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PERIODIC SOLUTIONS OF THE SECOND ORDER
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ABSTRACT. In this paper, we prove an infinity of periodic solutions to the
periodically forced nonlinear Duffing equation & + g(z) = p(¢).

1. INTRODUCTION
Consider the Duffing equation
(1.1) &+ g(x) = p(t),

where g(z), p(t) € C(R, R) and p(t) is periodic, whose least period is 2w. When
g(z) satisfies the condition

(1.2) 0<g*:1|inlainfM Slimsupwzg* < 00,

Eq.(1.1) is called the semi-linear Duffing equation. It is well-known that the ex-
istence problem of periodic solutions for semi-linear Eq.(1.1) is restricted by the
resonant point set ¥ = {i?|i = 0,1,2,...}. In [1], D.E. Leach proved the existence
and uniqueness of the 2m-periodic solution of (1.1) under Loud’s condition

(1.3) m? < A<g'(x) Spu<(m+1)32

with a given integer m > 0 and two constants A and u. R. Reissig [2] proved the
existence of periodic solutions of (1.1) under a weaker condition:
(1.4) m? <\ < @§u<(m+l)2, |z| > 1.
J. Mawhin [3] also obtained the same result. The main point of the conditions
above is to exclude the resonance case. From then on, there appeared many works
around the results of D.E. Leach, R. Reissig and J. Mawhin (see [4], [5], [6]).

It was T. Ding who first studied the existence problem of periodic solutions for

Eq.(1.1) when g(x) crosses the resonant points. Assume the following conditions
hold:
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(g1): Let g(z) € C*(R, R) and let K be a positive constant such that
l¢' ()] < K, =z €R.
(g92): There exist two constants Ay > 0 and My > 0 such that

M > AOa |$| > MO-
x
(70): There exist a constant o > 0, an integer m > 0, and two sequences {ay}
and {bx} (k € N), such that ar — oo and by, — 0o as k — o0o; and moreover

2 2
T(ak) < o o, 7(by) > il + o,
m m

where 7(e) denotes the least positive period of the solution z(t) (x(0) = 0,%(0) =
V/2e) for the equation i + g(x) = 0.

By using a generalized form of the Poincaré-Birkhoff twist theorem, T. Ding [6]
proved that Eq.(1.1) has infinitely many 27-periodic solutions. Lately, T. Ding, R.
Tannaci and F. Zanolin [7] further generalized the condition (79) to the following
condition:

(11) A7 = limsup 7(e) — liminf 7(e) > 0.
D. Qian [§] improved the results in [6], [7] by dropping the condition (g1) and
assuming, for G(z) = [ g(

lim sup GQ(x)

This hypothesis is always satisfied if condition (1.2) holds. Hao Dunyuan and Ma
Shiwang [9] extended the results in [6], [7] by improving conditions on the time-
mapping.

In the present paper, we study the existence of 27-periodic solutions for Eq.(1.1)
under conditions (7p) and

(Hl) hm\w\—wo Sg'fl( )g(l‘) = 00,

(Hz): g(z) satisfies the globally lipschitzian condition. That is, there exists a
positive constant a such that |g(z) — g(y)| < a|z — y.

The main difference between conditions (g1),(g2) and (Hy),(Hz) lies in that the
former implies the semi-linear condition (1.2), but the latter doesn’t. By developing
an idea in [6], we obtain the following

Theorem 1.1. Assume that conditions (Hy), (Hz2) and (79) hold. Then Eq.(1.1)
possesses infinitely many 2mw-periodic solutions {ack(t)},~C 1 which satisfy

) =

Theorem 1.2. Assume that conditions (H1),(Hz2) and (11) hold. Then Eq.(1.1)
possesses at least one 2mw-periodic solution. Moreover, there exists a positive integer
ng such that, for any integer n > ng, Fq.(1.1) possesses a sequence of infinitely
many periodic solutions {xn 1 (t)}72, of minimal period 2nm which satisfy

Jim (i (Jan, k()] + [2,1(8)])) = oo

< 00.

lim (min(|zg(¢)] + |dx(t)
k—oo " teER

In section 4, we construct an example for an application of the above theorems.
This example also shows that Theorem 1.1 and Theorem 1.2 are not contained in
the results of the previously quoted articles.
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2. SEVERAL LEMMAS

At first, we consider the auxiliary autonomous equation

(2.1) i+ g(x) =0,

or, its equivalent system

(2.2) U= w, w = —g(u).

