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ABSTRACT. For an ideal or K-subalgebra E of K[X71,...,Xn], consider sub-
fields k C K, where E is generated — as ideal or K-subalgebra — by polynomials
in k[X1,...,Xn]. It is a standard result for ideals that there is a smallest such
k. We give an algorithm to find it. We also prove that there is a smallest
such k for K-subalgebras. The ideal results use reduced Grobner bases. For
the subalgebra results we develop and then use subduced SAGBI (bases), the
analog to reduced Grobner bases.

1. INTRODUCTION

This paper is about subfields k¥ C K where k[X1,...,X,] contains generators
for an ideal or K-subalgebra of a polynomial ring K[Xi,...,X,]. In the case
of an ideal, it is well known that there is a smallest such subfield k. Utilizing
reduced Grobner bases, we provide an algorithm which, starting from a finite set of
generators for the ideal, produces a finite set of generators for k as a field extension
of the prime field.

Suppose that B is a K-subalgebra of the polynomial ring. B may be finitely
generated or not. Is there a smallest subfield k¥ C K where B is generated by poly-
nomials lying in k[X1, ..., X,,]? Utilizing SAGBI' — and developing the subalgebra
analog to reduced Grobner bases — we prove there is. Although we present an al-
gorithm which produces a generating set for the field of definition of an ideal, for a
K-subalgebra — even a finitely generated K-subalgebra — we are not able to provide
such an algorithm, in general. However, we do prove that for a finitely generated
K-subalgebra, the field of definition is finitely generated over the prime field.

2. IDEAL COEFFICIENTS

In the following we use “k[X]” to stand for “k[X1,...,X,]”. Here is how the
theory of Grobner bases can be used to prove the following well-known fact.
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Proposition 2.1. Let k C K be a field extension and let I be an ideal of k[X].
Then
IK[X|Nk[X] =1

Proof. Choose a term-order ¢ and let G, be a reduced Grobner basis of I with
respect to 0. It is a standard result (see for instance [AL], [E]) that G, is uniquely
determined by o, no matter which set of generators of I the Grébner basis is com-
puted from. Moreover the coefficients of the polynomials in G, are obtained by field
operations (addition, subtraction, multiplication and division) on the coefficients
of the given set of generators. Therefore G, is also the reduced Grébner basis of
IK[X]. Since G, C k[X], if f(X) € k[X] then reducing f(X) over G, involves
repeated subtracting off elements of G, times polynomials in k[X]. Thus if f’ is
the normal form of f, f — f' € k[X]|G = I. If f(X) € IK[X]| N Ek[X], then f' =0
and f € I. O

Here is the formal definition of an ideal being defined over a subfield of K.

Definition 2.2. Let K be a field with subfield L and let I be an ideal in K[X].
I is defined over L if I is generated as an ideal in K[X] by polynomials lying in
L[X]. There is a subfield of K over which I is defined and which lies in all other
subfields of K over which I is defined, for example see [L58]. This smallest subfield
of K over which I is defined is the field of definition of I.

Example 2.3. Let I C C[X,Y, Z] be the ideal defined by
I:=(X2—V56XY +3XZ+2V522, XY —V27% 2XY +/32?).

It is easy to check that
I=(X?+3X2Z XY, 7%,
hence the field of definition of I is Q.

Theorem 2.4. Let I be an ideal in K[X], let o be a term-order, let G, be the
reduced Grobner basis of I with respect to o and let k be the subfield of K generated
over the prime field by the coefficients of the polynomials in G,. Then k is the field
of definition of I.

Proof. I is defined over k because G, C k[X] and I is generated by G, as an ideal
in K[X].

Now for the “smallestness” of k. Suppose that L is a subfield of K over which I
is defined. In fact, suppose that I is generated as an ideal in K[X] by Fi,...,F, €
L[X]. Compute G, starting from the set of generators {F1,...,F,} for I. Again,
the coefficients of the polynomials in G, are obtained by field operations (addition,
subtraction, multiplication and division) on the coefficients of Fi,..., F,.. Hence,
the coefficients of the polynomials in G, lie in L, and so k C L. O

Since G, is a finite set of polynomials, the set of coefficients of the polynomials
in G, is a finite generating set over the prime field for the field of definition of I.

Corollary 2.5. Let I C K[X] be an ideal for which one has an explicit set of
generators. Then the field of definition of I is computable.

Proof. Let k be the field generated over the prime field by the coefficients of the
given set of generators. k is a finitely generated extension of the prime field, hence
computable. Thus the conclusion follows from Theorem 2.4. O
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Corollary 2.6. Let I C K[X]. The subfield of K generated over the prime field
by the coefficients of a reduced Grobner basis of I is independent of the term-order.

