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ABSTRACT. Let A > B > 0 with A > 0 and let ¢ € [0,1] and ¢ > 0. As a
generalization of a result due to Furuta, it is shown that the operator function
Gp . t(A, B,r, s):A—r/2{A7‘/2(A—t/2BpA—t/Z)SAr/2}(q—t+r)/[(p—t)s+r]A—7‘/2
is decreasing for » > ¢ and s > 1 if p > max{q,t}. Moreover, if 1 > p >t and

q > t, then Gp q,t(A, B,r,s) is decreasing for » > 0 and s > Z—:i, The latter
result is an extension of an earlier result of Furuta.

1. INTRODUCTION

In what follows, a capital letter means a bounded linear operator on a complex
Hilbert space H. An operator 7T is said to be positive (in symbols: T > 0) if
(Txz,x) > 0 for all x € H. Also an operator T is strictly positive (in symbols:
T > 0) if T is positive and invertible. As an extension of the celebrated Lowner-
Heinz theorem ([13], [15]), we established the following result.

Furuta inequality ([5]). If A > B >0, then for each r > 0

(i) (B"APB")Y/1 > (B"BPB")'/4
and
(ii) (A" AP A™)Y4 > (A" BPAT)V/4

hold for p > 0 and ¢ > 1 with (1 + 2r)q > p+ 2r.

Alternative proofs are given in [2], [6] and [14] and also an elementary one page
proof in [7]. The domain surrounded by p, ¢ and 7 in the Figure is the best possible
one for the Furuta inequality in [16]. We remark that the Furuta inequality yields
the Lowner-Heinz theorem when we put » = 0 in (i) or (ii) stated above: if A >
B > 0 ensures A* > B® for any « € [0,1]. In [10, Theorem 1.1] we established the
following Theorem A as extensions of the Furuta inequality.

Theorem A ([10]). If A> B > 0 with A > 0, then for each t € [0,1] and p > 1,
Fpt(A,B,’f’7 S) _ A—T/Q{AT/Q(A—t/2BpA—t/2)sAr/2}(1—t+r)/[(p—t)s+r]A—r/2
is decreasing for v >t and s > 1 and F, (A, A,r,8) > F, (A, B,r,s), that is, for
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each t € [0,1] and p > 1,
(1.1) AT > {AT/2(A—t/QB;DA—t/2)sAT/2}(1—t+r)/[(p—t)s+r]
holds for any s > 1 and r such that r > t.
Recently a nice mean-theoretic proof of Theorem A was shown in [4]. Ando-
Hiai [1] established various log majorization results to ensure excellent and useful

inequalities for unitarily invariant norms and showed the following useful inequality
equivalent to the main log majorization theorem: If A > B > 0 with A > 0, then

A" > {AT/Z(A—1/2BpA—1/2)rAr/2}1/p

holds for any p > 1 and r > 1.

Theorem A interpolates this inequality by Ando-Hiai and the Furuta inequality
and also extends results of [3], [8] and [9].

We write A > B if log A > log B for invertible positive operators A and B which
is called the chaotic order [3] and related results on chaotic order are discussed in

[3].

2. STATEMENT OF RESULTS

The main result in this paper is the following one which is an extension of
Theorem A.

Theorem 1. Let A > B > 0 with A > 0. For each t € [0,1], ¢ > 0 and p >
max{q,t},

Gpot(A B, s) = A—r/z{Ar/2(A—t/2BpA—t/2)sAr/z}(q—t+r)/[(p—t)s+r]A—r/2
is decreasing for r >t and s > 1.

The following result is a complementary one associated with Theorem A.
Theorem 2. Let A> B >0 with A > 0. For eacht € [0,1], 1 >p >t and ¢ > t,
Gpat(A B, s) = A—r/z{Ar/2(A—t/2BpA—t/2)sAr/z}(q—t+r)/[(p—t)s+r]A—r/2

—t

is decreasing for r >0 and s > 1I—.
p—t

The following Theorem A’ is nothing but a slight modification of Theorem A,
but Theorem A’ is useful for the proof of Theorem 1.
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Theorem A'. If A > B > 0 with A > 0, then for each t € [0,1], ¢ € [t,1] and
p=4q

Fpt(A,B,T‘,S) _ A—T/Q{AT/Q(A—t/QBpA—t/Q)sAr/Q}(q—t+r)/[(p—t)s+r]A—r/2
is decreasing for r >t and s > 1. Moreover for each t € [0,1], ¢ € [t,1] and p > ¢,
Foi(A, A s) > Fp(A, B,r,s), that is,

(21) Ad—tEr > {AT/Z(A—t/ZBpA—t/Z)SAr/Z}(q—t—i—r)/[(p—t)s-H‘]

holds for any s > 1 and r > t.