The orbits I of the autonomous system (2.2) are curves determined by the equation
1

(2.3) §w2 + G(u) =e,

where e is an arbitrary constant.
Then, we can easily prove the following:

Lemma 2.1. If (Hy) holds, then there is a constant eg > 0, such that, for each
e > ey, e is a closed curve which is star-shaped with respect to the origin O.

It follows from Lemma 2.1 that each curve I, (e > ep) intersects the wu-axis
at two points (d(e),0) and (c(e),0), where d(e) < 0 and c(e) > 0 are uniquely
determined by the formula

G(d(e)) = G(c(e)) =e.

Let (u(t),w(t)) be any solution of (2.2) whose orbit is I'c (e > eg). Clearly, this
solution is periodic. Let 7(e) denote the least positive period of this solution. It
follows from (2.2) and (2.3) that

c(e) du
R

By the definition, it follows that 7(e) is continuous for e > eg.
Now we perform some phase-plane analysis for Eq.(1.1). First of all, we write
the Duffing equation (1.1) in the equivalent system:

(2.4) t=y, y=-—g(x)+p).

Let (z(t, z0,Y0),y(t, o, yo)) be the solution of the system (2.4) through the initial
point (z(0),y(0)) = (zo,yo). It is not hard to show that every solution satisfying
the initial value problem exists uniquely on the whole t-axis under conditions (H;)
and (Hs). Then the Poincaré mapping P : R? — R? is well defined by

(130, ?JO) = ($(2ﬂ-7 Zo, yO)a y(27T7 Zo, yo)) :

It is well known that P is an area-preserving homeomorphism.
By applying the transformation x(t) = r(¢)cos6(t), y(t) = r(¢)sind(t) to the
system (2.4), we get the equations for r(t) and 6(¢),

7 =rsinfcosf — g(rcosf)sinf + p(t)sinb,
. 1
(2.5) 6 =—sin®6 — ;(g(r cos @) cos § — p(t) cos6).

Let (r(t,r0,60),0(t,r0,60)) be the solution of equations (2.5) through the initial
point (r(0),6(0)) = (ro,0p). Then the mapping P can also be written in the polar
coordinate form

rt= T(27Tv To, 00)3 6" = 9(27", To, 90) + 2171',
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where [ is an arbitrary integer. It can be easily seen that if (rg,6) is such that
r(t,r0,00) >0, t€]0,2n],
then 6(27,rg, 6p) is well defined and continuous in (rg, fp), and moreover,
0(2m, 19,60 + 2m) = 0(27, 19, 0p) + 27.

Next, we take the transformation u(t) = p(t) cos o(t), w(t) = p(t) sin¢(t) to the
system (2.2). The resulting equations for p(t) and o(t) are

p = pcospsiny — g(pcosp)sin g,
1
(2.6) ¢ = —sin® p — —g(pcos ) cos .
p

Let (p(t, po, ©o),%(t, po, po)) be the solution of equations (2.6) through the initial
point (p(0), ¢(0)) = (po, wo). Using (2.5) and (2.6), we can easily prove the following

Lemma 2.2. If (Hy) and (H2) hold, then there exist positive constants o« > 1 and
Ao > 1 such that

(1) po/a < p(t) < apo and p(t) <0, fort € [0,2n] and py > Ao.

(2) ro/a < r(t) < arg and (t) <0, fortc[0,2x] andry > Ag.

Lemma 2.3. Assume that conditions (Hy), (H2) and (19) hold and let ®(po, o)
= (2, po, o) — po. Then, for any constant ¢ > 0, there exists a constant A > 0
such that

& .