Proof. All these subfields coincide with the field of definition of 1. O

Remark 2.7. Let I be an ideal in K[X], o a term order and ) : K[X] — K[X] a
K-algebra homomorphism. It is not true that I being stable with respect to Q-
meaning (1) = I-implies that the polynomials of the reduced Grébner basis of T
are Q-invariant. For instance, let = be the automorphism of K[X,Y] interchanging
X and Y. The ideal generated by X +Y and XY is Z-stable. {X +Y, Y?} is the
reduced Grobner basis of I with respect to every term order o such that X >, Y.
But {X +Y, Y2} is not =-invariant.

The problem is that = does not respect the term order. One way to obtain
ring endomorphisms of K[X] which do respect the term order is to begin with
a homomorphism « : K — K. Let a[X] denote the extension of a to K[X]
where a[X] applied to a polynomial is simply a applied to the coefficients of the
polynomial.? Since a[X] just acts on coefficients, it respects the term order in the
sense that for a polynomial f the lead term of a[X](f) is a[X] of the lead term of
f- E does not respect the term order in this sense. The lead term of E(X +Y) is
not = of the lead term of X +Y.

The next result is due to Traverso (see [T]).

Proposition 2.8. a) Let o : K — K be a homomorphism, let ko, C K be the fixved
subfield of o and let a[X] be the extension of a to K[X| defined above. If a[X]
carries the ideal T into itself, then the reduced Grobner basis of I lies in kqo[X].

b) Let K be a Galois extension of k with Galois group Galy(K), and suppose that
I is an ideal of K[X] which is stable with respect to Gal,(K)[X], where Galy(K)[X]
is the group of automorphisms of K[X] consisting of a[X]’s for o € Galy(K). Then
the reduced Grobner basis of I lies in k[X].

Proof. Let o be a term-order and let G, be the reduced Grobner basis of I with
respect to o. Since a[X] respects term orders, it carries a (reduced) Grobner basis
for an ideal J into a (reduced) Grobner basis for a[X](J). Since I is stable, a[X]
carries a reduced Grobner basis for I to itself. Again, since a[X] acts on the
coefficients, and the elements of the reduced Grobner basis have distinct leading
exponents, it follows that a[X] acts trivially on the reduced Grébner basis. The
result for K Galois over k follows since k is the intersection of the fixed fields of
the automorphisms in Galy (K). (]

Somewhat similar reasoning may be used to show:

Proposition 2.9. Let D : K — K be a deriwation, let kp C K be the kernel of
D —i.e. the subfield of D constants — and let D[X] be the extension of D to K[X]
by having D act on the coefficients of polynomials. If D[X] carries the ideal I into
itself, then the reduced Grébner basis of I lies in kp[X].

Combining Theorem 2.4 with Propositions 2.8 and 2.9 gives:

Corollary 2.10. a) Under the hypotheses of Prop. 2.8.a, the field of definition of
I lies in k.

2Note that a[X] is not a K-algebra homomorphism if « is not the identity map. However, if
k is a subfield of K lying in the fixed field of a, then a[X] is a k-algebra endomorphism of K[X].
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b) Under the hypotheses of Prop. 2.8.b, the field of definition of I lies in k.
¢) Under the hypotheses of Prop. 2.9, the field of definition of I lies in kp.

3. SUBALGEBRA COEFFICIENTS

In this section we consider K-subalgebras instead of ideals, and we use the theory
of SAGBI (see [RS], [CHV] and [S]). So let B C K[X] be a K-subalgebra and let
o be a term-order. We recall that o induces a filtration on K[X], such that the
associated graded ring is isomorphic to K[X], graded over N™ in such a way that

K[X](ay,....an) = {cX" - X" | c € K}
Moreover, ¢ induces a filtration F on the K-subalgebra B, whose associated graded
ring grz(B) is the monoid K-algebra K[Lt,(B)], where
Lt,(B) :={Lt,(F) | F € B,F #0}.
Definition 3.1. A subset £ = {F; | i € S} of B is called a SAGBI of B with
respect to o if

yeeey

K[Lto(B)] = K[{Lt; (E)}].

We recall that if B is finitely generated over K, i.e. there exist Fy,..., F, such
that B = K[F1, ..., F,], then B need not have a finite SAGBL

Example 3.2. For more details see [O], Section 4, and [RS], Examples 1.20 and
411. Let B := K[X,XY — Y2, XY?| C K[X,Y], where K is a field of charac-
teristic 0. If we consider a term-order o such that X >, Y, then K[Lt,(B)] =
KX, XY, XY? XY3 XY* ...]; hence the monoid Lt,(B) is not finitely gener-
ated. Instead, if we consider a term-order o such that Y >, X, then K[Lt,(B)] =
K[X,Y? X?Y] is finitely generated.

