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ABSTRACT. We shall provide conditions on the function f(¢,ui, - ,un—1).
The higher order boundary value problem

(BVP)
(BE) u™ (@) + f(t, u(®),u® (@), ,um=2D(#)) =0 for te (0,1) and n > 2,

w®0)=0,0<i<n-—3,
(BC) { aulr=2)(0) — Bu(»=D(0) =0,
yu=2) (1) 4+ sum=D (1) =0

has at least one solution.

1. INTRODUCTION

In this article, we shall attempt to construct some existence criteria for the
following n—th order boundary value problem:

(BVP)
(E) u™ (t) + f(t,u(t), ™ (t), - ,u»2(t)) =0 for ¢t € (0,1) and n > 2,
u®(0)=0,0<i<n-—3,
(BC) { au™=2(0) - Bu1(0) =0,
yu=2 (1) + su»=D(1) = 0.

The motivation for the present work stems from many recent investigations in
[1]-[3], [8], [13], [23]-[24]. In fact, particular cases of the boundary value problem
(BVP) occur in various physical phenomena [4]-[7], [9]-[10], [13], especially such
as gas diffusion through porous media, thermal self-ignition of a chemically active
mixture of gases in a vessel [7], catalysis theory [9], chemically reacting systems,
as well as adiabatic tubular reactor processes. For other related works, we refer to
recent contributions of Agarwal and Wong [1]-[3], Anuradaha, Hai and Shivaji [4],
Bailey, Shampine and Waltman [5], Erbe and Wang [13], Granas, Guenther and
Lee [16], Lee and O’Regan [21], Chyan and Henderson [8], Henderson [17], Vasilev
and Klokov [23] and Kelevedjiev [18]-[19] and the references therein.

Here, we shall remark that there are four main techniques to treat the existence
of (BVP) as follows:
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Method 01. Shooting method ([25]). This method has been used successfully
in the study of some special boundary value problems, if one can guarantee the
uniqueness of related initial value problems.

Method 02. Fixed point index method ([1]-[2], [11], [20]). This method has
many advantages in treating non-singular boundary value problems and relies on
the following lemma:

Let E be a Banach space, and let C C E be a cone in E. Assume that Q1,5 are
open subsets of E with 0 € Q1,01 C Qa, and let

T:00(\Q) — C

be a completely continuous operator such that either

(1) ||Tul| < ||ull, v e CNINy, and ||Tu|| > ||u]], ue CNINy; or
(i) |Tul| > |Jul], we CNoN, and ||Tul| < ||ul|, v e CNINs.
Then T has a fized point in C' N (Q2\Qy).
Method 03. Nonlinear alternative or topological method ([6], [15]-[16],
[22]). This method was initiated in Granas, Guenther and Lee [15]-[16]:
Let X, Z be real vector normed spaces, L : domL C X — Z a linear Fredholm

mapping of index zero, & C X an open bounded subset, and N : Q@ — Z an L-
compact mapping. If kerL = {0}, 0 € Q and

Lz — uNxz #0
for every (z, 1) € (domL NON) x (0,1), then the equation
Lz = Nx

has at least one solution in domIL N <.

Method 04. Schauder’s or Barrier’s method ([12]). In the next section, we
attempt to establish a general existence principle for (BV P), which relies on
Schauder’s fixed point theorem:

Let C be a convex subset of a normed linear space E. Then every compact con-
tinuous function T : C — C' has at least one fized point.

2. MAIN RESULTS
Let o,,8,0 >0, p:=~6+ ay+ ad > 0 and B be the Banach space
{fuec™©0,1)nCc™V0,1] | u?(0) =0, 0<i<n—3}
with norm |[[u]| = sup |[u(®=2)(t)].
teo,1]

In order to abbreviate our discussion, we suppose throughout this paper that
the following assumptions hold:

(C1): K(t,s) is the Green’s function of the differential equation
—u™(t) =0 in (0,1)

subject to the boundary conditions (BC).
(Ca): K(t,s) is the Green’s function of the differential equation

—u"(t) =0 in (0,1)
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subject to the boundary conditions

~yu(l) + du’(1) = 0.

(C3): feC(0,1] x R*L:R).