(I)(p()v 800) S —2mm — p_7 (PO COS ¢0, Po S ‘PO) S Fakvak Z A7
0
c .

®(po, po) > —2mm + o (po cos @o, posinpg) € Ty, , b, > A.
0

Proof. Tt follows from condition (H;) that there exists a positive constant 3 such
that, if |x| > [, then
2ca
(2.7) sgn(z)g(r) = —,
mo
where « is given in Lemma 2.2 and o is given in condition (7). Set
E = .
_max g(z)
Assume curve T, intersects the lines z = 8 and x = —( at points (8,y1), (5, y2)
and (—0,y3), (—0,ya), respectively. Obviously, we can take e} large enough so
that, for e > efj, we have

(2.8) min{| arctan%| :1=1,2,3,4} > g,
and
po >Ny, 0< O;)—f < i, for  (po cos o, posingg) € Te,
where A is given in Lemma 2.2.
Set

Dy = {(z,y)||z| < B}, D2 = {(z,y)|]z| > B,|y| > V3|z|}, D3 = R* — Dy U D».
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If (p(t),p(t)) € Te, e > ef and (p(t), ¢(t)) € Dy, then

(29) blt, o o) < —sin*(3) 4 1 = 3.
If (p(t), p(t)) € Te, e > ef and (p(t), ¢(t)) € Ds, then
Q10) gt o) < —sin®(§) = ~glplt) cos plt) cos (1) <~
If (p(t), o(t)) € Te, e > ef and (p(t), p(t)) € D3, then
Q) G pe) € ~so(plt) cose(t) cos (1) €~
It follows from (2.9), (2.10) and (2.11) that
(2.12) ¢(t, po, po) < — ;
mopo

for po sufficiently large. Assume (u(t,uo,wo), w(t, ug,wo)) is any solution of (2.2)
whose orbit is Ty, (ar > eg). Since the solution (u(t, ug,wo), w(t, ug, wp)) has the
least period 7(ax), we see the time in which ¢ has a decrement 27 is just 7(ag).
Write

D(po, o) = ©(27, po, o) — po = —2lT — 1,

where [ > 0 is an integer, and 0 < n < 2m. Let t,, denote the time in which ¢(t)
decreases from ¢g — 2i7 to @9 — 2lm — 1. Then we have

Ir(ar) + t, = 2m.
Since 0 < t,; < 7(ax), we obtain
2
(2.13) 2m = I7(ax) + by < (14 Dr(ar) < 1+ 1)~ o).
It follows from (2.13) that [ > m. If I > m + 1, we have

(2.14) D(po, po) < —2lmr < =2(m + 1)7.

Now, assume [ = m. Then we have

2
(2.15) ty, =21 —m7(ag) > 21 — m(% — o) = mo.

Therefore, we have
Ir(ak)+ty ¢
1= / G(t, po, po)dt < ——.
It (ay) Po
Thus,

(2.16) ®(po, o) < —2m — 1 < —2mm — pi.
0

Combining (2.14) and (2.16) yields
C .
®(po, po) < —2mm — P (po cos o, posingg) € Iy,

with k large enough. The second inequality of Lemma 2.3 can be proved in a similar
way. The proof of Lemma 2.3 is then completed. O
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Lemma 2.4. Assume that conditions (Hy), (Hz2) hold and let
(I)(TOa 90) = @(27"5 To, 90) - 907 @(T07 90) = 9(27‘-7 To, 90) - 90'
Then there exist two positive constants co and I'g such that
¢

|®(r9,80) — O(r0,60)] < i for 7o >Ty.
Proof. The proof follows from arguments in [6]. Let (u(t,z0,%0), w(t, zo,y0)) be
the solution of (2.2) through the initial point (u(0),w(0)) = (zo,yo). Let

S(t) = S(t7 Zo, ?JO) = ZE(t, Zo, yO) - u(ta o, yO)a

’U(t) = ’U(t7 Zo, yo) = y(ta Zo, yO) - w(tv Zo, yO)

Then we have

ds(t)
dt - ’U(f),
dlc)l_sf) =p(t) + g(u(t, o, y0)) — g(z(t, z0,%0))-
Let n(t) = (s2(t) + v2(t))2. Then we have

10D say0(0) + p(0)0(8) + [o(u(t, 20, 0) — g(a(t, 70, 30)) (0.