Let B:= K[X+Y,XY, XY?] C K[X,Y], where K is any field. Then K[Lt, (B)]
is not finitely generated for any term order.

Definition 3.3. A K-subalgebra B of K[X] is called o-finite if it has a finite
SAGBI with respect to o.

Definition 3.4. Let K be a field with subfield L and let B be a K-subalgebra
of K[X]. B is defined over L if B is generated as a K-subalgebra of K[X] by
polynomials lying in L[X]. It will be shown in Theorem 3.9 that there is a subfield
of K over which B is defined and which lies in all other subfields of K over which
B is defined. This smallest subfield of K over which B is defined will be referred
to as the field of definition of B.

The proof that subalgebras have a field of definition parallels the proof of Theo-
rem 2.4. One difficulty is that the proof of Theorem 2.4 relies on reduced Grébner
bases, and the SAGBI analog to reduced Grobner bases does not yet exist. We
remedy this deficiency. It is natural to wonder when fields of definition of subal-
gebras are finitely generated over the prime field and can be found constructively.
We give partial answers to these questions.

Definition 3.5. Let B be a K-subalgebra of K[X] and o a term-order. Let E :=
{F; |i € S} beaSAGBI of B with respect to 0. Then E is said to be subduced if the
lead coefficient of each element of E is 1 and no subduction (subalgebra-reduction)
can occur among the F;’s. This means that neither the lead term of any F; nor any
internal term of an F; is a scalar from K times a product of lead terms of other
Fj’S.
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Lemma 3.6. Let B be a monomial K-subalgebra of K[X].> Then B has a K-
algebra generating set S’ consisting of monomials, where S’ lies in all other K-
algebra generating sets of B consisting of monomials. In fact, if S is any set
of monomials which generates B as a K-algebra and 1 does not lie in S, then
S\ (S?2US3USt...) is this smallest monomial generating set of B.

Proof. A simple proof of this known fact goes as follows. Let S be a set of monomials
which generates B as a K-algebra. If 1 lies in S, discard it, so all the elements of
S have total degree 1 or more. If b € B has total degree n > 0, it is the product
of at most n elements of S. The fact that there is such a bound implies that there
is a maximal length expression b = s ...s,, with the s;’s in S. By the maximality
it follows that none of these s;’s can be expressed as the product of two or more
elements of S. Let S’ be the subset of S consisting of elements which are not the
product of two or more elements of S; that is, S’ = S\ (S2US2US*...). We have
just shown that S’ generates B as a K-algebra. By definition, no element of S’ is
the product of two or more elements of S, and certainly not the product of two or
more elements of S’. Hence no element s of S’ lies in the K-subalgebra generated
by S’ \ {s}. Thus S’ is a minimal generating set of B.

Next suppose that T is a set of monomials which generates B, and assume that
1 does not lie in T. Let s’ € S’. Since T is a monomial generating set, s’ lies in
(TUT?UT3...). If & € S were in (T?UT3...), i.e. if s’ were the product of two
or more elements of T' (and remember that each of these elements of T" are in S’ or
are the product of elements of S’ because S’ generates B), then s’ is the product of
two or more elements of S’. This contradicts the definition of S’. Hence, s’ € T",
ie. S’ C T, and so S’ is this smallest monomial generating set of B. O

Theorem 3.7. Let B be a K-subalgebra of K[X] and o a term-order. Then there
exists a unique subduced SAGBI of B with respect to o, which we call E,. If B is
o-finite over a constructive field, there is an algorithm to find E,.

Proof. Lemma 3.6 implies that there exists a smallest generating set G of K [Lt,(B)]
consisting of monomials. Let S be a corresponding SAGBI, i.e. a SAGBI where
each element of G is the lead term of a unique element of S. By this construction
of S the lead term of any element of S is not a product of the lead terms of other
elements of S. For s € S, either no internal terms can be subduced against the
other elements of S, or there is a largest, in the term order, internal term of s which
can be subduced. In the latter case, subduce this internal term to obtain a new
element s’ to replace s. s’ has the same lead term as s. Now repeat the process
with &’. After a finite number of steps this leads to an s(™) to replace s, where s(™)
has the same lead term as s and no internal term of s(™) is a product of lead terms
of other elements of S. After this “internal subduction” of all the elements of S,
one has a subduced SAGBI for B.

Next suppose that S and T are subduced SAGBI’s for B. Since S is subduced,
the lead terms of S must be a minimal monomial generating sets for K[Lt,(B)].
Similarly for 7. So by Lemma 3.6 for each element of S there is a unique element
of T with the same lead term, and vice-versa. Hence S equals T if and only if
these corresponding elements with the same leading term are equal. Suppose not.

