tp_1dp_
(Po_1, Pa1)wo Dn1dn 1(z) 1+ - n 1 1
<Pna Pn>woDn 1
= 1 tn_ dn_ J—
<Pn—1aPn—1>woDn—l[ + 1(1:) 1]dn

ny+f njw n n— 1
¢ B PednDe Doy ]

<Pn—lapn—1>wgDn—1 Cn—1 a
<Pn7Pn>woDn tn_l(l') dn—l
<Pn—lapn—1>wgDn—1 n dn, '

Then, from (6.5),

FS, ~ (Pr, Pp)wo D, (1 +tp_1(x)dp—1)tn(x) l
nSn N <Pn—17 Pn—l>woDn—l tn(x)dn n
<PnaPn>woDn |:Dn—1 :| 1
6.6 + -1 —
( ) <Pn—17 Pn—l>wgDn—1 Cn—1 ndn
_ <Pnapn>woDn dn—ltn—l(z)
<Pn—17Pn—1>woDn—l n2dn .
From (6.2), (6.3), (6.6), (6.4), Lemmas 4.1 and 4.7, we have
FSTL ~ 1 |:Dn_1 - Cn_1:| 1 )\(]5(0)
W 4 . nd, 44
(6.7) nS, Cr—1 717,d oo
~ A2 _ - ¢
>~ A%[Dy—1 cn_l]ndn R n € A.
Then, from the definition of D,,_; and ¢,_; in Lemma 3.3, we get, for n € A,
(6.8)
FS, o o[ =DR@) n-1 Pi@) POV @) | 1
nS, P! (z) n P/ (z) P,_1(x) P,_1(z) | nd,

It is well-known that (cf. [Sz]) £ P2V (z) = (n + 1)PY")(z). So, for n € A,

P (x) P._i(x)

n—1
ET @) P Pa@) |, Pa) | 1
R P R i ]

n { P V@) P () }
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This, together with Lemmas 4.1, 4.2, 4.3, 4.4, 4.7, yields

(6.9) Sg:((;) =0(1), neA.
On the other hand, from Theorem 5.5, we have
(6.10)
lim o) _ /+OO dvn(t) _ 1/1 LA o1
n—oonSy(z) nooof o z—t wJ)_iz—t\/1-4¢2
Then, we get
Sn(x
(6.11) lim 57’18 =

From (6.10), we know that at most a finite number of zeros of S/, lie outside of
[-1,1] and lim sup,,_, ., ||S,’1(;v)||[117111] < 1/2, since lim sup,,_, ., ||Sn(;v)||l/n <1/2.

[_171] -
Thus from Lemma 5.1 again

" 1
lim o) _ 1/ L _d z e C\[-1,1].

n—oonS (z) w ) z—tyI—2
So,
/
(6.12) lim S22 _

ne 51(z)

From the definition of F.S,,(x), (6.10) and (6.12), we have, for z € C\[-1, 1],

FS,(2)
= lim 25n(2) + Mz(a+B)+c(a+)— B+a}S)(2) + Mz2+2zc+ 2 —1}S)(2)

This contradicts (6.9). Thus the sequence {t,(z)} is locally uniformly bounded
in C\[-1,1]. Pick any convergence sequence t,4+1(z), n € A; C N, and assume
that lim, oo tn+1(z) = ¢(z), n € Ay. Thus, notice that the sequence {t,(z)} is

bounded; from (6.1) and Lemma 4.7, we have ¢(z) = ﬁ Since A; is arbitrary,

3-
we have lim, o tn(2) = %, locally uniform in C\[—1,1]. |

Proof of Theorem 2.2. Notice that
<Sn7 Sn>S

dnby, = dy
<P1ga—1,ﬁ—1)7pr(ba—l,6—l)>p
(6.13) I
o <Pna Pn>wo _ ")/7(7,(1 LA-1) D
= <P7(La_1’ﬁ_1),Pr(La_1’ﬁ_l)>p n — Koy n-

Thus, from Lemmas 3.2, 4.1, 4.4, 4.7 and (4.4), we have

2
lim d, FS,(z) 1 ] 1 A

n—oo " plas AT (4 T16(0)] o) 46(c)o(a)

:AQ[



ASYMPTOTICS FOR SOBOLEV ORTHOGONAL POLYNOMIALS 2387
Together with Lemma 4.1 and (4.2), we get

FSua) P’ V(@) P V()

n

. FS,(x) .
lim d,———= = lim d,
n— o0 P, (x) n— o0 Pr(zizlﬁ_l)(x) Pr(La—l,ﬁ—l)(x) P, (x)
A%(z —c¢)

49(0)(d(2) — é(e))

(6.14)

On the other hand,

<SnaSn>S
(Sn—1,Sn-1)s

(Pr, Pr)w, D, d,_1
(Po—1,Pn—1)wy Dn—1 dn
“721—1 D, dnp_1
K2 Dp_y dy

dnan—l = dn

:dn

:dn

Thus, from Lemmas 4.1, 4.7 and (4.4), lim, . dpan—1 = 0. From Lemmas 3.5,

4.4, 4.7, (4.4), and (6.13), we have lim,_,o0 dnan = lim, oo dpby, = _#(i)' So,
from Theorems 2.1 and 3.5, lim,,_,o d, Fsi"(iw)) = limy,, 00 dpan = —ﬁé). Together
with (6.14),

lim 'n(T) ~ lim Sp(z)  d,FS,(x) __T-c 4

Proof of Theorem 2.3. From Lemma 4.4 and Theorem 2.2,

. Su() im Sy () Pp(w) _ 22 —1
RN e RS e e s R

ADDED IN PROOF

After this paper was sent for publication a paper of A. Martinez-Finkelshtein,
J. J. Moreno-Balcazar, T. E. Perez and M. A. Pinar was submitted for publica-
tion where they obtain the results independently. The reference is A. Martinez-
Finkelshtein, J. J. Moreno-Balcazar, T. E. Perez and M. A. Pinar, Asymptotics of
Sobolev orthogonal polynomials for coherent pairs of measures. Thanks to Professor
M. A. Pinar for sending me the manuscript.
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