It follows from (Hz) that

00| < p(tyu(e)] + (1 + s
Furthermore,
(2.17) P9 < L v ) + B,

where B = max;c(g 24 |p(t)|. The differential inequality (2.17) together with n(0) =
0 yields

n(t) < [e+e)™ 1] = Hy,

“1l+a
for t € [0,2x]. Write ¥(t) = ¥(t,70,60) = @(t,10,00) — 0(t,70,060). It is clear
that if |¢(¢)| < 7, then ¥(t) is just the angle between the vectors (x(¢),y(t)) and
(u(t), w(t)). Therefore, we have

-~ 2
eosu(t) = (52@"“21_%, 0,2}

On the other hand, we have p(t) > r(t) — Ho. It follows from Lemma 2.2 that, for
ro sufficiently large, we have

1 H, 1
(2.18) - a—r‘; >
and
r(t) — Hyo >0, for te]l0,2n].
Therefore,

Hg

L= cosvlt) < 56w — o)’

€ [0, 2x].
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This results in

2
(2.19) siHQ(é%/’(t)) = m=

It follows from Lemma 2.2 and inequality (2.19) that

for te[0,2n].

1 H
(2.20) [sin(5(1))] < —

Since 1(0) = 0 and v(t) varies continuously as t increases from 0 to 27, we can see
from (2.20) that

1
(2.21) [o(t)] < 4|sin(§¢(t))|, for te[0,2n],
for ro large enough.
Combining (2.18), (2.20) and (2.21) yields
404H0

l(t)] < — for te[0,2n].
0

Write cg = 4aHy. Then we have, in particular,
c
|®(r0,00) — O(ro, 00)| < i7
for rg large enough. O

3. THE PROOF OF THE MAIN RESULTS

At first, we restate a generalized form of the Poincaré-Birkhoff fixed point theo-
rem.

Let D denote an annular region in the (x,y)-plane. The boundary of D consists
of two simple closed curves: the inner boundary curve C; and the outer boundary
curve Cy. Let D; denote the simple connected open set bounded by C;. Consider
an area-preserving mapping 7' : R? — R2. Suppose that T(D) C R? — {0},
where O is the origin. Let (ro,6p) be the polar coordinate of (zo,yo), that is,
xo = 10 cos by, yg = 1o sinby. Write the mapping 7" in the form

r* :f(’l”o,eo), 0" :00+h(r0,90),
where f and h are continuous in (rg,6y) and 27-periodic in 6y.

A generalized form of the Poincaré-Birkhoff fixed point theorem ([10]).
Besides the above-mentioned assumptions, we assume that

(1): €, is star-shaped about the origion O;

(2): O eT(Dy);

(3):
h(rg,00) > 0(< 0), (rocosby,rosinby) € Cr;
h(ro,8p) < 0(>0), (rocosby,rosinby) € Cs.

Then T has at least two fixed points in D.

Now, without loss of generality, we assume eq < ap < by for all kK € N. Then,
I's, and I'p, bound an annular region Ag. In the following, we will apply the above
theorem to show that the Poincaré mapping P induced by equation (1.1) has at
least two fixed points in the region Ay (with k large). As a consequence, Eq.(1.1)
has infinitely many 27-periodic solutions.
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Proof of Theorem 1.1. Using the notations in Lemma 2.3 and Lemma 2.4, we con-
sider the Poincaré mapping P|a, : Ay — R?. Write the mapping P in the form:

7'* - T(27Ta To, 90)3 9* = 90 + 61(T07 90)7

where O1(rg,00) = O(ro,0) + 2mn. It follows from Lemma 2.3 that, for k large
enough,

2
D(rg,0) < —2mm — ﬂ, (rocosbp,rosinby) € I'y, ,
To

2
(222) <I>(r0,90) > —2mm + ﬂ, (TQ cos By, ro sin 90) €Iy,
To
where ¢g is a constant given in Lemma 2.4. Applying Lemma 2.4, we have