(C4): v, w € B are lower solutions and upper solutions of (BVP) in the sense:
(1% W™ (t) + St o), 0D (1), -
(2%) w™ (1) + f(t w(t),wD (1), -

v (0) =0, 0<i<n-—3,
(3%9)  qav™2(0) = pu=(0) <0,
=2 (1) 4 sv*=D(1) <0,
w®(0)=0,0<i<n-—3,
(4%) ¢ aw®=2(0) — uw=D(0) > 0,
yw™=2) (1) 4 dw»=1 (1) > 0,
respectively.

(Cs): f(t,ur, -+, up—2,un—1), v(t) and w(t) satisfy
oD () < w2 (t) on [0,1], and
f(ta ’U(t), T 7v(n_3) (t)a ’an_l)
< fltur, e Uup—2,up-1)
< f(t7 ’UJ(t), o 7w(n—3) (t)a un—l)
for t € [0,1], (v(t), - ,v" ") < (ug, -

in which

,0(=2()) >0 for t e (0,1),
w2 (1)) <0 for te(0,1),

CUn—a) < (w(t), -, wTI(2)),

(xla' o 7xn—2) S (yla' o
Remark 2.1. 1t is clear that

(a) if f(t,u1, - ,Up—2,up—1) is increasing with respect to (u1,---,up—2) on
R"~2 for each fixed (t,u,—1) € [0,1] x R, then (Cs5) holds;
(b) a simple calculation can show that
an—Z
WK(t, S) = k(t, 8)

_{%w+aﬁw+70—ﬂho<s§t<L
1
P

7yn—2)<:’>xi§yi for 22177’”_2

(B+at){s+y(1—s)}, 0<t<s<L;

(c) there exists an M € (0, 1) such that

(R1) Zéii; <1, forte[0,1] and s € [0,1],
(R2) Z(ii) >M, fortel: 3]andse(0,1].

Now, we can state and prove our main result:

Theorem 2.2 (Main result). Boundary value problem (BV P) has at least one so-
lution w € B such that

o@D (1) < u®(t) <w@(@#) on [0,1] for i=0,1,---,n—2.
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Proof. We separate the proof into the following steps:
Step (1). Consider the modified problem

(E*) u™ (t) + f*(t,u(t), u® (), ,u»2D(t)) =0 for te (0,1),
u(0)=0,0<i<n-3,

(BC) < au™2(0) — pu»=D(0) =0
yu=2 (1) + su»=1(1) = 0,

(BVP*)

where

f*(taula e 7un—1) = f(tanlv T 77777«—1) +p(77n—1 - un—l),

wi=D () if w; > wi=D(t),
ni = if v0D(t) <y < wD(t),
=1 () if wy < vl-D (1),

forall i = 1,2,---,n—1,t € [0,1] and p : R — [—1,1] is the radial retraction

defined by
(r) = r for |r| <1,
P = mr for |r| > 1.
It is clear that (BVP*) has a solution u = u(t) if, and only if, u is the solution

of the operator equation

1
u(t) = /0 K(t,s)f*(s,u(s),uM(s), - ,u""D(s))ds := (Tu)(t), uecB,

or

" (1) = /01 Bt 5) f*(s,u(s), u (s), - w2 (s))ds = (Tu) "7 (2), u € B.

Since f* is continuous and bounded on [0,1] x R*~1 T : B — B is continuous
and compact. Therefore, it follows from Schauder’s fixed point theorem (cf. Method
04) that T has a fixed point u € B, i.e. (BVP*) has a solution u € B.

Step (2). Let

H(t) == u™2(t) —w™ 2 (t) on [0,1].
Then we have
H"(0)
> —f*(0,u(6), -+ ,u""P (), (6))
+ f(0,w0(0), - ,w""V(6),w" " (8))
= —f(0,m, M2, WD) — p(w D (0) — "D (0))
+ F(0,w(0), -, w3 (0),w™ 2 () (n; is defined as in Step (1) )
> —p(w?(0) —u?()) > 0 ( by using (Cs) )

if 6 € (0,1) such that H(#) > 0.
Therefore, we see that there is no 6 € (0,1) such that H(#) > 0 and H” () < 0.
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Step (3). Now, we claim that H(¢) < 0 on [0, 1]. Suppose to the contrary that

there exists a to € [0,1] such that H(tg) > 0. Then there is a 6 € [0, 1] such that
H(9) := tren[gﬁ H(t) > 0.