3By monomial we mean an element of K[X] = k[X1,...,Xy] of the form X{'...X5". A
monomial K-subalgebra is one which is generated by monomials or, equivalently, is spanned by
monomials as a vector space over K.
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Suppose s € S and t € T have the same lead term but are not equal. Consider the
non-zero element s — t. Because the lead terms of s and ¢ cancel, the lead term
of s — t is one of the intermediate terms of s or ¢. If the lead term of s — ¢ is an
intermediate term of s, then it cannot be subduced by elements of .S because S is
a subduced SAGBI. If the lead term of s — ¢ is an intermediate term of ¢, then it
cannot be subduced by elements of T' because T is a subduced SAGBI. Either way
we have produced an element of B which cannot be subduced to 0 by a SAGBI, S
or T'. This contradiction proves that S =1T.

Note that if B is o-finite over a constructive field, then the theory of SAGBI’s
gives an algorithm to construct a finite SAGBI S for B. Exclude constants from
S, normalize so that all the lead terms are 1, and where several elements of S have
the same lead term keep only one. Next exclude elements of .S where the lead term
is the product of two or more lead terms of elements of S. Since S is finite, this is
a finite check. By Lemma 3.6 the S at this point corresponds to a minimal basis of
monomials of K[Lt,(B)]. Use this S, and internally subduce the elements as in the

previous part of the proof. The result, after a finite number of steps, is a subduced
SAGBI for B. O

Example 3.8. Let B := K[X®-Y?2Z,YZ— 7%, 0 := DegRevLex, i.e. the reverse
lexicographic order. Then {X* — Y222 YZ — Z?} is a SAGBI of B, but it is not
subduced because Y272 equals (Y Z)? and Y Z is the lead term of a SAGBI element.
Instead {X?* — Z4)YZ — Z?} is the subduced SAGBI.

Now that we have subduced SAGBI’s, we can apply them to proving that a
subalgebra has a field of definition. Note how the matter of finite generation is
more delicate than in the case of ideals.

Theorem 3.9. Let B be a K-subalgebra of K[X], let o be a term-order, let E, be
the subduced SAGBI of B with respect to o and let k be the subfield of K generated
by the coefficients of the polynomials in E,.
a) B is defined over k, and k lies in all subfields of K over which B is defined.
b) If B is a finitely generated K -subalgebra of K[X] or there is a subfield L of K
where L is a finitely generated field extension of the prime subfield and B is defined
over L, then the field of definition of B is finitely generated over the prime subfield.

Proof. a) Again, the coefficients of the polynomials in E, are obtained by field
operations (addition, subtraction, multiplication and division) on the coefficients
of any set of polynomials which generate B as a K-algebra. So the proof proceeds
exactly the same as the proof of Theorem 2.4.

b) If B is a finitely generated K-subalgebra of K[X], then let L be the subfield of
K generated over the prime field by the coefficients of the generating polynomials
of B. There are just a finite number of coefficients for each of the finite number of
generating polynomials, and so L is a finitely generated field extension of the prime
subfield. Hence it suffices to prove the assertion about B being defined over L, a
finitely generated field extension of the prime subfield. Since the field of definition
of B is a subfield of L, it follows from ([L93], p.374, ex.4) that the field of definition
of B is a finitely generated field extension of the prime subfield. O

The subalgebra analog to Corollary 2.6 is immediate:

Corollary 3.10. Let B be a K-subalgebra of K[X]. The subfield of K generated
over the prime field by the coefficients of E, is independent of the term-order.
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Suppose that K is a constructive field and B is finitely generated K-subalgebra.
Beginning with a finite generating set of polynomials for B, there is a method to
construct increasing finite sets whose union is a SAGBI for B and B is o-finite if
and only if this procedure terminates in a finite number of steps. In this case the
procedure is an algorithm for finding a SAGBI for B. The next result is worse than
it sounds because one does not have general techniques to ascertain o-finiteness (in
advance).

Corollary 3.11. Let B be a K -subalgebra of K[X], where K is a constructive field.
Suppose that a specific, finite K-algebra generating set for B is given and that B
is o-finite with respect to a term order o. Then the field of definition of B can be
found algorithmically.

The SAGBI form of Corollary 2.10 holds with about the same proof.

Corollary 3.12. a) Let « : K — K be a homomorphism and let k., C K be the
fized subfield of a. If a[X] carries the K-subalgebra B into itself, then the field of
definition of B lies in k.

b) Let K be a Galois extension of k with Galois group Galy(K), and suppose that
B is a K-subalgebra of K[X] which is stable with respect to Galy(K)[X]. Then the
field of definition of B lies in k.

¢) Let D : K — K be a derivation and let kp C K be the kernel of D. If D[X]
carries the K-subalgebra B into itself, then the field of definition of B lies in kp.
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