(223) |®1(T‘0,6‘0) — <I>(r0,6‘0) — 2m7r| S :—O
0

whenever g is sufficiently large. Using (2.22), (2.23), we obtain
O1(rg,00) < 0, (rocosby,rosinfy) € Ty, ,
O1(rg,00) > 0, (ro cosby, rosinfy) € Ty, ,

whenever k is sufficiently large.
Thus we have proved that the area-preserving homeomorphism P is twisting on
the annulus Aj. Moreover, we also have that, for k sufficiently large,

O € P(Dy),

where Dy C R? is a open bounded set with boundary I',,. Finally, by Lemma
2.1, Ty, is star-shaped with respect to the origin O (for k large), so that all the
assumptions of the generalized Poincaré-Birkhoff fixed point theorem are fulfilled.
Therefore, we have proved that, for each k large enough, the mapping P has at
least two fixed points in Ag. Thus we have obtained the existence of a sequence
{zx(t)}32, of periodic solutions of Eq.(1.1), having minimal period 27 and such
that
lim (?él}%lﬂx'k(t” + |ax(t)])) = oo.

k—oo

The proof of Theorem 1.1 is thus completed.
Similarly, applying methods in [7] and methods in proving Lemma 2.3 and
Lemma 2.4, we can prove Theorem 1.2. O

From Theorem 1.1 and Theorem 1.2, we know that the existence problem of
periodic solutions for Eq.(1.1) has a tight relation with the property of the time
mapping 7(.). In case g(z) is odd, we can easily check conditions (79) and (71). Set

G} = liminf 2G(‘T), G} = limsup G(x)-

T—00 x2 T—00 $2

Then we can prove

Lemma 3.1 ([7]). Assume g(z) is odd and G} < G%.. Then
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Applying Lemma 3.1 and Theorem 1.1, we obtain the following

Corollary 3.2. Assume that (H1), (H2) hold and let g(x) be an odd function. If
ImeN, m?e (Gi‘,Gi),

then Eq.(1.1) has an infinite sequence {x;(t)}52, of 2m-periodic solutions which
satisfy

Jim (min(le; (0] + liy())) = oo.

Remark. All the results of this section are still valid if, in place of (Hz), the as-
sumption

3 Lo, Ko > 0, such that |g(z) — g(y)| < Lolx — y| + Ko, Vz,y € R,
holds.

4. AN EXAMPLE

In this section, we give an example for the application of Theorem 1.1 obtained
before.

Example. Assume g(z) is an odd function and ¢(0) = 0:
(4.1) g(x) = (z+1)7 + z(1 +sinlnz) — 1, for x> 0.
It follows from the definition that g(z) satisfies condition (H;). By a direct calcu-

lation, we have

1
g (z) = 5(:04— 1)"% +sinlnz 4+ coslnz+1 for x> 0.

Obviously, ¢'(x) is bounded in interval (0,00). Therefore, g(z) satisfies condition
(Hz). On the other hand, it is easy to check that

g(x) g(z)

liminf =% =0, limsup =—= =2
T—o0 I oo X
and
G(z) = ;(,T + 1)% + %x2 + x5—2(2sin1n;v —coslnz) —x — ;, x> 0.
Furthermore, we have
(4.2) GF = liwlrigf 26;2(296) =1+ 2limn_l,i£f(2 sinlnz —coslnz) =1 — 25£
and
(4.3) G, = limsup 2(;(;0) =1+ 2lim sup(2sinlnz — coslnz) =1+ ¥
Then, (4.2) and (4.3) imply that
(4.4) 2 < 2m, 2 > 4.

V(R
It follows from (4.4) and Lemma 3.1 that

27 €T, TV

VGt

Applying Theorem 1.1, we obtain that Eq.(1.1) possesses infinitely many 27-
periodic solutions.
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To the best of our knowledge, none of the previously known existence theorems

for Eq.(1.1) can be applied for a nonlinearity like g(z) in (4.1).
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