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A SHORT PROOF OF A CHARACTERIZATION
OF REFLEXIVITY OF JAMES
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(Communicated by Dale Alspach)

ABSTRACT. A short direct proof is given to a well-known intrinsic characteri-
zation of reflexivity due to R. C. James.

The following famous intrinsic geometric characterization of reflexivity is due to
R. C. James [4] (cf. also e.g. [1, p. 51], [2, p. 58] or [3]).

Theorem. A Banach space X is reflexive if and only if there is a 6 € (0,1) such
that if (x,)52, is a sequence of elements of the unit sphere of X, Sx, with ||u|| > 6
for all w € conv{xy, za,...}, then there are ng € N, u € conv{xy, za,...,2s,} and
v € CoNV{Zng+1; Tng+2, - - - ¢ Such that ||u —v|| < 6.

This note provides a short and easy direct proof of the James theorem. It does
not rely on Helly’s theorem (like the proof in [4]) nor the Smulian-Eberlein theorem
(like the proof in [5, pp. 95-99]).

Proof of the Theorem. Necessity. The following proof is traditional. We present it
here for the sake of completeness. Let X be reflexive. Fix any 6 > 0, consider any

(21)52; C Sx, and denote K,, = CONV{ZLp11, Tnt2, ... }. Since (K,)5, is a nested
sequence of weakly compact sets, there is xz € ﬂzozo K,,. Since x € Ky, there are
no € N and u € conv{z1,...,xn, } such that ||z — u|| < /2. Since z € K,,, there

is v € conv{Tpo+1,Tng+2, - - - } such that ||z — v|| < /2. Hence ||v — ul| < 6.

Sufficiency. Denote By = {F € X** : ||F|| < 6}. This is a weak™ closed set.
If X # X** then by Riesz’s lemma there is Fy € Sx+«\(By + {z}) for all x € X.
Note that Fp is in the weak* closure of Sx (by Goldstine’s theorem and weak*
lower-semicontinuity of the norm). Pick any zp € Sx. Since the weak* open set
X**\(Bg + {zo}) contains Fy, it also contains a convex weak* neighbourhood V; of
Fy, which means

lv— o] > 6 Yo e V.

Since Fy € X**\ By, we can assume that V4 C X**\By. Pick any z; € V3 N Sx.
Since Fp € X**\(By + conv{xg, z1}), there is a convex weak* neighbourhood V2 C
V1 of Fy such that

[lv—ul| > 6 Yu € conv{xzg,z1}, Vv € Va.
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Pick any zo € Vo N Sx and continue as above. The sequences of convex sets
Vi D Vo D -+ and elements (z,)2°; C Sx satisfy z, € V,, and

[lv—ul >6 Vu € conv{zy,...,Tn}, Y€ Vi1,
Since conv{x,, Tnt1,. .. } C Vi, C X**\ By, this contradicts the assumption. O
REFERENCES

1. B. Beauzamy, Introduction to Banach spaces and their geometry, North-Holland Math. Stud.,
vol. 68, North-Holland, Amsterdam, 1982. MR 84g:46017

2. S. Guerre-Delabriére, Classical sequences in Banach spaces, Marcel Dekker, New York, 1992.
MR 94d:46013

3. R. Haller and E. Oja, Geometric characterizations of positions of Banach spaces in their
biduals, Arch. Math. 69 (1997), 227-233. CMP 97:16

4. R. C. James, Weak compactness and reflezivity, Israel J. Math. 2 (1964), 101-119. MR 31:585

5. V. D. Milman, Geometric theory of Banach spaces II, Uspekhi Mat. Nauk 26 (6) (1971),
73-149. (Russian) MR 54:8240

FacuLTy OF MATHEMATICS, TARTU UNIVERSITY, VANEMUISE 46, EE2400 TARTU, ESTONIA
E-mail address: eveoja@math.ut.ee