Corollary 3 ([3], [8], [9]). If A > B > 0 with A > 0, then for fized ¢ > 0,
F(p,r) = ATT/2(A77/2 BP AT/2)(atn)/ (pr) g=r/2

is decreasing for r >0 and p > q > 0.

Corollary 4 ([11]). Let A> B > 0 with A > 0.
(i) For each p and t such that 1 >p > % andp>t>0,
Fp t(Au B,r, S) _ A—r/2{Ar/2(A—t/ZBpA—t/2)sAr/2}(l—t—i-r)/[(p—t)s-i-r]A—r/Z
is decreasing for r >0 and s > 1—:’;
p
(ii) For each p and t such that % >p>t>0,

Hp7t(A7 B,r, S) — A—T/Z{AT/Z(A—t/ZBpA—t/Z)sAr/Z}(2p—t+r)/[(p—t)s+r]A—r/2

. . 2p—t
1s decreasing for r > 0 and s > 2=,
p—t

3. PROOFS OF THE RESULTS

Proof of Theorem A’. Put Ay = A? and B; = B?. Then A; > B; by the Lowner-

Heinz theorem since ¢ € [0,1] holds. Put ' = 1 t = 5 and p’ = %. Then

p’ > 1>t and v’ > t’ hold by the hypotheses on p, q,t and r. Applying Theorem
A on A1 and Bl,
Gp . t(A,B,’/‘, S) — A—r/2{Ar/2(A—t/2BpA—t/2)sAr/2}(q—t+r)/[(p—t)s+r]A—r/2
—r" /2 1" )2, —t" )2 50" a—t /2\s 4T /2y (1—t'+7' !t gl 4—1" /2
= AT A P AT AT e
- Fp',t' (Ala B17 Irlv S/)
whence G, 4.(4, B,r,s) is decreasing for r > ¢ and s > 1 since Fj (A1, B1,77,8)

is decreasing for ' > ¢’ and s > 1 by Theorem A. Moreover (2.1) is nothing but a
modification of (1.1) on 4; and By. Whence the proof of Theorem A’ is complete.

Lemma 1. (i) Let A > 0 and B be an invertible operator. For any real number A
(BAB*) = BAV2(AV2 B BAV2) 1 412

(ii) If A> 0 and ||Y]| <1, then (Y*AY)® > Y*A®Y holds for any o € [0, 1].
(iii) If A®* > B® for A,B >0 and some s > 0, then A> B.

(i) of Lemma 1 is shown in [10], (ii) is a simple corollary of [12] and (iii) is easily
obtained since logt is an operator monotone function.
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Lemma 2 ([3], [9]). A > B holds if and only if for any fixred ¢ > 0,
H,(A,B,B,a) = API2(ABI2Ba pAB/2)(a+B)/(atB) p=B/2
is decreasing for 8 > 0 and o > q.

Proposition 1. Let A > B > 0 with A > 0. For each t € [0,1], ¢ > 0, p >
max{q,t} and s > 1,

Gpat(A, B,r,s) = ATT/2{AT/2(A=H/2BP A=t/2)5 A/2} (a=t4)/[(p=t)s 1] g=7/2
is decreasing for r > t.
Proof. Putting ¢ =t =r in (2.1) of Theorem A’, we have
(3.1)  A' > {AV2(ATH2BPAT2)s A2 W Ip=0sH] for any p >t and s > 1.