Case(1). Suppose that S = 0, which implies H(0) < 0 and 6 € (0, 1].

(1) Suppose that § = 0, which implies H(1) < 0 and 6 € [0,1). Thus, we have
6 € (0,1) and H"”(#) < 0. This contradicts the conclusion of Step (2).

(2°)  Suppose that v = 0, which implies H’(1) < 0. It is clear that § = 1. In
fact, if 6 € (0,1), then H”(#) < 0. This gives a contradiction.

Suppose that H'(0) = H'(1) < 0; then H(¢) is strictly decreasing near t = 6 = 1.
This implies H(0) = H (1) cannot be the maximum of H(t), thus we obtain H’'(1) =
0.

Since H(#) = H(1) > 0, there exists an € > 0 such that H(¢t) > 0 in (1 —¢,1].
Thus H”(t) > 0in (1 —¢,1), which implies H'(t) is strictly increasing on [1—¢, 1]. It
follows from H'(t) < H'(1) = H'(#) =0 on [1 — ¢, 1) and we see that H(1) = H(0)
cannot be the maximum of H(t). This gives a contradiction.

(3%)  Suppose that 46 > 0, which implies

w(”_l)(l) > _w(n_Q)(l)'Y and u(”_l)(l) _ _u(n_Q)(l)’Y.
0 0
By Case(1)-(1%), we see that
w2 (1) > w2 (1).
Hence, we have
w01y > Ty Y ey,

4] 4]

It follows from Case(1)-(2°) that we obtain a contradiction.

Case(2). Suppose that o = 0, which implies H'(0) > 0.

(4%)  Suppose that § = 0, which implies H(1) < 0 and @ € [0,1). It is clear that
6 = 0. In fact, if 6 € (0,1), then H”(0) < 0. This gives a contradiction.

Suppose that H'(6) = H'(0) > 0; then H(t) is strictly increasing near ¢t = 6 = 0.
This implies H(8) = H(0) cannot be the maximum of H (t), thus we obtain H'(0) =
0.

Since H(6) = H(0) > 0, there exists an € > 0 such that H(¢) > 0 in [0, €). Thus
H"(t) > 0 in (0,¢€), which implies H'(t) is strictly increasing on [0, €]. It follows
from H'(t) > H'(0) = H'(#) = 0 on (0, ¢] and we see that H(0) = H(f) cannot be
the maximum of H(t). This gives a contradiction.

(5%) Suppose that v = 0, which implies H'(1) < 0. By Case(1)-(2°) and
Case(2)-(4), we see that

H(0) >0 and H(1) > 0.
By continuity and Step (2), we see that there exist ¢;, t2 € (0,1) such that
t1 <to, H(t) >0, H'(t) >0 on (0,t1) U (t,1).
It follows from H'(0) > 0 and H'(1) < 0 that
H'(t) >0 on (0,t;) and H'(t) <0 on (t2,1).
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This implies that there exists a 6 € (¢1,2) such that
H() >0, H()=0 and H"(0) <0,

which contradicts the conclusion of Step (2).
(69) Suppose that vd > 0, which implies

—w—1) —yn=1)
w2 (1) > —wrm g and u""?(1) = w0 (1)6.
Y Y
By Case(2)-(5%), we see that
u™ (1) > w™ (1),
Hence, we have
_qpn—1) _ ., (n—1)
w(n—2)(1) > w (1)6 > U (1)5 — U(n_2)(1).

v v

It follows from Case(2)-(4°) that we obtain a contradiction.
Case(3). Suppose that § = 0, which implies H(1) < 0. By Case(1)-(1°) and
Case(2)-(4°), we see that
af >0 and u™2(0) > w™2(0).
Thus, we have
(n—2) (n—2)
w(n—l)(o) < w (O)a < U (0)0[ _ u(n_l)(O).
B g
It follows from Case(2)-(4°) that we obtain a contradiction.
Case(4). Suppose that v = 0, which implies H’(1) < 0. By Case(1)-(2°) and
Case(2)-(5%), we see that

af >0 and u" Y (0) < w™ 1 (0).