Giving p, t and s satisfying the hypotheses in Proposition 1, put cg = (p—t)s—+t
and M = {AY2(A~Y/2BP A=t/2)s At/2}1/@0  Therefore (3.1) and (iii) in Lemma 1
ensure A > M and the hypotheses on p, ¢,t and s imply

ag—gq=(p—t)s—(g—t) = (p—t)(s —1) 20,
so that ag > ¢ holds. Put 8 =7 —t > 0. Then applying Lemma 2,
Gpar(A, B,r,s) = ATT/2LATI2 (A2 P Am/2)s Ar/2y (@t /[(p=t)st] g/
= ATT/2{ A(r=D/2 gH/2(A=t/2 Bp g=t/2)5 AL/2 A(r=)/2) (a=t+1)/[(p=t)s+7] g=r/2
— A—t/2A—5/2{A6/2MaoAB/2}(q+5)/(ao+ﬁ)A—5/2A—t/2
= A7"2H, (A, M, B,00)A7"2,

so that Gp 4.+(A, B, 1, s) is decreasing for r > t since Hy(A, M, 5, ap) is decreasing
for # > 0 by Lemma 2 and 8 = r —t. Whence the proof is complete.

Proposition 2. Let A > B > 0 with A > 0. For each t € [0,1] and p,r > t,
Ar/2(A—t/2BpA—t/2)slAr/2 > {Ar/2(A—t/2BpA—t/2)52Ar/2}[(p—t)sl+r]/[(p—t)52+r]
holds for so > s1 > 1.

Proof. There is no loss of generality in assuming that B > 0. Put ¢ =t in (2.1) of
Theorem A’. Then we have for ¢ € [0,1]
(3.2)
AT > {AT2(ATY2BP A2y g2y /I D524 T] for g0 > 1, r >t and p >t
Put Z2 — [A7/2(A=t/2Bp A—t/2)52 Ar/2}r/l=05247] and also put ¥ — ZA—"/2.
Then A"/2Z-'Y = I and ||Y| < 1 since A” > Z? holds by (3.2). Therefore we
obtain
(3.3)
AT/Z(A—t/ZBpA—t/Z)sl Ar/2
— Ar/2{y*Z—1Ar/2(A—t/QBpA—t/2>52Ar/2Z—ly}sl/52Ar/2
> ATPYH {77 A2 (AT BP AT 2)s2 AT/2 71 s1/s2y AT/2 by (ii) of Lemma 1
= Z{AT/2(ATY/2BP AT/2)52 A/2} (p=t)s1/[(p=t)s2 7] 7
_ {AT‘/2(A—t/ZBpA—t/Z)SQAT/2}[(p—t)SlJrT]/[(p—t)SerT]’

so the proof is complete.



Proposition 3. Let A > B > 0 with A > 0. For each t € [0,1,], ¢ > 0, p >

m.

8
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ax{q,t} and r > t, -
Gp qt(A,B,T,S) — A—T/Z{AT/Z(A—t/QBpA—t/Z)SAT/Z}(q—t+r)/[(p—t)s+r]A—r/2

decreasing for s > 1.

Proof. Raise each side of (3.3) to the power —4=:"_ < [0, 1]. By the Léwner-Heinz
theorem this yields

(p—t)s1it+r

{AT/Z(A—t/ZBpA—t/Z)Sl Ar/2}(q—t+r)/[(p—t)sl+r]
> {AT/Q(A—t/2BpA—t/2)S2AT/Q}(q—tH)/[(p—t)SzM]

for so > s1 > 1, so the proof is complete.

Proof of Theorem 1. The proof follows from Proposition 1 and Proposition 3.

Proof of Theorem 2. Put M = A~Y/2BPA=1/2 N = AP~ o = 9= and g = .
p—t p—t
Then

M =AT"2BPATY2 < ATURAPAT? = AT = N

holds by the Lowner-Heinz theorem. Therefore applying Lemma 2,

Gpat(A B,r,s) = A—T/2{AT/2(A—t/QBpA—t/2)SAT/2}(q—t+r)/[(P—t)S+T]A—T/2
— N—6/2{Nﬁ/2MSNﬁ/2}(a+B)/(S+5)N—ﬁ/2
= H,(N,M,8,s).

Gyp.gt(A, B,r,s) is decreasing for » > 0 and s > 9=L since H, (N, M, 3,s) is de-
creasing for > 0 and s > « by Lemma 2.

p—t

Proof of Corollary 3. We have only to put ¢t = 0 and replace ps by p in Theorem

1.

Proof of Corollary 4. Theorem 2 easily implies (i) and (ii).

10.
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