Thus, we have

(0% «Q

It follows from Case(1)-(2°) that we obtain a contradiction.
Case(5). Suppose that a3y > 0. By Case(1)-(3%), Case(2)-(6%), Case(3) and
Case(4), we see that
u"72(0) > w2 (0), u" 7V (0) < w"H(0),
u™ 2 (1) > w2 (1), V(1) > wH(1).
Thus, we have
(n—2) (n—2)
w(n—l)(o) < w (O)a < U (O)a — u(n—l)(o) < w(n—l) (0)7
B 5
which gives a contradiction.
From Cases(1)-(5), we see that

w2 () < w2 () on [0,1].

Similarly, we may show that

v (1) <u™2(t) on [0,1].
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Since u, v, w € B and satisfy

V=2 (1) < W™D (1) < w2 (1) on [0,1],

we obtain
v () <u(t) <w®(t) on [0,1] for i =0,1,---,n—2.
Therefore,
£t u(®),uD (@), u D (0) = f(tult),wD (D), u D (6) on [0,1].
That is, u(t) is a solution of (BVP) and satisfies
v () <u®(t) <w®(#) on [0,1] for i=0,1,---,n—2. O

Theorem 2.3 (Main result). Suppose that
(H) there exists a function g € ([0,1] x [0,00)"~%; [0, 00)) which satisfies

f(t,0,0,---,0) >0 on [0,1] (f maybe has negative value for wu; # 0),

g(t, Jual, |ual, - |un—1]) > f(t,ur, ug, -+ s up_y1) on [0,1] x R"!
and one of the following:
(2.1) max gy = Ay € [O D1) and min go, = Ay € (52, 00],
(2.2) min go = A3 € (£2,00] and max goo = A4 € [0, D1),
(2.3) there exist two non-negative functions h € C([0,00)"71;[0,00)), increasing
with respect to un—_1 € [0,00), and g € C([0,1];[0,00)) such that

gt ur, ug, -+ un—1) := q(t)h(ur, ug, -+ ;up—1) on [0,1] x [0,00)" 1,
su min el >
Un — 165) 00) (U1, un—2)€[0,00) @hlua, - un—1)
where
t B
max gg 1= lim max gt w1, up, -, un 1),
’LI.1,’LI.2,---,’IJ,TL71—>O+ tE[O,l] Up—1
. L . . g(t7u17u27"' 7un—1)
min gg := lim min ,
u1,uz, un—1—0F te[$,2] Up—1
L . g(t,’LL]_,’U,Q,"' 7un—l)
max goo := lim max ,
UL,U2, ", Un—1—00 t€[0,1] Up—1
: gt ur, ug, - up—1)
min goo 1= hm min ,
U1,U2, " ,Un—1—00 te[274 Up—1
1
6p
k(s,s)ds)™ =Dy = ,
(/0 (5, 5)ds) ' T 608+ 3v8 + ay + 3ad
| 64
- P
k(=,s)ds)™ ! := Dy =
(/% (5:5)ds) > 7 16836 + 687 + 3ay + 8ad
and

1
Q= max]/o k(t, s)q(s)ds.

tel0,1

Then (BV P) has at least one non-negative solution.
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Proof. From the results of Agarwal and Wong [1], [2], [3], we can see that
(BVP**)
(E**) w™ (&) + g(t, ut), wD(t), - ,w () =0 for te (0,1) and n > 2,
w®(0)=0,0<i<n-—3,
(BC*) { a2 (0) - gD (0) =0,
w2 (1) 4 sw™= V(1) = 0

has at least one non-negative solution w(t). It is clear that w(t) and v(t) := 0 are
the upper-solution and lower-solution of (BVP), respectively. From Theorem 2.2,
we obtain the desired results. O

Remark 2.4. For n = 2, there are many functions g(¢,u) that do not satisfy
maxgo, min907maxgooa mlngoo € {07 00}7

for example, g(t,u) := i—‘t«} (max go = 1 and min go = 22), g(t,u) := (t + 1)sinhu
(maxgy = 2 and mingy = 3), g(t,u) := u + t?¢™* (maxgy = 00, MaX goo =
min go, = 1).

Therefore, our main result generalizes all the recent investigations about the
existence of non-negative solutions of (BVP).
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